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ARTICLE INFO ABSTRACT
Received: 4 Jun. 2021 Research has shown that a profound place value understanding is crucial for success in learning mathematics. At
Accepted: 14 Sep. 2021 the same time, a substantial number of students struggles with developing a sustainable place value

understanding. In this regard, two aspects of the place value system appear especially relevant: First, the
knowledge of the decimal structure of numbers, and second, the relation between the bundling units. To support
teaching place value understanding, a developmental model of place value understanding focusing on both
aspects has been constructed and validated in Germany. The model comprises five levels of place value
understanding that build upon each other hierarchically. This study aims at validating the level hierarchy in Turkey
to prepare the usage of the developmental model as learning trajectory for Turkish primary schools.

N=437 Turkish students from Grades 2 through 4 completed a translated version of the item collection of the
German validation study as well as a Turkish place value test that is not based on a developmental model. In a
Rasch analysis, most items of the translated item collection showed item difficulties as predicted by the model. In
aregression analysis, item difficulties were well predicted by their allocation within the level hierarchy, while other
item characteristics did not inform about the item difficulties. Substantial correlations between the translated
item collection and the Turkish test underpin the claim that the model is appropriate to assess Turkish students’
place value understanding as well as structuring place value instruction in Turkish primary schools.

Keywords: learning trajectory, mathematical development, place value understanding, Rasch analysis,
validation

INTRODUCTION

Understanding the place value system is one of the important competencies for the further development of arithmetic skills
such as the development of multi-digit numbers and operations with them (Dietrich et al., 2016) as well as other basic numerical
competencies (Lambert & Moeller, 2019) such as mentally representing the magnitudes of numbers. Similarly, children who
understand the decimal structure of numbers flexibly (Ladel & Kortenkamp, 2016) are more likely to solve math problems and do
basic operations successfully (Gebhardt et al., 2014). A profound understanding of the place value system also facilitates the
expansion of the number systems into decimal fractions (Moloney & Stacey, 1997). Thus, students’ understanding of place value
system seems to be a prerequisite for the learning of further mathematics (MacDonald, 2008; McGuire & Kinzie, 2013; Nataraj &
Thomas, 2007) since the place value constitutes the infrastructure of many areas of the mathematics program in schools.

Empirical studies have shown that a lack of place value understanding is a typical characteristic of children with math learning
difficulties (Fuson et al., 1997; Gervasoni & Sullivan, 2007; Hart, 2009; Lambert & Moeller, 2019). The specific difficulty of the place
value system could be empirically found already in children at the end of Grade 1 (Clarke et al., 2006). Downton et al. (2020) recently
revealed that the place value aspect of the associative property of multiplication (e.g., 30 x40 =3 x4 x 10 x 10) is significantly harder
for children to understand than other aspects such as doubling and halving (e.g., 6 x25=3 x 2 x 25).

At least two difficulties with place value understanding have been highlighted by research. First, reading and writing numbers
- so-called transcoding - is a skill that develops gradually during primary school (Moura et al., 2013). Especially at the beginning
of school, children have difficulties with applying transcoding rules properly, leading to incorrect number notation such as “60042”
instead of “642” (Byrge et al., 2014; Zuber et al., 2009). These types of errors illustrate how transcoding processes require
identifying and coordinating the decimal bundle units (hundreds, tens, etc.) within a number representation. As every digit in a
numeral refers to a specific bundling unit, this so-called position property is involved with transcoding difficulties (Moura et al.,
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2013; Ross, 1989). This is in line with findings that show how transcoding is affected by the structure of number words (Dowker &
Roberts, 2015; Imbo et al., 2014; Zuber et al., 2009). In particular the tens-unit inversion found in some Germanic languages affects
transcoding processes, as the units part of a number word is spoken before the tens part (Dowker & Roberts, 2015; Klein et al.,
2013; Lonnemann & Yan, 2015; Zuber et al., 2009). The second aspect is that the decimal bundling units can be transferred, as ten
units form one ten and similarly for bigger bundling units. This property is facilitated by the base-ten property which is that all
bundling units are powers of ten (Ross, 1989). The base-ten property allows representing numbers “non-canonically”, for example
“35” as two tens and fifteen units (Ross, 1989). Non-canonical number representations challenge students, which indicates that
the base-ten property challenges students substantially (Laski et al., 2014; Ross, 1989). These findings highlight the importance of
a profound place value understanding for children’s mathematical development. But which kind of knowledge do children need
to understand the decimal place value system?

Research differentiates between procedural and conceptual place value understanding (Hiebert & Lefevre, 1986; Rittle-
Johnson & Schneider, 2015; Van de Walle et al., 2016). Procedural place value understanding refers to the knowledge of how
numbers are composed of decimal bundling units such as hundreds, ten, and units. Based on procedural place value
understanding, children can decompose numbers and interrelate different visualizations, for instance Arabic numerals or base-
ten blocks. Conceptual place value understanding, however, refers to the knowledge of what the decimal bundling units actually
mean and how they are related. Children apply their conceptual understanding of the relations between the bundling units to
transfer one ten into ten units and vice versa. Thus, procedural place value understanding can be roughly identified with an
understanding of the positional property while conceptual place value understanding mostly refers to the base-ten property. Note
that procedural and conceptual place value understanding are intertwined: Procedural place value understanding requires
conceptual understanding on the one hand and on the other hand conceptual place value understanding changes the procedures
children apply in place value tasks (Rittle-Johnson & Schneider, 2015).

For this reason, the effective provision of conceptual and procedural understanding in the concept of place value and its
handling together may play an important role in learning and understanding mathematics (Sari & Olkun, 2019). Failure in
adequately understanding the place value concept will be limiting the future mathematics achievement of both normal
developing children and of those having difficulties in learning mathematics and causes hardships in the education of many
children (Byrge et al., 2014).

To help addressing children’s difficulties with place value understanding, a developmental model of place value
understanding was constructed and empirically validated in Germany recently (Herzog et al., 2019; Herzog & Fritz, 2019). In total,
the model covers five levels of place value understanding that describe students’ typical learning trajectories while developing a
profound understanding of the decimal place value system. The model is based on a constructivist notion of development. That
means that itis not the understanding of the place value system that develops and emerges autonomously. Rather do the students
actively develop a place value understanding through interaction (Gravemeijer, 2004). Children’s interaction with the place value
system might be initiated through both formal or informal instruction (Dehaene, 2011). During this process, most students follow
similar developmental trajectories that are characterized by specific representations, strategies, and errors (Confrey, 2006). The
developmental model by Herzog et al. (2019) describes these typical developmental trajectories. Based on the model, place value
instruction can be aligned to children’s developmental trajectories (Clements & Sarama, 2004).

The model is based on a detailed review of the structure of the place value system and existing models for two-digit place
value understanding (Cobb & Wheatley, 1988; Fuson et al., 1997; Ross, 1989; Wright et al., 2007). Besides a theoretical foundation,
the model is based on several piloting studies (Herzog et al., 2019). The model was constructed in a circular process of theoretical
considerations and empirical pilot studies. After constructing a theory-based model, this model was operationalized and tested.
The results of the pilot studies were discussed within the context of the model, which led to a critical revision of the model
(Battista, 2011). This process was completed when the operationalization did not contradict the theoretical assumptions anymore.

The levels build up on each other, forming a hierarchical sequence. Students need the knowledge from previous levels to
develop the understanding of subsequent levels. The levels do not replace each other, but rather are interrelated. Higher levels
are elaborations of lower levels as described in the overlapping waves account (Clements & Sarama, 2014; Siegler & Alibali, 2005).

Pre-decadic Level: Initially, students understand numbers as unitary entities that are not decimally structured (Boulton-Lewis,
1998; Cobb & Wheatley, 1989; Fuson et al., 1997; Ross, 1989). While students may be able to decompose numbers (e.g., 12 in 6 and
6 or 10 and 2), the decomposition into tens and units is not special to them. Children at this level do not yet know that the decimal
bundling units structure multi-digit numbers.

Level | (Place Values): The first level of place value understanding is knowing the bundling units (units, tens, hundreds etc.)
and mapping them to the digits in a multi-digit number (Boulton-Lewis, 1998; Cobb & Wheatley, 1988; Fuson et al., 1997; Ross,
1989; Wright et al., 2007). In particular, this knowledge supports transcoding, as students rely on mapping digits and place values
in transcoding. However, the bundling units are not interrelated at this level.

Level Il (Tens-Units Relation with Visual Support): At this level students are able to interrelate tens and units when they are
provided with structured visual representations of the bundling units (Cobb & Wheatley, 1988; Wright et al., 2007). These
representations can be manipulatives (e.g., base-ten blocks) or pictures. Children use the representations to verify the relation of
tens and units. This knowledge is limited to tens and units at this level.

Level Il (Tens-Units Relation without Visual Support): At this level, students have internalized the relation between tens and
units allowing them to detach from visual support. They understand the relation between tens and units without using given
representations. Similar to the representation-bound understanding of the relation between tens and units, students at this level
can interrelate bigger bundling units (e.g., hundreds), when they are given visual support in the form of manipulatives or pictures.
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Level IV (General Decimal-Bundling-Unit Relations): At the fourth and last level, students have extended their abstract
understanding of the relation between the bundling units onto bigger bundling units such as hundreds or thousands. They can
interrelate decimal bundling units without visual support and without limitation of the number range.

The model was empirically validated in Germany in a cross-sectional and a longitudinal study (Herzog & Fritz, 2019). While the
cross-sectional study in Germany underpinned the assumptions of the internal hierarchy of the model, the longitudinal study
provided evidence for significant growths in place value understanding according to the model. Thus, the model can be used to
describe typical developmental routes German students follow while exploring the place value system (Clements & Sarama, 2004).

Further evidence for the validity of the level sequence of the model is provided by international studies. For example, the level
hierarchy of the model was confirmed in Grades 2 to 5 in South Africa. Given that, the learning conditions are very different in
German and in the South African classrooms, this study aimed to investigate whether this level sequence model can be transferred
to South Africa (Herzog et al., 2017). The development of place value concepts is bound to contextual aspects of learning. These
include the formation of number words in the respective languages, teaching practices in the classrooms, and the curriculum. If
the level hierarchy proposed by Herzog et al. (2019) really describes the typical learning trajectories of children when they develop
a place value understanding, the level hierarchy is supposed to be rather independent from these contextual aspects of learning.
The findings based on the responses of 198 Grade 2 through 5 learners showed that the English translation of the test items
resulted in the same item level allocation as the original German test items, especially for the basic three levels (Herzog et al.,
2017).

The present study aims at testing the level hierarchy in Turkish students. Given the structure of number words in German and
English, in which the level hierarchy is bolstered by empirical data, Turkish number words differ in their transparency for numbers
beyond twenty from both German and English. German number words are inverted, which means that the units are spoken before
the tens (e.g., 42 = “zweiundvierzig”/”two-and-forty”). However, the tens words can easily be derived from the units and in most
cases add the suffix “-zig” to the unit number word. English number words are not inverted, but similarly as in German, the tens
number words are closely related with the unit number words (suffix “-ty”). Turkish number words however are not inverted and
the decomposition in tens and unit parts is very clear (e.g., “kirk iki” = “forty two”). Unlike German and English number words, the
words for tens are only for numbers beyond 60 linked to the unit number words (e.g., 4 = dort, 40 = kirk, but 6 = alti, 60 = altmis). In
conclusion, Turkish number words appear to be less transparent than English, but more transparent than German number words
for decades such as 20, 30, 40 etc. up to 100. However, it is more transparent than both English and German for numbers from 10
to 20. For example, 11 is on-bir=ten-one, 12 is on-iki=ten-two, etc. Therefore, the development of place value concepts in Turkish
children might differ from their German and South African peers.

In an earlier study, Olkun et al. (2011) found that language differences did not significantly affect the students’ use of canonic
representations such as tens in solving problems that requires faster counting. The Herzog et al. (2019) model provides
opportunity to investigate, how the structure of number words in Turkish affects students’ use of non-canonical representations.

Students’ understanding of canonical and non-canonical representations depends - among others - on the instruction in
classrooms. In many parts of the world, children are introduced to the place value concept when they start primary school. For
example, students in Germany learn two and three-digit numbers in the second grade. In grade 3, they learn numbers up to 1000
and in grade 4 up to 1 million. At the end of the third grade, they are required to know how the place value concept is applied to
multi- digit numbers. In Turkey, children are introduced to the place value concept in the first grade at primary school; however,
thisintroduction is limited to finding tens and ones in numbers up to 20 only. Combining tens and ones to form two-digit numbers
and identifying tens and ones in numbers beyond 20 and up to 100 are introduced in the second grade. The place value concept is
then strengthened by introducing three-digit numbers in the third grade, and four, five, six-digit numbers in the fourth grade
(Ministry of Education, 2018). Both the German and Turkish curriculum focus on canonical representations. Moreover, the
progression in regard of the number range is comparable. Thus, the Herzog et al. (2019) model might be used in Turkish primary
school education, if the level sequence describes Turkish students’ development of place value concepts.

Research Questions

These findings raise the question whether the model can serve as a theoretical, developmental-oriented framework for place
value instruction in Turkey, too. Before applying the model in Turkish classrooms, the hierarchy of the level sequence needs to be
tested. We will challenge the level hierarchy in Turkey guided by three research questions:

1. How do the item difficulties in the Turkish version align to the theoretical model?

We assume that items that operationalize the same level are of similar difficulty. The level hierarchy would be underpinned, if
items of lower levels were easier than items on higher levels.
2. Towhatextent does the theoretical item assignment of the items to the levels uniquely predict item difficulties (compared
to other item characteristics such as item format, number range, etc.)?

Based on the results of the German validation, we hypothesize that the item-level assignment predicts item difficulties
substantially and better than other characteristics. Moreover, item characteristics such as response format or number range are
expected to add only slightly to the explained variance of the item difficulties.

3. How does place value understanding in terms of the model correlate with performance in other place value tasks?

By comparing results from an existing Turkish test (without a developmental approach) for place value understanding with
the results of the item collection based on the model by Herzog et al. (2019), we seek to show convergent validity of the model. If
the model is appropriate to assess place value understanding in Turkish students, we expect a high correlation.
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METHOD

Sample

In total N=437 Turkish students (213 female,) from Grades 2 to 4 participated in the study. 113 students visited Grade 2 (55
female), 170 were in Grade 3 (87 female) and 153 students were fourth-graders (71 female). The sample was conveniently drawn
among2"and 4% graders from one primary school located in the central district of a mid-Anatolian city in Turkey. The participating
school was a public school, located in a middle socioeconomic area.

Obviously, the socioeconomic status of students from a middle-class background differs between countries. Compared to the
samples from Germany and South Africa that were involved in the model validation, the Turkish sample is somewhere in between
as the average socioeconomic status of Germany is higher, while South Africa has a substantially lower socioeconomic status. The
sample for the validation of the model that was conducted in Germany was drawn from schools of a middle socioeconomic
background as well (Herzog & Fritz, 2019). Keeping in mind the average difference in socioeconomic status between Germany and
Turkey (e.g., OECD, 2019), the results of the Turkish sample can therefore be compared to the German sample. However, the South
African sample was recruited from a less privileged background, which limits the comparability to the Turkish sample.

Instruments

To measure students’ place value understanding in terms of the model proposed by Herzog et al. (2019), we employed an item
collection of 36 items in total. The item collection had been used for the model validation in Germany in previous studies (Herzog
& Fritz, 2019). The original version was translated to Turkish and back to German by two independent translators beforehand. The
two Turkish versions were discussed by German and Turkish speaking colleagues to guarantee that the final Turkish version of the
item collection covered exactly the same concepts than the original version.

The 36 items are aligned to the model levels. 12 items correspond to Level | and 8 items operationalize the concepts of Level Il
to IV each. As all items were presented to all students in random order, we decided to include more items on the first Level to
prevent students from being over-challenged. The items covered different formats and response modes to allow investigating the
influence of response modes on item difficulties in relation to the a-priori level allocation. Typical formats used in the study were
place-value charts, abstract decompositions (see Figure 4) and illustrations based on base-ten blocks (see Figure 1). The item
collection included multiple choice items as well as open-ended items. All multiple-choice items had four response options to
keep guessing probability at 25%. The three distractors were chosen based on frequently made errors in the German validation
study. The open-ended items were evaluated based on the mathematically correct answer only.

The Turkish place value test was developed for the second, third and fourth grades, based on the Primary School Mathematics
Curriculum (2018). There are 27 questions for the second-grade students in primary school, 28 questions for the third-grade
students and 22 questions for the fourth-grade students. Second grade place value test was developed by Paydar and Sari (2019).
The reliability of the test was Cronbach’s a=.91. The achievement test used for third graders was developed by Mutlu and Sari
(2019). Mutlu and Sari (2019) found the KR-20 reliability coefficient as .89. The fourth-grade place value test was developed by Sari
and Olkun (2019). The reliability of the test was found to be .84. All of the tests include reading numbers, writing numbers, place
value (e.g., in 13, 3 represents three ones and 1 represents one ten), face value (e.g., in 13, 3 represents three objects and 1
represents one object), grouping of numbers and regrouping of numbers. The open-ended items were evaluated based on the
mathematical correct answer only.

Results

To address the first research question, to what extent item difficulties correspond to the model (RQ1), we employed a one-
dimensional Rasch analysis. A Rasch analysis is a probabilistic statistical model that measures item difficulties and person abilities
on a common scale. Iltems with a higher difficulty score are less likely to be solved by any person; correspondingly, a person with
a high ability score is more likely to solve any item. This method allows evaluating the difficulties of items. Additionally, differential
item functioning (DIF) analyses can detect biases in certain items regarding subgroups in the sample. For example, a gender DIF
can identify items that are systematically easier for boys or girls.

In a Rasch analysis comprising children from Grades 2 to 4, item difficulties of the items operationalizing the Turkish
translation of the German test were estimated. Reliability statistics were good: EAP (item difficulties) was .906, WLE (person
abilities) was .89. Important measures for a Rasch analysis are the infit values of the items. High-infit values mean that item
difficulties are strongly predicted by the model, which indicates that the items are redundant. Low infit values mean that item
difficulties are only slightly predicted by the model, which indicates that the items operationalize more than one construct
(Linacre, 2002). Wilson (2005) recommends infit values between .7 and 1.3 for using Rasch analysis. Due to insufficient infit values,
three items had to be removed from further analysis. The remaining 33 items showed acceptable MNSQ infit values (.79-1.27).

Table 1 comprises means, standard deviations, and ranges of item difficulties for items of each level. Most items cluster
according to the theoretical allocations. Items difficulties increase for higher levels regarding means and ranges. Thus, the Rasch
analysis supports the assumption of the model hierarchy. However, five items differed regarding their difficulty from the other
items of the corresponding level. These so-called outliers are shown in Table 1, too. Outliers were only found at higher levels.
There were no outliers at Level | and Il. Two items regarding Level Il deviated in difficulty. One item was easier, and one item was
more difficult than predicted by the model. Three items operationalizing Level IV were easier than expected based on the
theoretical allocation. No item deviated more than one level and the biggest deviation was 1.31 standard deviations.
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Table 1. Results of the Rasch analysis

Level Difficulty measure Outliers (Difficulty)
M SD Range (Min - Max)
Level | -2.31 .37 -3.14--1.89 -
Level Il -1.33 .19 -1.62 --1.07 -
Level Ill 11 1.08 -1.40 - .67 9c (-1.20), 3¢ (1.53)
Level IV .86 .68 1.06-1.89 4b (.46), 4c (.12),10c (.03)

*Note: M= mean, SD=standard deviation

OO0

O 1162 O 262 O 412 O 1312

Figure 1. Item 9c from the translated test. (What number is this? Tick the correct box?)

N

Figure 2. Item 10c from the translated test. (What number is in the bags?)

Asagida verilen sayidaki yiizler basamagini daire i¢ine aliniz.

3,421

Figure 3. Item 6a from the translated test. (Circle the number representing hundredths in the number below)

Given the theoretical assumption of the levels as overlapping waves, outliers do not contradict the model hierarchy in general
but need to be discussed. Item 3c of the translated German test required regrouping of units into tens without visual support (Level
Il). 5 tens and 27 units were presented in a place value chart. This item was more difficult than other items at Level lll.

The other deviating item at Level Ill (9¢, see Figure 1) visualized one hundred, eleven tens and two units in the form of base-
ten blocks. Children had to tick the correct answer from four given choices. This item was substantially easier than other Level Ill
items. One possible reason could be that children were more familiar with corresponding visualizations of hundreds than German
children were. Level Ill describes two developmental branches (i.e. abstract bundling of units and tens as well as visualization-
based bundling of tens and hundreds) but indicates no hierarchy in these developmental branches. These results might reveal a
hierarchy regarding detaching the tens-units relation from visualizations and extending the tens-units relation to bigger bundling
units.

Items 4b (“You have 5 hundreds and you take away 5 units. What number do you get?”) and 4c (“You have 1 thousand and you
take away 1 ten. What number do you get?”) were quite similar and both easier than expected. These items required operating
mentally with bundling units up to thousands without visualizations (Level IV). In both cases, children might have imagined the
corresponding visualizations and performed the required operations in their minds with the imagined materials (Herzog & Fritz,
2019). Based on this strategy, children were likely to solve these items with an understanding of Level Ill, driven by visualizations.
Initem 10c (Level IV), the children were presented three bags with 3 hundreds, 11 tens, and 5 units and asked, which number this
is (see Figure 2). One possible explanation could be that children imagined the corresponding visualizations (i.e. one hundred
plate, eleven ten sticks and one unit cube) to solve this items. These imagined visualizations might have supported children while
bundling tens to hundreds. However, a very similar item of the same format with different numbers was as difficult as predicted
(Rasch measure =1.24).

In an additional DIF analysis, items were investigated regarding systematically different difficulties for boys and girls.
According to the Educational Testing Service (ETS) standards, differences in item difficulty of more than .638 logits have to be
considered statistically significant and will be reported here (Zwick et al., 1999). In total, 3 items showed gender differences in
difficulties slightly above this significance cut-off. Item 4c (described above) was easier for boys (DIF=.716 logits). Items 6a
(DIF=.714 logits) and 6b (DIF=.722 logits) were easier for girls. Items 6a (see Figure 3) and 6b required to identify a given position
in a multi-digit number, for example the hundreds place. Thus, items showed no systematical DIF regarding gender.
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Torbada 63 tane seker olmasi i¢in kag
tane birlik lazim? Uzerine yaziniz.

5 tens ones

Figure 4. Item 5b from the translated test. (How many ones are needed in order to have 63 candies in the bag? Write on it.)

Table 2. Dummy matrix used for the regression analysis

Item Level Alignement Item characteristics Digits Difficulty
Level | Levelll Levellll LevellV MC Base-ten Fillin Bags
9b 1 0 0 0 1 1 0 0 2 -2,564
3c 1 1 0 0 0 1 0 2 1,526
5b 1 1 1 0 0 0 1 1 2 ,484
10c 1 1 1 1 0 0 0 1 3 ,028
1b 1 1 0 0 0 1 0 0 2 -1,290

Table 3. Results of the two regression models identifying predictors for item difficulties

Model 1 (adj. R?=.805) Model 2 (adj. R?=.890)
b T p b T p
Level assignment
Levell (const) -2.311 -12.672 <.001 -2.223 -4.690 <.001
Level Il .982 3.269 <.01 1.595 5.154 <.001
Level Il 1.442 4.270 <.001 767 2.453 .022
Level IV .746 2.209 .035 .582 2.031 .053
Additional item characteristics
MC - - - .032 122 .904
Base-ten - - - -.692 -2.473 .021
Fillin - - - .667 2.978 <.01
Bags - - - .102 A57 .652
Digit - - - -.061 -.413 .683

*Note. Significant parameters in bold

A second research question (RQ2) was, to what extent item alignment to the levels of the developmental model predict item
difficulties. Of special interest was, how other item characteristics such as response format, visualizations, or number range
contributed to item difficulties in contrast to the a-priori alignment to the levels (for a similar approach see Schulz et al., 2020).
For this purpose, two regression models were employed, based on a dummy matrix. In the dummy matrix, the items from the
translated test were included as cases. The item difficulties obtained from the Rasch analysis were used as dependent variable.
Three kinds of predictor variables were used. First, the level alignment was operationalized by four variables, one for each of the
model levels. If an item was at this level or beyond, the variable was set at 1, if the item was below the corresponding level, the
variable was set at 0. Second, four item characteristics were set at 1 if the characteristic applied to the item and 0 otherwise. The
variable “MC” coded the response format (multiple choice or open ended). “Base-ten” referred to visualizations of base-ten blocks
in the item (e.g., Figure 1). “Fill-in” represents if the item aimed at the whole number (e.g., Figure 2) or one of the bundling units
(e.g., Figure 4). The last dichotomous variable “bags” operationalized if the bundling units were given in separate bags (e.g.,
Figure 2 and Figure 4). Third, the item number range (“digits”) was coded as the number of digits of the biggest number involved
in the item. Table 2 provides an insight into this matrix.

Based on the dummy matrix, two regression models were employed to identify the relevance of level alignment and item
characteristics for item difficulties. The parameters of the two models are comprised in Table 3. In Model 1, only the variables
operationalizing the level alignment to the Herzog et al. (2019) model were included (F(3, 29)=45.111, p<.001). This model
accounted for 80.5% of the variance in the item difficulties, which is comparable to similar approaches (Schulz et al., 2020).
Alignment to all levels predicted item difficulties significantly. Item characteristics and number range were added to the model
(F(8, 24)=33.257, p<.001). Model 2 explained 89.0% of the variance in the item difficulties. The increase in explained variance of
8.5% was significant (F(5, 24)=5.437, p<.01). Levels | to Ill remained significant predictors of item difficulties, while Level IV was
only close-to significance, when item characteristics were added. Of the additional item characteristics, only use of base-ten block
pictures and embedded part-whole tasks predicted item difficulties significantly. Items with illustrations were associated with
lower, items with part-whole formats were associated with higher item difficulties. Based on the results of Model 2, the unique
influence of the item characteristics was investigated in a separate regression model. This model was not significant at all (F(5,
27)=1.965, p=.116), explained 13.1% of the variance in item difficulties and no predictor was significant. In summary, item
alignment to the levels explained the vast majority of the item difficulties, while other item characteristics were only partially
significant predictors for item difficulties.
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Table 4. Correlations between Turkish test and German test scores (RQ3)

Turkish PV test score

Grade 2 (N=114) Grade 3 (N=170) Grade 4 (N=153)
r p r p r p
German PV test score NEY <.001 464 <.001 .688 <.001

*Note. PV=place value

The third research question concerned, to what extent place value understanding as measured by the translated item
collection based on the German model by Herzog et al. (2019) can be identified with place value understanding measured by other
Turkish place value tests (RQ3). To investigate the equivalence of the measures, correlations between children’s performance in
the item collection and a Turkish place value test (Mutlu & Sari, 2019) were estimated. As seen in Table 4, there is a positive and
significant correlation between all the students’ German and Turkish place value test scores in all Grades. While this correlation
coefficient is high in the second grade, it is at the middle level in the third and fourth grade.

DISCUSSION

The results of the Rasch analysis underpin the validity of the model hierarchy in general. Items mostly clustered according to
their theoretical allocation in the level sequence. Item difficulties followed the a-priori assumptions based on the model by Herzog
et al. (2019), with the exception of five outliers. A comparison of the Turkish results with the German validation study reveals
similarities regarding these outliers (Herzog & Fritz, 2019). In the original German version of the test, items 4b and 4c also deviated
into Level llI. In addition, items 9c (Level I1l) and 10c (Level IV) were the easiest items of their level and directly at the border to the
next lower level. Thus, the deviations of these items found in the Turkish translation of the test are in line with prior findings. This
similarity underpins the assumptions that the deviations do not invalidate the model hierarchy in total. More likely, these items
require revisiting, in particular regarding the assessment of individual conceptual development, which was not main aim of this
study.

The model validity is also bolstered by the regression models (RQ2). Most variance was explained by the a-priori alignment of
the items to the levels. The fit of the first regression model (only level alignment) is within the range of similar approaches (Herzog
& Fritz, 2019; Schulz et al., 2020). Besides the level alignment, illustrations and part-whole aspects were significant predictors,
which might correlate with their alignment to the levels, too. Of the ten items with visualizations, 2 were at Level |, 6 at Level I,
and 2 at Level lll. In contrast, of the nine items with part-whole formats (“fill-in”), 3 were at Level |, Level Ill, and Level IV each. The
alignment to the levels of the items applying to these variables shows visualizations mostly applied to items at lower levels and
part-whole formats mostly to items at higher levels. This correlates with the direction of the influence of these variables. As a
conclusion, the influence of general item characteristics might stem from the alignment of the characteristic to the levels. In
summary, the items difficulty is mostly based on the alignment to one of the conceptual levels of the Herzog et al. (2019) model.

The high correlations between the translated test and an original Turkish test (RQ3) bolster the claim that the model describes
place value concepts in Turkish primary school students. The correlation provides convergent validity for the translated German
test. These results show that the differences in number word structure in German and Turkish do not affect the development of
place value concepts substantially. The unique benefit of the translated test is that the underlying model facilitates formative
inferences in terms of concrete teaching methods from the results: If a teacher knows at which level within the sequence a student
is, she or he can employ targeted intervention that meets the needs of the particular student (Clements & Sarama, 2004; Heritage,
2008; Sztajn et al., 2012).

The findings of this study provide first empirical evidence for the usability of the Herzog et al. (2019) model in Turkey. However,
the results also show the heterogeneity in the development of place value understanding in Turkish primary school students. In
particular, non-canonic representations challenged the students in this study. A possible reason could be that non-canonical
representations are rather unusual to Turkish students. That canonical decompositions are relatively easy underpins this
assumption: Not decimal decompositions in general, but those that require a conceptual understanding of the base-ten property
are challenging. These findings are in line with results from other countries (Herzog et al., 2019; Houdement & Tempier, 2019; Ross,
1989).

Limitations

While the hierarchy of the model is bolstered by this cross-sectional study, the developmental claim of the model can only be
confirmed in a longitudinal study (Reiss & Obersteiner, 2019). A longitudinal study can investigate whether children really develop
according to the model and rise through the levels over time. Therefore, the model validated in this study may serve as
competence framework for place value instruction, but not yet as a developmental progression to design targeted interventions
(Clements & Sarama, 2004).

The presented validation of the level sequence draws on quantitative methods exclusively and especially on item-response-
theory (IRT). While this method is often used to evaluate models of children’s developmental trajectories (Balt et al., 2020;
Clements et al., 2008; Fritz et al., 2018; Schulz et al., 2020), some researchers also raise criticism (Battista, 2011). As children can
only respond to the given stimuli in the chosen paradigm, the test can only assess the extent to which the a-priori described levels
are reached. However, it is not possible to assess children’s representations of units, tens, and so on directly, as it would be
possible in qualitative studies. Rejecting any form of antagonism of qualitative and quantitative methods, this study provides first
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evidence for the validity of the Herzog et al. (2019) model in Turkey. The authors are aware that a qualitative study would further
bolster the model validity.

In this study, no control variables were assessed that might affect children’s development of place value understanding.
Possible variables of interest could be arithmetic performance (beyond place value), transcoding skills, spatial number
representations, intelligence, and working memory. While the presented study suggests typical pathways in the development of
place value understanding, the processes that lead to a change in children’s place value understanding remain unclear. One could
think of experience in arithmetic, spatial number representations, or transcoding as motors that drive the development of place
value understanding. For example, general early numerical prerequisites such as counting skills (Paydar et al., 2019) might be
relevant for the development of a place value understanding. Chan et al. (2014) have shown the importance of base-ten based
counting routines for a place value understanding. Moura et al., (2013) have shown that transcoding skills develop during primary
school. This development could also involve the development of place value understanding to some extent. In other studies,
computation skills in children with low arithmetic performance differed from typically performing children especially when place
value information had to be processed (Lambert & Moeller, 2019). Dietrich et al. (2016) suggested that place value understanding
is the underlying knowledge that constitutes the predictive role of number line estimation regarding arithmetic. In a recent study,
Sariand Olkun (2021) have shown that approximate number acuity and place value understanding contribute to the general math
achievement as well as to each other. These results might show that teaching place value concepts and relative magnitude of
larger numbers contribute to the general math achievement during primary years. However, counter directed or mutual causal
relationships are possible, too. Thus, these variables are of great interest in this research. Besides specific numerical skills, working
memory and intelligence can have an influence on the development of place value understanding.

Applications

The level sequence of place value understanding, for which this study provides first empirical evidence in Turkey have two
main fields of application. First, the level sequence can be used for the design of formative assessment and targeted intervention.
Formative assessment is the identification of children’s current knowledge and skills with the intention to design targeted
intervention. As the individual development of children can be allocated within the level sequence, intervention informed by such
formative assessment can help children with exactly that aspect of place value understanding that they are developing at the
moment (Gotwals, 2018; Heritage, 2008). From this perspective, the design of formative assessment and targeted intervention are
two sides of the same medal. The level sequence, understood as a developmental progression can form the link between the
identification of learning needs and the design of instructive tasks (Clements & Sarama, 2004).

Second, the model of place value understanding can be used as theoretical framework for further research. Given the
desiderates regarding the relation of place value understanding and arithmetic, transcoding, and number line estimation, children
at different levels might differ in their performance in these skills. As the levels not only describe a degree of proficiency, but also
a conceptual understanding of the place value system, the differences can be linked to children’s place value concepts.
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