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ARTICLE INFO ABSTRACT
Received: 04 May 2023 This article aims to present a first approximation of the conceptual field of measures of central tendency (MCT),
Accepted: 03 Aug. 2023 grounded in the theory of conceptual fields. We propose six situations according to type of variable, data

presentation (raw or grouped) and amount of data. We revisit specific situations for the mean and exemplify
several possibilities for introducing these measures. This is a theoretical reflection and a systematization of the
knowledge produced in the area with a view to aiding it teaching in Brazilian basic education (PreK-12). We argue
that from the early school years, students should collect data, use concrete and manipulable material, analyze the
types of variable and context of data, transform them into different representations and based on the visual
observation of data distribution, intuit the location of MCT to then calculate them.
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INTRODUCTION

The teaching of statistics in Brazilian basic education (PreK-12) was made official in 1997 with the issuance of the Brazilian
national curriculum standards (Ministério da Educagdo [Ministry of Education] [MEC], 1997) and ratified by the Brazilian national
common core curriculum (BNCCC) (MEC, 2018) with its inclusion in one of the five main areas of mathematics, called probability
and statistics.

In this context, the academic community has focused on research involving the teaching and learning of the main concepts of
statistics to be taught since the beginning of elementary school (K-5). Likewise, textbooks have advanced in the introduction of
those concepts and there is evidence of their teaching in schools.

Consequently, the measures of central tendency (MCT)-mode (Mo), median (Md), and mean (M)-have receive a lot of attention,
as they are fundamental concepts of statistics that provide a foundation for more complex statistical concepts. However, we still
find students and teachers facing difficulties to grasp and use these measures, as we will see in the review below.

In our view, these difficulties stem from the nature of statistics. Although its concepts and procedures use basic mathematical
tools (arithmetic operations), grasping them, especially MCT, requires understanding other concepts, such as the different types
of variables, data configuration and the purpose of collecting data. In addition, it requires having an overall idea of the peculiarities
of MCT and the different situations in which they can be calculated in order to identify which one is more appropriate in a specific
situation.

We note that in a decision-making situation we may be challenged to choose one of MCT, and such a choice can involve,
besides mathematical properties, ethical and idiosyncratic aspects that may vary from person to person. In this sense, it is
important to have a comprehensive view of MCT to understand the different situations that generate them, the concepts involved,
and their properties and representations. Several researchers have therefore carried out studies with different theoretical
frameworks, among whom we highlight the group from Granada (Spain), who use the onto-semiotic approach (Batanero, 2000;
Cobo, 2003; Cobo & Batanero, 2000; Mayén et al., 2017); Andrade (2013), who used the anthropological theory of the didactic and
the theory of conceptual fields (TCF); and the Brazilian group, who use TCF (Cazorla et al., 2019, 2021b, 2021c; Magina et al., 2022).

Based on what has already been investigated, the goal of this article is to briefly present a first approximation of the conceptual
field of MCT, aimed at their teaching in Brazilian basic education, grounded in TCF. Thus, we propose six situations according to
type of variable, data presentation (raw or grouped) and amount of data, revisit specific situations for the mean that do not apply

Copyright © 2023 by Author/s and Licensed by Modestum. This is an open access article distributed under the Creative Commons Attribution License which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.


https://www.iejme.com/
mailto:icazorla@uesc.br
https://doi.org/10.29333/iejme/13571
https://orcid.org/0000-0003-3028-5513
https://orcid.org/0000-0001-7738-0513
https://orcid.org/0000-0003-0383-9744

2/14 Cazorla et al. / International Electronic Journal of Mathematics Education, 18(4), em0748

to the median and mode and exemplify several possibilities for introducing these measures. This is a theoretical reflection and a
systematization of the knowledge produced in the area with a view to aiding its teaching in Brazilian basic education.

This work consists of five sections, including this introduction. In the second section we present TCF; the third section features
a brief review of the main studies that address MCT; in the fourth section we describe our proposal for the framework of the
conceptual field for MCT; and the fifth section comprises our conclusions.

THEORY OF CONCEPTUAL FIELDS: A BRIEF REVIEW

TCF is a cognitive theory developed in the field of psychology within mathematics education, strongly influenced by genetic
epistemology (Piaget, 1966) and social constructivism (Vygotsky, 2001), with various of their concepts applied in classroom. This
is the case of the concepts of schema, proposed by Piaget and Inhelder (1995), and zone of proximal development (Vygotsky, 2001).

TCF assumes that while the content of mathematics to be taught is the same anywhere in the world, its teaching is not, since
it takes place in a determined society within a given institution, and in a particular classroom with a specific teacher. This means
that although the mathematical content has universal traits, it is taught in different ways and levels, as it is directly related to the
culture and technological advancement of each society, the psychoeducational approach of the educational institution and also
the background (with specific and pedagogical content) of the teacher. These factors lead to different goals and outcomes.

Based on this epistemological position, Vergnaud (1990, p. 3) raises the following questions:

What is the nature and function of a new concept, a new procedure, a new kind of reasoning, a new representation? More
precisely, what relationship exists between the new mathematical skills and conceptions and the practical and theoretical
problems that give them value and meaning?

We agree with Vergnaud (1990) as to the importance of these types of questions as they help teachers choose the most
appropriate situations with which to approach the various concepts with their students. For him, it is essential in the teaching
process that teachers know how to choose the situations that will help their students develop a given concept, while identifying
the different concepts present in each of the problem situations. In addition, they must observe the properties that are relevant
to the resolution (invariants), thinking about possible symbolic representations that will allow students to establish relationships
between the situations and their invariants.

This process is key to the cognitive analysis of the understanding of behaviors assumed by students during the resolution
(Vergnaud, 1990). Furthermore, in several texts Vergnaud (1982, 1987, 1996) declares that the learning of any concept involves
three elements: a set of situations (S) in which the concept to be learned is inserted; a set of invariants (I) present in this set of
situations; and the set of symbolic representations (R) that express the invariants of situations. This triad can be described, as
follows: C=(S, I, R). Regarding this triad, Vergnaud (1987, 1996, 1998) explains that the situations (S) give meaning to the concept.
Thus, the more situations the learner interacts with, the broader the meaning of the content will be. The invariants (1) are the
(mathematical) properties that define the content and the procedures adopted by the student to solve the situations. Finally, the
symbolic representations (R) allow students to express themselves about the concept, relating the meaning to the properties of
the content they are learning.

” «

In this sense, Vergnaud (1987) borrows the terms “referent,” “signified” and “signifier” from linguistics and uses them from a
psychological perspective. Thus, the situation (S) is the “referent,” which is linked to the real world from which emerge people’s
experiences, that is, it relates to the task, the activity and the problem in which the mathematical object (content) is present. The
“signified” relates to the set of invariants (I), which, in turn, consists of the properties that belong to the object and also of the
procedures that the student uses to deal with the situation. It is understood that both properties and procedures may be implicit
for the student who is using them. In this case, it would be what Vergnaud (1996, 1998) calls “theorem-in-action.” Finally, there is
the symbolic representation (R), which Vergnaud (1987) considers arising, from an epistemological viewpoint, from the interaction
between the set of situations (S-referent) and the set of invariants (I-signified). It is associated with the signifier of the concept.

Figure 1 was designed from the representation of the triangle proposed and featured in Magina et al. (2022), highlighting the
relationships (S, I, R) present in the formation of the concept and associating them with elements of semiotics. Throughout this
article we will refer to this triad to support the concepts in MCT, thus drawing on this theoretical framework to reflect on the
concepts present in MCT.

Set of situations

S — = Referent

= real world objects
CONCEPT
Signified

D

= properties of the S —— Signifier
object; Set of invariants Set of S}’ﬂ}bom links the referent (S) to

= procedures of the representations the signified (I)]
subject

Figure 1. Concept formation triangle (Magina et al., 2022)
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MEASURES OF CENTRAL TENDENCY

MCT-mode (Mo), median (Md), and mean (M)-are measures that summarize and represent a data set using only one or few
number(s)/category(ies). They indicate the site, where the data tend to concentrate.

As Cobo and Batanero (2000) point out, MCT are summary measures, that is, they refer to the entire data set (collective) rather
than the particular elements of the set, which implies a shift from the deterministic perspective to the statistic perspective:

Saying that a (collective) data set has a tendency or referring to a summary measure implies that collective is a collection
of identical elements that vary in relation to the variable in question. Such understanding also implies understanding the
variability of the data in relation to the summary measure (Cobo & Batanero, 2000, p. 3, emphasis added).

MCT are apparently simple concepts since their calculation involves basic arithmetic operations that are developed and
expanded over the school years. However, several researchers show that students face difficulties solving problems that involve
MCT.

Batanero (2000) carried out an extensive review of research on the difficulties of students in understanding MCT, among which
we highlight: using the simple mean rather than the weighted mean; not considering “weighting” in data presented in frequency
distribution tables (FDT) at intervals; calculating the mean of frequencies; using the algorithm mechanically without
understanding its meaning; not being able to find an unknown value based on knowledge of the other values and the mean;
confusing mode with modal frequency; and not sorting data to find the median. For the author, the reason may be that students
are used to a single calculation method and a single solution to mathematical problems.

Regarding the median, Cobo and Batanero (2000) undertook a comprehensive study explaining four definitions involving raw
data, data grouped in an FDT, and data based on the cumulative frequency graph. The authors point out that the main difficulty
in understanding the median is that there is no single calculation algorithm, as it depends on the type of data, the way they are
presented and their amount.

Cobo (2003) expanded the two previous studies, presenting the meanings of MCT for high school. Subsequently, Mayén et al.
(2017) investigated the resolution of nine MCT-related problems by Mexican students, comparing them with the resolution by
Spanish students. All these studies were grounded in the onto-semiotic approach system.

In his doctoral thesis Andrade (2013) undertook a comparative study on the teaching of MCT in basic education in Brazil and
France using the anthropological theory of the didactic and TCF. Figueiredo (2017) carried out a review of how the median is
introduced and calculated in 7th and 8th grade textbooks and in the mathematics core standards in Portugal.

Using TCF, Cazorla et al. (2019) presented a first approximation of the conceptual field of the arithmetic mean, restricted to
the empirical field, explaining the network of concepts involved and the triad (S, I, R), distinguishing three classes of mean: simple,
aggregated and weighted. Later, Magina et al. (2022) presented the network of concepts and a first proposal for teaching MCT in
the early years of elementary school. Cazorla et al. (2021b) presented three situations for teaching MCT with raw data and Cazorla
et al. (2021c) presented a first approach to the conceptual field of the median.

Considering the results of those investigations, we present below our proposal for MCT.

FRAMEWORK OF MEASURES OF CENTRAL TENDENCY: AN ADVANCE IN THEIR
APPROXIMATION

We begin by briefly presenting the definition of the three MTC. Firstly, however, we note that when we refer to type of variable
(qualitative or quantitative) it is always post- operationalization, since, as Cazorla et al. (2021d) stress, qualitative variables can be
operationalized quantitatively and vice versa.

Measures of Central Tendency

Mode (Mo) is the value (x;) that appears most frequently (f) in a data set. If the variable is qualitative, the mode will be a
category; if the variable is discrete and takes on few values (unique values), the mode will be a unique value; and if the variable is
continuous or discrete and takes on many values, the mode may not exist or be meaningless. Finding it requires constructing the
FDT in class intervals and, in this case, the mode will be “given by the maximum frequency density” (Andrade, 2013, p. 127), as we
will detail later. We note that the mode may not exist (amodal distribution) or take on more than one value/category in the case
of bimodal or multimodal distributions.

Median (Md) divides the amount of data (n) into two equal parts, with half of the data taking on values lower than or equal to
it, and the other half comprising values greater than or equal to it. If the data are raw, they must be sorted. Its calculation depends
on whether the amount of data elements (n) is odd or even. If nis odd, then the central position will be (n+1)/2 and the median will
take on the value that occupies that position: Md=Xn+1)2; if n is even, then the central position will be between the position (n/2)
and the subsequent position (n/2)+1, and the median will be the mean of those two values: Md=(X(n2+X(n/2+1)/2. In the case of
grouped data, the cumulative frequency (Fi) must be calculated, which will depend on whether the FDT comprises unique values
or class intervals, as we will see in the situations.
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Mean (M) is defined as ratio between sum of variable values and number of data elements, whose algorithm depends on kind
of data, which can be simple, aggregated or grouped, as described by Cazorla et al. (2019), and which we will present in the
situations.

Given these definitions, we expand below the triad (S, I, R) to MCT, which so far merely involved the raw data proposed by
Cazorla et al. (2021b), to include the situations for grouped data.

Symbolic Representations (R) Present in MCT

In the case of quantitative variables, MCT can be represented in their numerical, verbal, iconic (the triangle has been used as
the “scale tipper” to represent the mean), algebraic or graphic (one line, when the variable is represented in a bar or line graph)
format, as presented by Cazorla et al. (2019). In the case of qualitative variables, MCT can be represented in their verbal or iconic
format, related to the most frequent category or median category.

We note that data representation must be distinguished from MCT representation. In the case of avariable (univariate analysis)
whose data are represented in graphs, the variable will generally be on the abscissa, where the MCT will be, and so we can use
arrows or triangles that touch the number line or categories to indicate, where they meet. When the variable is indexed by time
(bivariate analysis), time will generally be represented on the abscissa and the variable on the ordinate; therefore, MCT will be on
the ordinate, as seen in Figure 1.

However, it is not uncommon to have the variable on the ordinate. In this sense, Arteaga (2011, p. 162) draws attention to the
proper choice of data representation and how it can help in the visual analysis of where MCT are located. The author analyzed the
representation of experimental data of 45 students who flipped a coin 20 times. One student used the bar/rod graph, recording
the students on the abscissa and the variable values on the ordinate (part a in Figure 2). This means of representation is arbitrary,
as the order of students on the abscissa has no sense or meaning. It makes it difficult to visually locate MCT. In this type of
representation, in order to locate the mean the student will have to imagine a straight line between the tops of the bars/rods, in
such a way that the segments above the line and the segments missing to reach the line cancel each other out. For the median the
student would have to mentally order the bars and check the height of the one that occupies position 23, which is complex. To
find the mode he or she would have to visually examine the greatest number of bars with the same height.

(a) rod diagram, variable on the ordinate (b) dot plot, variable on the abscissa
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Figure 2. Representation of raw data & MTC (Source: Authors'own elaboration)

The adequate representation for this type of data is the dot plot (part b in Figure 2), where we can visualize that the mode is
10. For the median we can use the value of 10 as a reference point, observing that there are 11 data elements below it and 19 above
it, hence the position 23 will be at the value of 10. In this case, we can intuit that the mean will be a little higher than 10 due to the
presence of four values of 15.

Thus, we can see that the representation with the bar/rod graph (part a in Figure 2) is not suitable for this purpose. The only
advantage of this type of representation for the mean is that one of its properties would be activated, since the deviations of the
variable values in relation to the mean cancel each other out, resulting in zero and helping its understanding.

In the specific case of the mean and seasonal time series (weekly, monthly, annual, etc.), the moving average is used to mitigate
the impact of seasonal variability and is represented by a line graph (Figure 3). This type of representation has become very
popular in disclosing COVID-19 data, as we will detail later on.
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7-day, rolling average gf deaths — Rio de Janeiro (Brazil), 07/03/2021
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Figure 3. Representation of moving average by a line graph (Rodrigues et al., 2021, p. 197)

In the algebraic representation of MCT, we use a notation system whose symbols are explained below:
X: generic designation of the variable being studied,
xi: designates the i-th value/category of the variable. In a class interval it denotes the class mark or midpoint,
n: sample size, amount of data,
xmin: minimum value of the quantitative variable (in the case of the ordinal qualitative variable: lower category),
xmax: maximum value of the variable (in the case of the ordinal qualitative variable: higher category),
AT: total amplitude AT=xmax- xmin,
Pm: midpoint, the value that divides AT into two equal parts, Pm=xmin +AT/2,

k: number of categories (ordinal qualitative), of unique values (discrete that take on few values) or of classes (continuous or
discrete that take on many values),

fi: absolute frequency, number of occurrences of the variable in the i-th category, in the i-th value or in the i-th class; such that:
n=3fi,

Fj: cumulative absolute frequency, number of occurrences of the variable up to the i-th category, value or class; such that: F; =
i fis

Md: Median,

[Li; Li+1[: designates the i-th class interval (or simply class), half-open (closed on the left and open on the right. Includes all xi
values: such that Zi < 1 < Zi+1), and

Li: designates the lower limit, and Li+1 designates the upper limit of the i-th class interval; a: class interval amplitude, such
that: Li+1:= Li+a.
Situations (S) Present in MCT

The algorithm to find MCT depends on the type of variable, the amount of data and how they are arranged, whether in their
original form (raw data) or grouped. In other words, the situations depend on the data format, whether raw or organized in FDT or
graphs that allow access to absolute or relative frequency.

Cazorla et al. (2021b, p. 9) proposed three situations for MCT related to raw data: S1 for qualitative variables, $2 for discrete
variables that take on few values and 83 for continuous and discrete variables that take on many values, featuring in the middle
column of Figure 4. Expanding this proposal to grouped data, we present three additional situations, namely: for qualitative
variables (84), for discrete variables that take on few values (85) and for continuous and discrete variables that take on many
values ($6). In addition to these, we revisited the specific situations for the mean proposed by Cazorla et al. (2019).
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Figure 4. Situations involving MCT (Source: Authors'own elaboration)

Below we present the situations according to the type of variable.

Situations 1 and 4 (S1 and S4). In these two situations we included all nominal (gender, favorite pet, ...), ordinal (food taste,
social class, ...) and sequential (month of birth, weeks, ...) qualitative variables. All these variables have a mode. If the data are raw
(S1), then it will be necessary to count how many times each category is repeated and find the category that was repeated the
most. If the data are grouped in the FDT (S4), just search the frequency column for the modal frequency (f}), which is the one with
the highest value, and the mode will be the corresponding category. If the data are in a bar/column, circular or pictogram graph,
just look for the largest bar/column or sector and the mode will be the corresponding category, as shown in Figure 5.

81: raw data §4: grouped data
X: favorite pet variable Look for the modal frequency (highest Look for the modal frequency
Count, compare and determine J0), find the corresponding category (highest i), find the corresponding
the category that appears most - category
frequently FDT (Categories) Bar/column graph
Frequency .
Raw data: Pet " M/odal frequency
Dog (D) 3 dal g’
DOOOFCOF.H DD Cat @+——>C) | g g
Hamster (H) 1 req. g 2
Fish (F) 2 o
Mode = Cat Total 11 0
Key: D dog; C: cat: H: Modal frequency = § o ¢ M F
hamster; F: fish. Mode = Cat Mo = Cat Pet

Figure 5. Situations involving mode for qualitative variables (S1 & $4) (Source: Authors'own elaboration)

For some authors there is a median for ordinal variables. However, if the number of data elements is even and the positions
(n/2) and ((n/2)+1) are contained in different categories, the median is undetermined, as shown by Cazorla et al. (2021c). There is
no mean for qualitative variables.

Situations 2 and 5 (S2 and S5) involve discrete variables that take on few values, such as the number of children per employee,
and have the three MCT. In basic education they have been treated and represented like an ordinal variable, using FDT in unique
values and bar/column graphs. Here we will use data from the example by Morettin and Bussab (2010, p. 16) related to the number
of children of 20 employees in a factory.

To find the mode with raw data (S2) we use the same procedure used with qualitative variables, that is, we count how many
times each value is repeated and find the most frequent value (Figure 6). If the data are grouped in FDT (S5), just search the
frequency column for the modal frequency (f), which is the one with the highest value, and the mode will be the corresponding
value (x). If the data are in a bar/column graph, rod graph or dot plot, just look for the largest bar/column/rod or number of dots
and the mode will be the corresponding value.
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Figure 6. Situations involving mode for discrete variables that take on few values (S2 & S5) (Source: Authors'own elaboration)

We note that the proper representation for this type of variable is the dot plot or rod graph. Unfortunately, these two kinds of
graph were not included in BNCCC, and in school and textbooks the bar graph is used, which is not suitable, as the bar width
exceeds the unique value, which can be misleading. Furthermore, if we want to represent the mean with the triangle, it will be
much more difficult to locate it on the number line.

To find the median, we draw on the example presented by Cazorla et al. (2021b). In the case of raw data (S2), they must be
sorted and it must be checked whether the number of data elements is odd or even, as in Figure 7.
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Supposing the employee with 5 children were excluded from the data, we would have n= 19 (odd). Then the
central position will be (n+1)/2=20/2=10, i.e., position 10. Then Md = x;p =2
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Figure 7. Median for discrete variables that take on few values & raw data (82) (Cazorla et al., 2021c, Figure 5, p. 10)

If the data are grouped in an FDT (85), we must calculate the cumulative frequency (Fi) and find the one that contains n/2 for
thefirst time. If n is odd, the median is the corresponding value (part a in Figure 8). If n is even, we must examine whether n/2 and
((n/2)+1) are contained in the same Fj, in which case the median will be the corresponding value (part b in Figure 8); but if those
numbers are contained in consecutive f;, then the median will be the mean of the corresponding values (part c in Figure 8).

(a) odd n

(b) even n and the central values
are contained in the same Fi

(c) even n and the central values
are contained in F; and Fi,

Look for the cumulative
frequency (Fy) that contains
(n+1)/2 for the first time, the
median will be the
corresponding value:

FDT in unique values (n = 19)

Look for the cumulative
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for the first time and check if it
also contains (n/2)+1. In this case
the median will be the
corresponding value:
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0 4 4 0 4 4
1 5 9 1 5 9
(€] 7 16 410 [©) 7 16%F10e Ll
3 3 19 3 3 19
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Total 19 Total| 20

*Supposing this employee has
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10 is contained for the first
time in 16, so the median will
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Md= x,=2

10 and 11 are contained for the
first time in 16, so the median will
be 2 children, i.e.:

Look for the cumulative
frequency (F;) that contains n/2
for the first time, and if (n/2)+1
is contained in the next Fi+; the
median will be the mean of the
corresponding values;

FDT in unique values (n = 20)
Xi I F,_|n2=10
0 4 4
[©) 6 10 #>10
[©) 6 16 Jr11
3 3 19
4 0 19
5 1 20
Total| 20

10 is contained for the first time
in 10 and 11 is contained in 16,
so the median will be the mean:

Xyp+ Xy 142

Md
2 2

1.5

Figure 8. Median for discrete variables that take on few values & data grouped in one FDT (§5) (Cazorla et al., 2021c, Figure 6, p.

11)

If the data are represented in graphs that allow access to the frequencies, just reconstruct FDT and follow the procedure

described. In some cases, we can find the median directly from the graphs by using the same strategy used in FDT: calculate n/2
and count the data elements cumulatively until n/2 is found for the first time. Let’s look at three cases. In the first case, when n is
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odd (n=19), then the median occupies position 10. If we are using standardized paper slips, each student pastes their slip on the
board, in the corresponding place (part a in Figure 9), and then counts how many slips there are up to the first “bar” (4), up to the
second (nine), then position 10 will be in the third “bar” and the median will be two. In the second case, when n is even (n=20),
then the median will be between positions 10 and 11. If we are using the statistics cube (Cazorla et al., 2020), each student stacks
their cube and counts how many there are in each stack, observing that x10=2 and x11=2, so the average is equal to 2, i.e., the value
is immediately apprehended (part b in Figure 9). In the third case, when n is even and the central positions 10 and 11 take on
different values (x10=1 e x11=2), then the median will be the mean of those values. In part c in Figure 9 we use the rod diagram by
pasting matchsticks or straws. In these three (iconic) graphical representations of the data we observe that students are able to
count the data elements, as the concrete manipulable materials (paper slip, cube or straw) have a one-to-one correspondence
with them. Such counting is not possible with the bar graph (part d in Figure 9) and rod graph (part f in Figure 9) since the bar or
rod is continuous and the data elements can no longer be identified. The dot plot still allows the pairing between each data
element and its representation (part e in Figure 9).

Bar graph (n =9, odd) Dot plot (n =20, even) Rod graph (n =20, even)
Central position: (n+1)2=10* | Central positions n/2 and (n/2)+1; | Central positions are in consecutive
10 and 11 are in the same F; F
Md=x10=2
Xjo+xy 2+2 Xjo+xy 142
] - = = Md=———=—ou=-=1,
Md > 5 2 1d 5 5 1.5
(a) pasting paper slips (b) using statistics cubes (c) using matchsticks or straws
g7 g Lo !
B g CHE ]
% : ';‘-‘ HE NE )
s 3 « 111
22 ©Irerern
§ 1 BT Y et ]
%o Zo -
s i 142 3 & s
Md=2 Md=2 Ma=15
Number of children Number of children Number of children
(d) using Excel (e) Using a framework in Excel (£) using GeoGebra
7 o O ® 0 0 O '] - ongt §
© 0 e 0 0 © &
s 0O ® @ 0 0 ° 2
P e ® @ 0 0 O &
2 e e e 0 0 O 3 ’
3 ® e .0 0 O ]
A e o e 0 O o 5
0 ; 3 4 S g : ¥ 1
0 l\gi:‘\z 4 5 . 22 Z w-]\-‘ S
Number of children Ao il xen N\.:nbeia-f children

Figure 9. Data & median representations for discrete variables (S5) (Source: Authors'own elaboration)

We believe that the various representations help students understand both data distribution and MCT location. Therefore, we
favor the use of concrete and manipulable materials in treating statistical data for qualitative variables, as indicated by Cazorla et
al. (2020), and for quantitative variables, as pointed out by Cazorla et al. (2021a).

Forthe mean, in the case of raw data (82), just add up all the values of the variable and divide it by the number of data elements
(part a in Figure 10); if the data are in an FDT or graph that allows access to frequencies (S5), the mean will be calculated as a
“weighted” mean, in which the frequency is the weighting factor, as seen in part b in Figure 10. We note that, strictly speaking,
thisis not a weighted mean, but only an abbreviation of calculations. In part cin Figure 10 the data are represented in a rod graph
and the mean in the triangle.

() Raw data

(b) Data grouped in an FDT

(c) Iconic representation of the
mean

X: number of children variable

“Weighted” mean: multiply the
unique values (x;) by their

Simple mean: add up values | frequencies (f), add and divide by g
a?d divide by the number of | the number of data elements: 5 .
elements: K . g
m=ZmXif_B_, . |3
. n 20
Th,x 33 I
M == =3 1.65 FDT in unique values 5
x z l
Add: T

: i .
FH33+H0H2421 24112+ 1+0+H+ M=1.63 N. of children

1+1+1+0+2+2+2+3 =33

The mean is 1.65 children

Divide: 33/20=1.63
per employee

té‘.—-gm w1 un| =

g‘m&uaw.—oﬁ
bved R0 E=1 =1 e T P

Mean = 1.65 children’employee T

Figure 10. Mean for discrete variables that take on few values (S5) (Source: Authors'own elaboration)

Situations 3 and 6 ($3 and $6). In these situations, we include discrete variables that take on many values, for example,
number of students per class, and continuous variables, such as people’s height. To understand how these variables are
distributed, since they take on many values, it is interesting to construct a dot plot, which provides an overview of data
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distribution, minimum and maximum values and amplitude, thus affording a better idea of partitioning for the construction of
class intervals and the histogram. The dot plot also enables the construction of the box plot.

In Figure 11 we present MCT for raw data based on the example by Cazorla et al. (2021c), who use data of the wages of 36
employees. We can see that the mode is meaningless; the median is the mean of the values that occupy the central positions (18
and 19); and the mean is the sum of all values divided by 36.

X: wages (in fraction of minimum wages)

Raw data: 4.00; 4.56; 5.25: 5.73: 6.26: 6.66: 6.86: 7.39; 7.59; 7.44: 8.12: 8.46; 8.74; 3.85:9.13: 9.35: 9.77: 9.80; 10.53;
10.76: 11.06; 11.59; 12.00: 12.79: 12.79: 13.60: 13.85: 14.69: 14.71; 15.99: 16.22; 16.61: 17.26: 18.75; 19.40: 23.30.

Dot plot:
Q—.—.—4.—.—..—-—L—.‘—Q‘—.—-.-.—.—*—‘—4..—.—4.—.—.—.—.—‘—.—]I
4,00 8,00 A A 12,00 16,00 20,00 24,00

Md=10,17 M=1097

Mode: meaningless (only two employees eamn the same wages)
Median: Sorted data Md = 10.17 MW

slela]e]alelelelelnl ol ee elalelals ol & %l &) &l =] & = PR
w| mf = 2| =) --|«92_:::2£f_E[éﬁm.:;n;’.hﬂ:ﬂma,nmmm.nrz
=11 I e B I R B - B s ) 1 1 = I BT I s e R s R
R R E EEEEEE EEEEEEEEEEE
Xig + X9 9.80 + 1053
Md = 5 = 2 =10,17 WM

Mean: Add up all values and divide by 36: M = 2‘"5,1& - % =10.97

Figure 11. MCT for continuous variables with raw data (S3) (Source: Authors'own elaboration)

If the data are already grouped in an FDT in class intervals, just identify the interval components: lower limit (Li), upper limit
(Li+1), interval amplitude (a), and class mark or midpoint (Li+ Li+1)/2. To calculate the mode, just find the modal frequency and the
mode will be the midpoint of the class interval that contains the modal frequency (Figure 12). We note that there are other
methods to find the mode. For this we suggest seeing Cobo (2003, p. 56).

FDT in class intervals Histogram
Wage Midpoint | Frequency .
classes (1) «8 1
400]- 800 6 10 g8 o
8.00-12.00 10 € 12 €—| Modal freq, ER) i
12.00-16.00] 14 8 aF
16.00 - 20.00 18 5 0
20.00 |- 24.00 22 1 Mo =10
Total 16 Wages (in fraction of minimum wages)

Group into class intervals: the mode is the midpoint of the class with the highest frequency (modal frequency).
In this case, the mode is in the second interval:

Lish Lagls _ B+12
Mo = Lisbiss _ Lasls =10
2 4 2

Where: L; is the lower limit and L;; is the upper limit of the modal class.

Figure 12. Mode for continuous variables with grouped data (S6) (Source: Authors'own elaboration)

To find the median we must calculate n/2 and look for the cumulative frequency (F;) that contains n/2 for the first time and
divide the amplitude proportionally to the frequency to complete n/2, according to the formula (Figure 13). We note that here it
no longer matters whether n is odd or even, as we are in continuous space.

FDT in class intervals Histogram
Wage Frequency F; n/2=18 & 1; 1
wd 1
classes (£) E c g i
4,00]- 8,00 10 10 QE 6110 | :4
8,00- 12,00 12 22 &= 18 2% 4 i
12.00 - 16.00 8 30 vo2 1
1600-2000] 5 35 R N T I
20.00 |- 24.00 1 36 Md=10.67
Total 36 Wages (in fraction of minimum wages)

In this case we have 36 data elements (n is even) and n/2 = 18, so the median is in the 2° class. Up to the 1% class
we had 10 (F.;) data clements. We're missing 8 to complete 18, which we get from the 12 (f), which is 2/3 of
12. Thus, we proportionally divide (2/3) of the amplitude a = 4. So, the median will be 10.67:

n/2—F_4 1810
Md=L +a 7 :8+4»( 2 ):3+2.67:10.6?
i

Figure 13. Median for continuous variables with grouped data (S6) (Cazorla et al., 2021c, Figure 8, p. 12)

The mean will be calculated by approximation, as in theory we do not have access to the raw data and the class mark
(midpoint) represents all the data contained in this interval. So we “weight” the class mark by frequency, as shown in Figure 14.
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FDT in class intervals Histogram
Wages Xi f xi*h a ;:‘
4,00} 8,00 [ 10 60 E’ "
8.00 |- 12.00 10 12 120 E g
12001-1600 14 ] 112 é‘ 6
16,00 |- 20,00 18 5 o0 ; f
20,00 |- 24.00 22 1 22 'E 5 —
Total 36 404 2 4 8 ”u no1 20 2
M_Ef-.-\)‘ﬂ_ﬂ_ s /Md=10.7M=11.2
T T Wages (in fraction of minimum wages)

Figure 14. Mean for continuous variables with grouped data (S6) (Source: Authors'own elaboration)

We observe that calculated this way, the mean approximates the mean calculated with the raw data (10.97), as the class mark
replaces the values contained in the intervals, and we find that the value of 11.22 is quite close.

In addition to these six situations, the mean has four other particular situations. In Figure 15 we present the scheme proposed
by Cazorla et al. (2019), with situations $2, §3, §5, and S6 in the blue boxes; the green boxes, in turn, feature the specific situations
of the mean, which are the aggregated mean (§7), when you have the sum of all values but not the individual values; the actual
weighted mean (S8), when the weighting factor of the unique values is not frequencies, but valuations of another nature (some of
them subjective); and the mean of the means or overall mean ($9), formed by means of groups. To these situations we have added
the simple moving average (§10), which we detail below.

| Mean |
Simple mcaz:}' (52 e 53): Weishted Aggregated mean Ratio
fm1 i /e1ghted mean . _ Soma
R= S @7 K= =
|
Simple moving average ($16) ‘Genuine: (S8} By frequency (S5 e §6) Overall s9
P _Ej‘.‘éx:-; z=E§-lwé‘xl ]‘7:)::‘-;5‘1[ 7 =£l-|.ﬂ1“f(
& TEw |n Sl > 2
Moving average Unique values Class mark
Daily deaths by COVID-19 in ;
S3o Paulo (Brazil) $ Population breakdown by height
Mortes por Covid-19 por dia em 5P
] h,-"\\ - L 10 £l x -
yn
e HE Number of failures before obtaining 2
— defective cameras
Merely illustrative images

Figure 15. Situations for mean based on Figure 2 of Cazorla et al. (2019, p. 12)

The moving average, of length k, is widely used to understand the behavior of time series. It is a simple average of k elements
that move over time. Its amplitude depends on the seasonality, which can be daily, weekly, monthly, annual or any other type of
criterion. For COVID-19, the moving average of the last seven days has been used, including day 7. That is because the daily records
fall on weekends and holidays and peak at the beginning of the week due to reporting bureaucracy. In this case, we can calculate
the average from day 7, which will be the simple average of the previous seven days, including the day in question. The average of
day 8 is the average of day 2 through day 8, and so on:

Moving average of length k 7-day rolling average
¢ k ! 7
For every i, so that: k<isn For every i, so that: 7<i=n

In Figure 16 we illustrate the use of the moving average using data of deaths by COVID-19 in Brazil in April 2021, available on
the Brazilian Ministry of Health website (https://covid.saude.gov.br/). On the bar graph we can see that numbers are much lower
on Sundays and Mondays, and then on Tuesday there is an increase that persists over the week, falling again as the weekend
approaches. In this graph we present the average for the month of April (30 days), the red line, which captures the monthly level,
and the moving average, the green line, which mitigates the weekly variation and indicates the downward trend at the end of the
month.


https://covid.saude.gov.br/
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Raw data on deaths by COVID-19 in Brazil in April 2021
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Figure 16. Example of moving average calculation & its graphical representation (Source: Authors'own elaboration)
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In Figure 17 we present the dot plot and box plot, removing the effect of the time variable. Here the median is represented by
the line segment inside the box. Some software programs use X to represent the mean. This is a good example of a discrete variable
that takes on many values, forcing it to be treated as a continuous variable. We note here that the mode does not exist and that
the median does not contribute much to the analysis of the evolution and trend of the number of deaths, the moving average
being the most adequate MCT for its understanding.

Box plot constructed with Geogebra

|
0.0 OIO-O-O+—D——al oD |
1000 |'rzoo 000 1605 10 500 2500 2400 2600 o0 pooo 3200 3400[ 3600 3860 4000 ozo] 4400

([

M2741.9 Md=2965 ‘ 'Number of deaths

Figure 17. Graphical representation using dot & box plot (Source: Authors'own elaboration)

Invariants

Invariants (1) are formed by the network of concepts in which the conceptual field is grounded, as well as the MCT properties
that unify and distinguish the situations that support it, as shown in Figure 18.

Properties (Invariants) Mean Median Mode

It is located between the extreme values (X < MTC < Xaax) Yes Yes Yes
Itis m.flu‘.anced by each and every value (or is it influenced by Yes No No
extreme values)
It coincides with one of the values that make it up Sometimes | Somefimes | Somefimes
It can be a number with no equivalent in physical reality Sometimes | Sometimes | Sometimes
Its calculation takes into account all values, including nulls and

. Yes No No
negatives
It is a representative value of the data from which it was Yes Yes Yes
calculated
1t is the equilibrium point (center of gravity) Yes No No
It is closer to all values Yes No No
It can be calculated from partial results Yes No No
The sum or_" the values can be obtained by multiplying MCT by Yes No No
the number of data elements
The sum of deviations from MCT is zero (X, (x; — MTC) = 0) Yes No No

Figure 18. MCT properties (invariants) for quantitative variables (Source: Authors'own elaboration)

In the case of nominal qualitative variables, the mode will be one of the categories; in the case of ordinal qualitative variables,
the mode and the median will be between the lower category and the higher category.
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As we can observe from the situations, understanding MCT requires working with them comprehensively, preferably with a
reasonable amount of data that makes it possible to analyze how they are distributed. The strategy of presenting each MCT with
few data, focusing on the algorithm or addressing specific aspects is valid to introduce the concepts, but such fragmented and
isolated teaching does not contribute to the apprehension of their meanings.

At this point, besides variable type and data format and amount, we must develop the skills to recognize data distribution, as
only then will students be able to understand the real meaning of MCT. By distribution we mean recognizing how the variable
behaves. There are variables whose distribution is symmetrical by nature, such as the measurement errors of an object or the
amount of liquid in a one-liter water bottle. In these cases, the mean, median and mode coincide with the midpoint (P») and are
easily recognizable, as shown in part as in Figure 19.

Unimodal distribution (d) bimodal distribution
(a) symmetric (b) positive symmetry (c) Negative symmetry

{ ‘HT fiec “:ht:g ‘a,,—*‘m’ ‘l‘ ,

S 1 R
=Md=M [o<Md<M M<Md< 1 Md/M
Figure 19. Types of data distribution & MCT (Source: Authors'own elaboration)

However, other variables are asymmetric, such as the breakdown of per capita income of countries or the mathematics score
in the Brazilian national secondary education examination (ENEM), in which most countries/students have incomes/scores in the
lowest values, and few have income/scores in the highest values. These distributions are called positive asymmetry (part b in
Figure 19), and in this case the mode is lower than the median, which is lower than the mean, as it is influenced by extreme values.
There are also variables that focus on the highest values, for example, the humanities score of ENEM. In this case the mean is lower
than the median, which is lower than the mode (part c in Figure 19). In these three examples we note that we have a unimodal
distribution. In part d in Figure 19, in turn, we present a bimodal distribution, typical of variables that are influenced by another
variable, as shown by Magina et al. (2022) when describing shoe size by gender, since, in general, girls wear smaller shoe sizes than
boys.

In the early school years, when we work with variables such as number of goals per team/match or brothers, etc., they tend to
be distributed with positive asymmetry, i.e., it is more common to score few goals and have few brothers. If we were to investigate
the number of letters in the first name, this tends to have a more symmetrical distribution, as shown by Cazorla et al. (2021b).

CONCLUSIONS

This article expands on and synthesizes studies by the authors and other researchers aiming to present a framework of the
conceptual field of MCT. Its originality lies in systematizing situations that may help students and teachers understand these
measures.

We proposed six situations for MCT according to type of variable, date presentation (raw or grouped) and amount of data. Also,
we revisited specific situations for the mean that do not apply to the median and mode and we added the moving average.
Throughout the situations we exemplified the different possibilities for presenting these measures.

In analyzing the situations, we identified that to understand MCT it is important to consider variable distribution, which should
involve a reasonable amount of data in order to explore its full potential.

Furthermore, the most relevant aspect is to recognize the most suitable MCT and algorithm in a specific situation. The lack of
such variety of situations, representations and invariants can lead students to make mistakes that endure even after almost 20
years from the introduction of statistics teaching in Brazilian basic education, as shown in the work by Oliveira (2020), in which
undergraduate math education students, both freshmen and seniors, cannot find the mean from a symmetrical histogram or have
no convincing arguments to choose an MCT in a decision-making situation.

We believe that this results from the way MCT have been taught in Brazilian basic education and basic education teacher
training courses, as already indicated by Lopes (2008, 2013), Rodrigues and Silva (2019), and Silva (2011). Therefore, we argue that
students should collect data from the early school years, using concrete manipulable materials, organize them in tables and
graphs and, from visual observation, intuit the likely location of MCT to later perform the calculations and check how accurate
their intuition is.

Finally, it is an article focused on theoretical reflection and systematization of knowledge produced in the field of statistics
education. We hope it will help teachers, students and researchers interested in understanding MCT from the perspective of TCF
and contribute to the development of statistics reasoning and literacy among students in basic education.
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