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 The notion of the asymptote is part of the upper secondary and university mathematics curriculum. 

Acknowledging the existing literature on student issues with asymptotes and the influential role of textbooks in 
mathematics education, we examined the knowledge of asymptotes provided in upper secondary mathematics 

textbooks in Croatia. Within the framework of the Anthropological Theory of the Didactic, we constructed a 

reference model for the study of asymptotes and conducted a systematic and detailed textbook analysis, focusing 

on praxeological organisation, ostensive manifestations, and the process of study. The analysis revealed that 

textbooks fail to connect knowledge and representations of asymptotes across different contexts, to organise the 
process of study in a mathematically and pedagogically coherent manner, and to address recognised student 

issues related to asymptotes. This study contributes to the research on asymptotes and textbook analysis, and 

proposes a reference model based on exploration using different representations, analogous work, and the 

construction of a generalised discourse. 

Keywords: Anthropological Theory of the Didactic, asymptote, praxeology, process of study, textbook analysis, 

upper secondary mathematics education 
 

INTRODUCTION 

The notion of the asymptote originated in geometry, particularly in relation to the hyperbola, but has since found applications 

across a wide range of scientific fields. In modern mathematics, asymptotics contributes to number theory, algebra, analysis, 

statistics, and differential equations. Asymptotes are relevant both for identifying properties of function graphs and curves, and 

for applying asymptotic behaviour in problem-solving. As a result, the notion of the asymptote is an integral part of upper 

secondary and university-level mathematics education. It is commonly introduced in the context of specific classes of functions 

and curves, such as the exponential function and the hyperbola, and through the study of limits of functions (Figure 1). 

The connection between asymptotes and fundamental mathematical notions, such as function and limit, along with the wide 

range of applications in advanced mathematics, makes the study of asymptotes both relevant and valuable for research in 

mathematics education. Ensuring vertical coherence requires that the knowledge acquired in upper secondary education lays a 

solid foundation for generalisations attainable at the university level. However, a potential inconsistency arises if students develop 

ideas unsuitable for, or even conflicted with, the formal knowledge of asymptotic behaviour. Recognising that textbooks serve as 

an important resource in mathematics education, this study examines the knowledge of asymptotes available in upper secondary 

mathematics textbooks in Croatia. 

Herein we revisit issues related to student knowledge of asymptotes and the role of textbooks in mathematics education 

identified in the literature. Building on these findings, we present our reference epistemological model (REM) for the study of 

asymptotes in upper secondary education. Set in the theoretical framework of the Anthropological Theory of the Didactic (ATD), 

the REM served as a framework for a detailed textbook analysis. Although the study is situated within the Croatian educational 

context, the proposed methodology and findings have potential implications and generalisation for research on other 

mathematical notions and in other educational settings. 
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BACKGROUND OF THE STUDY 

Literature Review 

Regardless of country, students have similar experiences and issues with the knowledge of asymptotes. Studies of asymptotes 

are typically linked to the treatment of graphs of elementary functions (exponential, logarithmic, rational, tangent, and cotangent 

functions), curves (such as hyperbola), and limits of functions, and working with asymptotes requires interpreting the end-

behaviour of a curve or a function using verbal, graphical and symbolic representations (Čižmešija et al., 2017; Kajander & Lovric, 

2009; Katalenić et al., 2024; Kidron, 2011; Mok & Johnson, 2000; Mpofu & Mudaly, 2020; Mpofu & Pournara, 2018; Mudaly & Mpofu, 

2019; Nair, 2010).  

Different aspects of the knowledge of asymptotes have been explored in the literature. Mpofu and Pournara (2018) found that 

secondary school students tended to misinterpret the asymptotes of curves and function graphs with the coordinate axes. For 

example, the horizontal asymptote of the transformed hyperbola 𝑦 = 2 +
1

𝑥
 was unnoticed because it intersects the abscissa axis, 

which is the horizontal asymptote of the prototype hyperbola 𝑦 =
1

𝑥
. Multiple studies found that students connected the existence 

of vertical asymptotes of function graphs with points of discontinuity of the function (Kajander & Lovric, 2009; Mok & Johnson, 

2000; Mpofu & Pournara, 2018; Sebsibe & Feza, 2019). For example, the rational function 𝑦 =
𝑥2−1

𝑥−1
 was mistaken to have a vertical 

asymptote 𝑥 = 1, because this argument is the zero of the denominator in the function formula, but the given function has a 

removable discontinuity for that argument. Research also showed that students described asymptotes of a curve or function graph 

as the lines that the curve or function graph monotonically approaches but never intersects (Kidron, 2011; McDowell, 2021; Mpofu 

& Mudaly, 2020; Mpofu & Pournara, 2018). This property holds for vertical asymptotes of function graphs and for horizontal 

asymptotes of certain classes of functions, but does not hold in general, e.g., the function 𝑓(𝑥) =
(𝑥+1)2

𝑥2+1
 intersects its horizontal 

asymptote 𝑦 = 1.  

The issues with the knowledge of asymptotes presented above were not limited to secondary students, but also university 

mathematics and non-mathematics students, and prospective and practising teachers showed similar difficulties (L. Berger, 2018; 

M. Berger & Bowie, 2012; Dahl, 2017; Flesher, 2003; Huillet, 2014; Katalenić et al., 2023, 2024; Nair, 2010). These issues transpose 

to the issues with the knowledge of limits, resulting with the perception that the limiting value is the boundary and unattainable 

value of the function or curve (Huillet, 2014; Nair, 2010; Roh, 2008; Szydlik, 2000). Thus, questioning the knowledge of asymptotes 

at the upper secondary level contributes to developing coherent knowledge at the university level regarding asymptotic and 

limiting behaviour.  

Multiple studies have shown that textbooks influence student knowledge in different ways. Mathematics teachers rely on 

textbooks when planning and implementing lessons (Fan et al., 2013; Glasnović Gracin & Jukić Matić, 2016; Huillet, 2014; Jukić 

Matić & Glasnović Gracin, 2016; Pepin & Haggarty, 2001), and students also rely on the typical examples, procedures, and reasoning 

presented in the textbooks (Biza & Zachariades, 2010; Hardy, 2009; Nair, 2010; Raman, 2002). Further, research showed that 

textbooks offer limited examples and representations (Biza & Zachariades, 2010) and teachers uncritically follow the textbook 

instruction in their lessons (Huillet, 2014; Kajander & Lovric, 2009), hence students demonstrate issues relatable to the content 

presented in textbooks (Kajander & Lovric, 2009; Nair, 2010).  

Kajander and Lovric (2009) noted several textbook features contributing to potential student issues, such as the predominance 

of informal language; incorrect, imprecise or oversimplified definitions, statements and representations; and working with and 

discussing notions without a proper definition. Raman (2002) proposed that textbooks should provide students with structured 

 

Figure 1. The roles of the asymptote in upper secondary mathematics education (Source: Authors’ own elaboration) 
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experiences connecting informal and formal activities and multiple representations in mathematics education. For example, in a 

study by Dahl (2017), students recognised that a curve can in fact intersect its asymptote, and they referenced textbook examples 

to support that claim. 

Theoretical Framework 

ATD considers how knowledge originates, develops, and changes under the condition and constraints of different institutions 

(Bosch & Gascón, 2014; Chevallard & Sensevy, 2014). In the context of education, it means that a particular body of knowledge has 

different forms within the context of academic institutions, curriculum resources, and the classroom environment. Studying the 

differences between institutionally constituted knowledge brings insight into potential educational changes and interventions to 

overcome the issues they caused. ATD provides a means to question and examine the relevant knowledge in any educational 

setting, using a praxeology as a model for a body of knowledge, and a process of study as a model describing the construction of 

that knowledge (Barbé et al., 2005; Bosch et al., 2004).  

A praxeology is a quadrupled entity [T/τ/θ/Θ] consisting of the practical—praxis [T/τ], and the discursive—logos block [θ/Θ] 

(Barbé et al., 2005; Bosch et al., 2004; Chevallard, 2007; Winsløw, 2011). The praxis block consists of a type of task T that is a question 

or a problem to be solved, and technique τ that is an action performed to reach the solution to T. The logos block consists of 

technology θ that includes discourses—descriptions, explanations, justifications—of the practical activity or a particular 

mathematical notion, and theory θ that supports the praxeology on the formal, abstract level. The practical and discursive 

activities manifest with observable or manipulable signs, visuals, gestures or instruments; thus, abstract notions are non-

ostensive objects and their verbal, graphical, symbolic and other representations are ostensive objects (ostensives) (Arzarello et 

al., 2008; Bosch & Chevallard, 1999). A body of knowledge related to some notion consists of a single praxeology or a collection of 

praxeologies that include ostensive manifestation of the notion in their practical or discursive block, and this is typical to a given 

institution. Though praxis and logos are integral parts of a whole, multiple studies in secondary and university education have 

found that these blocks appeared to be unconnected within institutionalised knowledge (Barbé et al., 2005; Bosch et al., 2004; 

Čižmešija et al., 2017; González-Martín et al., 2013; Hardy, 2009). 

The process of study of a body of knowledge is described with six moments: the first encounter as an introduction or re-

introduction to a body of knowledge; exploration of the type of tasks; work on technique; construction of the discourse—the 

technological-theoretical block; institutionalisation of relevant pieces of knowledge; and evaluation of relevance of the body of 

knowledge (Barbé et al., 2005; Chevallard, 1999; García et al., 2006). A study process organised around all six moments contributes 

to the construction of praxeologies that are complete, connected, and supported with discourses. However, research has shown 

that the study process is typically organised around only two moments; e.g., first a teacher presents technological-theoretical 

constructs, and then students work on techniques by applying the given constructs to solve typical examples (Barbé et al., 2005; 

Chevallard, 1999; Corica & Otero, 2012; Serrano Martínez et al., 2020). Developing consistent and supported discourses—the 

technological-theoretical knowledge—is crucial for sustaining and connecting praxeologies, and this is achievable by engaging all 

moments in the study process.  

Several studies within ATD implemented a praxeological analysis of the textbooks, such as studies by González-Martín et al. 

(2013) on the introduction of real numbers in Brazilian textbooks, Agustito et al. (2025) on two-variable linear equation systems in 

Indonesian textbooks, Utami et al. (2025) who compared Japanese and Indonesian textbooks on the learning of functions, or 

Chandra et al. (2025) on learning obstacles related to derivative in Indonesian textbooks. Few studies have focused on the process 

of study, such as studies by Corica and Otero (2012) on a university calculus course in Brazil, Barbé et al. (2005) on teaching limits 

in Spanish high schools, or Serrano Martínez et al. (2020) on bridging courses. Applying both these ATD tools enables a detailed 

and structured analysis exposing what is taught and modelled with praxeologies, and how it is taught and modelled with the 

process of study (Katalenić et al., 2024). 

REM for the Study of Asymptotes 

Within ATD, REM is a hypothetical model created by a researcher with the purpose of studying a particular educational 

question (Chevallard & Bosch, 2014). The construction of a REM considers mathematical knowledge, curriculum requirements, 

and didactical knowledge based on the results of educational research. On the one hand, it needs to be aligned with formal, logical, 

and deductive mathematics structures, while on the other, it should uphold conditions and constraints of a particular educational 

context and provide possible solutions to questions or problems acknowledged in educational research (Barbé et al., 2005; García 

et al., 2006; Winsløw et al., 2014). 

In upper secondary education, the notion of the asymptote emerges when graphing and evaluating functions or curves from 

certain classes of elementary functions or curves, such as exponential, logarithmic, rational and tangent functions, and the 

hyperbola. The asymptote is known as a line that the graph or curve approaches. The formal definition of an asymptote involves 

the Euclidean distance: given a curve, its asymptote is a line such that the distance from a point on the curve to the line tends to 

zero as the point tends to infinity along an unbounded part of the curve. As a result, formulas with a limit are derived for different 

types of asymptotes of a real function. 

The REM for the process of study of asymptotes in upper secondary education includes praxeologies within two theories 

corresponding to the Algebra of functions and curves and Calculus. The praxeologies build around the following types of tasks: to 

graph a function or a curve (TG), evaluate a formula of a function or a curve (TE) or evaluate the limit of a formula of a function or a 

curve (TL), determine an asymptote (TA), and develop a formula for an asymptote of a function (TD). The tasks engage different 

techniques supported by different technologies constructed within and connected between the two theories, Algebra and 

Calculus.  
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Praxeologies in Algebra of functions and curves (labelled with _A) are given in Table 1. Given a class of functions/curves, a 

prototype function/curve has the simplest formula typical for that class of functions/curves, e.g., the function 𝑓(𝑥) = 2𝑥  is a 

prototype exponential function, and the function 𝑔(𝑥) = 2𝑥−2 + 2 is also an exponential function, but not a prototype. The graph 

of a prototype function is the prototype graph for this class. Graphing a function/curve by transforming the prototype graph of a 

class of functions/curves (TG/τG) implements graphical ostensives and supports the Approaching line discourse on the asymptote 

(θAL). Evaluating the formula of a function/curve for arguments close to a particular point or arguments of large magnitude (TE/τE) 

implements symbolic ostensives and supports the Approximation discourse on the asymptote (θAP). The Graph and Evaluate 

praxeologies are suitable for any class of elementary functions/curves, and support the recognition of an asymptote using different 

ostensives. Deliberate use and connection of these techniques and technologies provide grounds for: 

a) an analogy—the task to determine the asymptotes of a function/curve in a class of functions/curves (TA) employs the same 

techniques and technologies as in the Graph and Evaluate praxeologies, and  

b) a generalisation—the task to develop a formula for the asymptotes of a class of functions/curves (TD) engages generalised 

techniques justified by known technologies and results with the corresponding Property of the class of functions/curves 

discourse (θAF).  

Praxeologies in Calculus (labelled with _C) are given in Table 2. Graphing a function by applying tools from Calculus (TG/τC) 

includes determining and interpreting graphically the following `tools´: the domain of the function, its limiting behaviour, parity 

and symmetry properties, monotonicity observed from the values of the first derivative, and concavity from the values of the 

second derivative. Evaluating a limit of a function with asymptotes at particular points or at infinity by applying tools from Calculus 

(TL\τL) results in an infinite limit at a point or finite limit at infinity. Connecting the graphical and verbal ostensives related to the 

relationship between a function graph and its asymptote with the symbolic ostensives introduced in Calculus, supports the 

Limiting behaviour discourse (θLB). Rational functions are an appropriate class of functions to develop and connect different 

discourses on asymptotes. The Limiting behaviour discourse provides grounds for an analogy in the task to determine the 

asymptotes of a function (TA) by evaluating the appropriate limits of an algebraic expression, and a generalisation in the task to 

develop (TD) the Euclidean distance definition (θED) and the Limit characterisation discourse (θLF). 

Table 1. Reference epistemological model for the praxeological organisation in Algebra, example of a rational function 

Praxeology Task Technique Technology  

Graph_A TG Graph a function 𝑓(𝑥) =

1 +
1

𝑥−2
. 

 

τG Transforming the prototype 

graph 𝑦 =
1

𝑥
 to obtain the 

graph of function f 

θAL Approaching line 

Verbal ostensive: The graph of 
function f approaches the lines 

𝑥 = 2 and 𝑦 = 1. 

 

Graphical ostensive:  

 

 
 

Evaluate_A TE Evaluate a function  

𝑓(𝑥) = 1 +
1

𝑥−2
 for selected 

arguments. 

τE Calculating the value of the 

formula for x close to 2 and x 

of large magnitude 

θAP Approximation 

Verbal ostensive: The values of function f have large magnitude for 

arguments approximately equal to 2, and they are approximately 

equal to 1 for arguments of large magnitude. 

Symbolic ostensive: 𝑓(𝑥) is large for 𝑥 ≈ 2 and 𝑓(𝑥) ≈ 1 for large x  

Determine_A TA Determine the 

asymptotes of a linear 

rational function 𝑓(𝑥) =

2 +
1

𝑥+1
. 

τG Transforming prototype 

graph 𝑦 =
1

𝑥
 

τE Calculating the value of the 

formula for 𝑥 ≈ −1 and x of 
large magnitude 

θAL The graph of function f approaches the lines 𝑥 = −1 and 𝑦 = 2. 

θAP 𝑓(𝑥) has large magnitude for arguments 𝑥 ≈ −1, and 𝑓(𝑥) ≈ 2 

for arguments of large magnitude. 

Develop_A TD Develop a formula for an 

asymptote of a linear 

rational function 𝑓(𝑥) =

𝑎 +
1

𝑥−𝑏
. 

τG Transforming prototype 

graph 𝑦 =
1

𝑥
 

τE Calculating the value of the 

formula for 𝑥 ≈ 𝑏 and large x 

θAL Approaching line 

θAP Approximation 

θAF Property of class of functions 

The linear rational function 𝑓(𝑥) = 𝑎 +
1

𝑥−𝑏
 has vertical asymptote 

𝑥 = 𝑏 and horizontal asymptote 𝑦 = 𝑎.  
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The Limit characterisation is the epitome of discursive knowledge of asymptotes in Calculus referencing formulas, with a limit 

for different types of asymptotes of real functions. Consider the task to develop a formula for the limit characterisation of a slant 

asymptote of a function (TD) using generalised techniques and constructed discourses. By graphically interpreting (τG) the 

relationship between the graph of a function f and the line 𝑦 = 𝑘𝑥 + 𝑙, it follows that the Euclidean distance between the graph 

and the line is less than or equal to the difference between their values for the same argument. If the line 𝑦 = 𝑘𝑥 + 𝑙  is an 

asymptote, then the Euclidean distance tends to zero following the Approaching line discourse (θAL). By evaluating the limit of the 

algebraic expression (τL) referencing the difference  𝑓(𝑥) − 𝑘𝑥 − 𝑙 , it follows that lim
𝑥→±∞

(𝑓(𝑥) − 𝑘𝑥 − 𝑙) = 0 . This interplay 

between verbal, graphical, and symbolic ostensives supports the connection between Euclidean distance definition and Limit 

characterisation of an asymptote (Figure 2). 

The process of study of asymptotes proposed in the REM has a similar structure in Algebra and Calculus (Table 3). The Graph 

and Evaluate praxeologies correspond to the exploration of the type of task moment in the study process. Both praxeologies are 

appropriate for the first encounter in Algebra and Calculus, and the re-encounter moment in Calculus, and provide grounds for 

other moments in the study process. The working on technique moment involves the Determine praxeology executed by the 

analogy to the exploration moment; while the construction of the discourse moment involves the Develop praxeology executed 

as a generalisation of the working moment. Within Algebra, the institutionalisation moment involves asymptotes as a part of the 

Property of a class of functions/curves discourse, while within Calculus, it involves the Limit characterisation of asymptotes—the 

formulas with a limit for different types of asymptotes. Institutionalised knowledge develops through exploration, working, and 

Table 2. Reference epistemological model for the praxeological organisation in Calculus, example of a rational function 

Praxeology Task Technique Technology  

Graph_C TG Graph a function 𝑓(𝑥) =
𝑥

𝑥−2
. 

 

τC Applying `tools´ 

from calculus 

θLB Limiting behaviour 

Graphical ostensive:  
 

Symbolic ostensive:  

𝑓(𝑥) → ∞ as 𝑥 → 2 and  

𝑓(𝑥) → 1 as 𝑥 → ∞ 

 

 
 

Evaluate_C TL Evaluate a limit of a 

function 𝑓(𝑥) =
𝑥

𝑥−2
 for 

selected arguments. 

τL Calculating the 

limit of a function for 

𝑥 = 2 and at infinity 

θLB Limiting behaviour 

Verbal ostensive: The values of function f increase without bound as x 

approaches 2, and they tend to 1 as x increases without bound. 
Symbolic ostensive: lim

𝑥→2
𝑓(𝑥) = ∞ hence 𝑥 = 2 is vertical asymptote, and 

lim
𝑥→∞

𝑓(𝑥) = 1 hence 𝑦 = 1 is horizontal asymptote 

Determine_C TA Determine the asymptotes 

of a function 𝑓(𝑥) =
𝑥

𝑥2+1
. 

τL Evaluating limit of 
an algebraic 

expression 

θLB Limiting behaviour 
lim
𝑥→1

𝑓(𝑥) = ∞ and lim
𝑥→−1

𝑓(𝑥) = ∞ hence 𝑥 = 1 and 𝑥 = −1 are vertical 

asymptotes, and lim
𝑥→∞

𝑓(𝑥) = 0 hence 𝑦 = 0 is horizontal asymptote 

Develop_C TD Develop formulas with a 

limit for different types of 

asymptotes of a function f. 

τL Evaluating limit of 

an algebraic 

expression 

θLF Limit characterisation  

The formulas with a limit for vertical, horizontal and slant asymptote of a 

real function f 
 

 

Figure 2. Connecting discourses in Algebra and Calculus to support formulas with a limit for different types of asymptotes (Source: 

Authors’ own elaboration) 
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construction moments, hence the evaluation moment references the connection of asymptotes to function graph/curves and limit 

of a function, and application of those connections. 

The praxeological and study process structure of the proposed REM does not depend on a particular class of functions/curves, 

and hence the REM is comprehensive. The praxeologies corresponding to the working on technique and construction of discourses 

moments relate to the praxeologies corresponding to the exploration moment in the study process, and the praxeologies in 

Calculus build on the corresponding praxeologies in Algebra. Hence, the praxeologies increase in complexity within and across 

theories, and the REM is connected. The proposed discourses purposefully avoid context-dependent ones, such as identifying axes 

or breakpoint at function domain as asymptotes and interpreting the asymptote as a line the graph monotonically approaches 

and never reaches. The technologies, supported with different corresponding ostensives, emphasise the asymptotic behaviour of 

a function, hence the REM is consistent. 

Research Questions 

Textbook authors present their proposal for the study organisation by selecting notions, tasks, and discourses, representing 

them through verbal, graphical or symbolic ostensives, and ordering the work in a particular sequence. The knowledge taught in 

the classroom likely aligns with the knowledge proposed in the textbooks, as seen in the literature (e.g., Raman, (2002); Kajander 

and Lovric, (2009)). By identifying the praxeologies, ostensives, and moments in the study process related to asymptotes in upper 

secondary textbooks, we expose a detailed analysis of the knowledge available to students. Revealing the underlying structure of 

this knowledge allows a better understanding of the potential origins of student issues in their knowledge of asymptotes at 

different educational levels.  

Previous studies on asymptotes focused on student or teacher knowledge of particular aspects of the notion of asymptote 

(e.g., the definition of horizontal and vertical asymptotes in Dahl (2017), asymptotes of a hyperbola in Mpofu and Pournara (2018), 

asymptotes of rational functions in Nair (2010) and Yerushalmy (1997), neglecting its connection to the knowledge available in 

textbooks), while praxeological analyses of textbooks considered only other notions (e.g., functions in Utami et al. (2025), real 

numbers in González-Martín et al. (2013), limit of a function in Barbé et al. (2005) and Corica and Otero (2012), and derivative of a 

function in Chandra et al. (2025)). This study aims to fill this gap by examining the study of asymptotes in upper secondary 

mathematics textbooks in Croatia. 

For that purpose, we propose the following research questions: 

• What praxeologies and ostensive objects related to asymptotes are available in the upper secondary mathematical 

textbooks in Croatia? How do they align with the proposed REM? 

• How is the process of study of asymptotes organised in the upper secondary mathematical textbooks in Croatia? How does 

it align with the proposed REM? 

METHODOLOGY 

Context of the Study 

The pre-tertiary education system in Croatia consists of eight compulsory years of primary education for children aged 7 to 14, 

followed by optional secondary education that includes four-year general programmes (gymnasiums) and three- or four-year 

vocational or artistic programmes. Gymnasiums provide general upper secondary education, mainly preparing for university 

education, for students aged 15 to 18 years. Subjects cover different areas, such as modern and classical languages, humanities, 

social sciences, arts, natural sciences, mathematics, and technology. Commercial publishers offer textbooks aligned with the 

curriculum requirements and approved by the Ministry of Education. The general upper secondary mathematics curriculum covers 

the topics of real numbers, algebraic expressions, linear equations, and plane geometry in the first grade; complex numbers, 

quadratic equations and functions, exponential and logarithmic functions, and solid geometry in the second grade; trigonometric 

functions, coordinate geometry, and conics in the third grade; and probability, sequences, elementary functions, limits, 

derivatives, and integrals in the fourth grade.  

This study is a part of a larger study concerning the knowledge of asymptotes across upper secondary and university 

mathematics education in Croatia. We analysed the textbooks that university students participating in the larger study used during 

their upper secondary education. Two textbook sets from different commercial publishers were available for the four-year general 

Table 3. Reference epistemological model for the process of study of asymptotes in Algebra and Calculus 

Theory Moment in the study process  Praxeology Ostensives 

Algebra First encounter /  

Exploration of a type of task 

Graph_A Graphical, Verbal 

Evaluate_A Symbolic, Verbal 

Working on technique Determine_A Graphical, Symbolic, Verbal 

Construction of discourse Develop_A Graphical, Symbolic, Verbal 

Institutionalisation Property of functions/curves (θAF) Symbolic 

Calculus Re-encounter /  
Exploration of a type of task 

Graph_C Graphical, Symbolic 

Evaluate_C Symbolic, Verbal 

Working on technique Determine_C Graphical, Symbolic, Verbal 

Construction of discourse Develop_C Graphical, Symbolic, Verbal 

Institutionalisation Limit characterisation (θLF) Symbolic 
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upper secondary education in Croatia, labelled A and B. The present study focused on the chapters in the corresponding textbooks 

covering topics related to the knowledge of asymptotes, including chapters on elementary (exponential, logarithmic, tangent and 

cotangent) functions in the second and third grade, asymptotes of a hyperbola in the third grade, and calculating limits and 

graphing real functions, particularly rational functions, in the fourth grade. 

Textbook Analysis 

A textbook block physically separated from other content, such as a solved example, explanation, or framed content, formed 

a single unit of analysis. We identified all blocks containing ostensives related to the asymptote across all featured chapters in 

each textbook set. This means that, within a particular textbook block, the asymptote is either mentioned in the task, used in a 

technique, or discussed in the solution, and generally, is represented with a verbal, graphical or symbolic ostensive.  

We examined each selected textbook block from three standpoints: 1. identifying the elements [T/τ/θ/Θ] of a praxeology; 2. 

the ostensive manifestation of the asymptote, and 3. the moment in the process of study of asymptotes. Each separate textbook 

block contains a practical element, e.g., graphing a function with an asymptote, determining an asymptote of a function, or 

discursive element, e.g., describing asymptotic behaviour, providing formulas for the equation of an asymptote, or stating the 

definition of an asymptote. The praxeological organisation proposed in the REM provided the foundation for the praxeological 

analysis of the textbooks.  

In each textbook block, we recorded the type of ostensive (verbal, graphical or symbolic), and the characteristics of the 

ostensive manifestation of an asymptote. Considering previous studies on asymptotes, we focused on the relationship between a 

curve and its asymptote in the graphical ostensive, expressions and formulas applied in the techniques used to determine different 

types of asymptotes in the symbolic ostensive, and descriptions, properties, and definition of asymptote and asymptotic 

behaviour in the verbal ostensive.  

Finally, the praxeology identified in a textbook block represents a moment in the process of study of asymptotes. The 

particular moment of the six moments in the process of study was determined from the textbook organisation. There were three 

types of textbook blocks: free text, solved example, and framed text. A free text block corresponds to the exploration of a type of 

task moment if the focus was on solving a particular task, or the construction of discourse moment if the focus was on obtaining 

general knowledge. A solved example block corresponds to the working on technique moment, and framed text block to the 

institutionalisation moment.  

Examination of the utilised praxeologies, ostensives, and moments in the study process enabled a detailed analysis of the 

activities and knowledge available in the textbooks related to a particular mathematical notion. 

RESULTS 

Praxeological Organisation Related to Asymptotes in the Textbooks 

Praxeologies related to asymptotes appeared in the textbook chapters covering the knowledge of algebra of elementary 

functions (exponential, logarithmic, tangent and cotangent functions), coordinate geometry of second-order curves (particularly 

hyperbola), and application of Calculus for graphing functions. Neither textbook included any reference to the notion of 

asymptote in chapters related to limits of a function. An additional chapter in the fourth-grade textbook A allocated the application 

of Calculus for graphing rational functions with an emphasis on asymptotes of rational functions. The textbooks mainly included 

tasks, techniques, and technologies similar to those proposed in the REM (Table 4). We labelled the observed praxeologies with 

additional enumeration to differentiate praxeological structures, e.g., Graph_A1 praxeology found in the textbooks was similar to 

Graph_A praxeology proposed in the REM. The main discrepancies in the praxeological organisation of the REM and textbooks 

were related to techniques and technologies in the Graph and Determine praxeologies in Algebra and the Determine praxeology 

in Calculus, and the inclusion of truncated logos blocks (TLB) containing only discursive elements. 
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The preferred technique to graph a function in Algebra was plotting corresponding points of the function graph. The 

technologies referenced Approaching line, Approximation, or Property of a class discourses from the REM, while the Relational 

characterisation included discourses about an asymptote of a function as recognised in the literature. Both textbooks mentioned 

that the function graph has a coordinate axis as an asymptote in the cases of prototype exponential and logarithmic functions, 

and that the vertical asymptote of a function is related to the breakpoint in the function domain in the case of a prototype tangent 

function. In textbook B, an asymptote of the prototype exponential function was described as the line the function graph 

approaches but never touches and as its tangent line at an `infinitely distant point´. The Determine praxeology only referenced 

asymptotes of the prototype elementary functions, recognising them from the function graph (Figure 3a, 3c). 

The task to determine asymptotes of functions in Calculus involved two approaches with different technologies: one related 

to Limit characterisation and the second to Algebraic characterisation of asymptotes of rational functions. The former implied 

evaluating the formulas with a limit for different types of asymptotes as proposed in the REM. The latter implied: (1) evaluating 

Table 4. Praxeological organisation observed in the textbooks 

Praxeology Task Technique Technology 

Graph_A1 TG Graph a function τG Plotting points* θAL Approaching line 

θAP Approximation  
Relational characterisation* 

Graph_A2 TG Graph a function τG Plotting points* θAF Property of a class of 

functions/curves 

Evaluate_A TE Evaluate an equation of a curve τE Evaluating an algebraic expression θAD The Euclidean distance definition of 

an asymptote  

Determine_A1 TA Determine the asymptotes of a 

function 

τG Recognising prototype graph* θAF Property of a class of 

functions/curves 

Develop_A TD Develop a formula for an asymptote τE Evaluating algebraic expression θAP Approximation 

 TD Develop a formula for an asymptote τG Transforming prototype graph θAF Property of a class of 
functions/curves 

Graph_C TG Graph a function τC Applying `tools´ from calculus Calculus, including θLF 

Graph_C1 TG Graph a function τC Applying `tools´ from calculus Calculus, including Determine_C1  

Determine_C1 TA Determine the asymptotes of a 

function 

τL Evaluating limit of an algebraic 

expression 

θLF Limit characterisation 

  τE Evaluating algebraic expression; τD 

Performing polynomial division* 

Algebraic characterisation* 

Develop_C TD Develop a formula for an asymptote τL Evaluating limit of an algebraic 

expression 

θLF Limit characterisation 

Other  Determine the tangent lines on a 
hyperbola through given point* 

τE Evaluating an algebraic expression Relationship with a tangent line* 

* The task, technique or technology was not among those proposed in the REM 

 

 

Figure 3.  Excerpt of the study of asymptotes from the calculus chapter in textbook B (Adapted from textbook B) 
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the denominator of the formula of a rational function to determine its vertical asymptotes; (2) evaluating the ratio between the 

leading terms of the numerator and denominator to determine the existence of a horizontal asymptote; or (3) performing the 

polynomial division of the numerator and denominator to determine its slant asymptote (Figure 4). Consequently, to graph a 

function included applying `tools´ from Calculus, as proposed in the REM. In the case of a non-rational function, it included 

evaluating the formulas related to Limit characterisation (Graph_C) and in the case of a rational function, evaluating the 

expressions related to Algebraic and Limit characterisation (Graph_C1). 

Textbooks A and B had a similar organisation in the algebra and calculus chapters (Table 5). The algebra chapter included 

Graph praxeology and TLB referencing Property of functions, Approaching line, Approximation, or Relational characterisation. The 

calculus chapter included the Determine praxeology with prototype elementary functions, Determine and Graph praxeologies in 

Calculus, and TLB with Limit characterisation (Figure 3d). Textbooks differed in the praxeological organisation of the geometry 

chapter and in the construction of discourse on Algebraic and Limit characterisation in the calculus chapter. Textbooks had 

approximately the same number of praxeologies in the algebra chapter, while textbook B had fewer praxeologies in other chapters 

compared to textbook A. 

In the geometry chapter, textbook A included the Graph, Evaluate, and Develop praxeologies, and TLB referencing Property of 

a hyperbola, Euclidean distance definition, and the discourse on tangent lines of a hyperbola (Figure 5). Textbook B included the 

Develop praxeology, TLB referencing Approaching line and Euclidean distance definition, and a praxeology to determine a tangent 

line to a hyperbola. The Develop praxeology involved the task to develop the formula for the equation of an asymptote of a 

hyperbola (TD), though each textbook applied different techniques and technologies. In textbook A, praxeology included 

evaluating the algebraic expression referencing the ordinate value of a point of a hyperbola (τE) resulting with the Approximation 

technology (θAP), whereas in textbook B, it included graphing the hyperbola and the lines (τG) resulting in Approaching line 

technology (θAL). 

 

Figure 4. Excerpt of the Determine praxeology with Algebraic characterisation from the calculus chapter in textbook A (Adapted 

from textbook A) 

Table 5. Number of items corresponding to praxeologies across textbook chapters 

Praxeology 
Textbook A Textbook B 

Total 
EF GC CF RF EF GC CF 

Graph_A1 2    3   5 

Graph_A2 1 2   1   4 

Evaluate_A  1      1 

Determine_A1   6    4 10 

Develop_A  3    1  4 

Other  1    1  2 

TLB in Algebra 4 5 1  2 2  14 

Graph_C   2     2 

Graph_C1    2   1 3 

Determine_C1   1 2   1 4 

Develop_C   1     1 

TLB in Calculus   4 3   3 10 

Total 7 12 15 7 6 4 9 60 

Textbook chapters: EF – Algebra of elementary functions, GC – Coordinate geometry of second order curves; CF – Calculus for graphing functions, 

RF – Calculus for graphing rational functions; TLB – Truncated logos block 
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The praxeology related to the tangent line in the exercise section of textbook B involved a task to determine the tangent lines 

to a hyperbola that pass through a given point lying on its asymptote. Solving the task requires manipulating algebraic expressions 

obtained by inserting the data into the general tangency condition formula 𝑘2𝑎2 − 𝑏2 = 𝑙2  for the hyperbola 𝑏2𝑥2 − 𝑎2𝑦2 =

𝑎2𝑏2, and posing and solving a system of equations for the coefficients k and l of the equation of the tangent line 𝑦 = 𝑘𝑥 + 𝑙 

through the point (𝑥0, 𝑦0)  on the hyperbola. Justification of the solution—one of the obtained tangent lines is actually the 

asymptote—relies on a relevant property of second-order curves: through any point outside the curve there are two tangent lines 

to the curve, and particularly, that the asymptote of a hyperbola is its tangent line at the infinitely distant point of a hyperbola. 

The corresponding praxeology can be summarised as follows: 

- Type of task: determine tangent lines to the hyperbola through given point; 

- Technique: manipulate algebraic expressions related to tangency condition formula;  

 

Figure 5. Excerpt of the study of asymptotes from the geometry chapter in textbook A (Adapted from textbook A) 
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- Technology: be familiar with the `two tangent lines´ property of the second-order curves, and characterise the asymptote 

of a hyperbola as a tangent line at its `infinitely distant point´; and 

- Theory: coordinate geometry, projective geometry.  

The praxis part of the praxeology was a familiar activity in both textbooks, mainly limited to the case of tangent lines to a 

hyperbola through a point on the hyperbola, but the logos part was not included in the study of asymptotes in either textbook. 

Textbook A explained that the “two tangent lines” property applies to points not lying on an asymptote as part of a TLB, while 

textbook B employed the “tangent at an infinitely distant point” discourse within Relational characterisation in the Graph 

praxeology for the exponential function, as previously mentioned. Textbook A adopted a more extensive and formal approach to 

the organisation of the calculus chapter (Figure 6) than textbook B (Figure 3). The Develop praxeology in textbook A referenced 

how the formulas for the coefficients of the slant asymptote derive from the limit of a difference of a function and its asymptote, 

but no connection was made between Limit characterisation and Euclidean distance definition. Textbook B provided only the 

formulas with a limit for the slant and horizontal asymptotes (Figure 3d). In textbook A, the Algebraic characterisation included 

ready-made valid inferences related to polynomials in the numerator and denominator of the rational functions, e.g., that the 

vertical asymptotes occur at the zeros of the denominator that are not also zeros of the numerator. Textbook B only referenced 

obtaining the vertical asymptotes of a function from the zeros of the denominator, without further restrictions (Figure 3b). 

Ostensives Related to Asymptotes in the Textbooks 

The praxeologies in the analysed textbooks engaged verbal, graphical, and symbolic ostensives related to asymptotes. We 

explored patterns related to the occurrence of different ostensives across chapters and textbooks and their integration in 

praxeologies. Verbally expressed discourses on asymptotes observed in the textbooks, in order from more to less frequent, were: 

• reference to the type of an asymptote, i.e., vertical, horizontal or slant asymptote; 

• potentially conflicting discourse as suggested in the literature, e.g., curve approaches but never intersects its asymptote, 

vertical asymptotes are related to the breakpoint in the function domain, coordinate axis is asymptote of a curve; 

• appropriate discourse as proposed in the REM, e.g., Approaching line or Approximation discourse, and Euclidean distance 

definition of an asymptote; 

• reference to the position of an asymptote in relation to the function graph, e.g., one- or two-sided asymptote, left- or right-

side asymptote;  

 

Figure 6. Excerpt of the study of asymptotes from the calculus chapter in textbook A (Adapted from textbook A) 
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• property related to the algebraic characterisation of asymptote of a rational function, e.g., given a function 𝑓(𝑥) =
𝑥

𝑥2−1
, 

the degree of the numerator is smaller than the degree of the denominator, hence line 𝑦 = 0 is its horizontal asymptote; 

and 

• discourse related to the tangent line of a hyperbola. 

Symbolic, numeric or algebraic expressions related to asymptotes observed in the textbooks, in order from more to less 

frequent, were: 

• equation of an asymptote of a class of functions/curves, e.g., asymptotes of a hyperbola given with the formula 
𝑥2

𝑎2 −
𝑦2

𝑏2 =

1 are the lines 𝑦 =
𝑏

𝑎
𝑥 and 𝑦 = −

𝑏

𝑎
𝑥; 

• formulas with a limit for different types of asymptotes as proposed in the REM (Figure 2); 

• breakpoint in a function domain, e.g., function 𝑓(𝑥) = log4(𝑥 − 5) is defined for 𝑥 > 5; 

• values of a function or an expression near a point or at infinity, e.g., for the function 𝑓(𝑥) = 𝑒−
𝑥2

2  it is 𝑓(𝑥) → 0 as 𝑥 → ∞; 

and 

• algebraic characterisation, e.g., polynomial quotient in Figure 4. 

Some verbal and symbolic ostensives for asymptotes were typically integrated within specific content, while others appeared 

across chapters and praxeologies (Table 6). The type and position of an asymptote were emphasised in the calculus chapters in 

both textbooks. Only vertical asymptotes of tangent and cotangent functions were mentioned as a type of asymptote in other 

chapters. The equation of an asymptote, as a part of Property of a class, was integrated in the Graph and Determine praxeologies, 

and TLB in the algebra chapter in both textbooks, and in the Develop and Evaluate praxeologies in the geometry chapter in 

textbook A (Figure 5). Formulas with a limit for different types of asymptotes contributed in the Graph and Determine 

praxeologies, and TLB in the calculus chapter in both textbooks. Verbal and symbolic ostensives related to algebraic 

characterisation of rational functions were a part of the Graph and Determine praxeologies, and TLB in the rational function 

chapter in textbook A. 

We examined when appropriate and potentially conflicting discourses emerged within praxeologies (Table 7). The Graph and 

Determine praxeologies, and TLB in Algebra included both appropriate and potentially conflicting discourses related to 

asymptotes; mainly related to prototype elementary functions. The Evaluate and Develop praxeologies in Algebra included 

appropriate discourses, e.g., Approximation technology. The potentially conflicting discourse in the Determine and Graph 

praxeologies in Calculus mainly related to the vertical asymptotes in the breakpoint in function domain. 

Table 6. Number of items corresponding to ostensives across textbook chapters 

Ostensive Discourse 
Textbook A Textbook B 

Total 
EF GC CF RF EF GC CF 

Verbal Type of an asymptote 5  8 2 2  4 21 

Potentially conflicting discourse 4 2 3 2 5  3 19 

Appropriate discourse 2 5 2  2 3 2 16 

Position of an asymptote   6 4   4 14 

Property related to the algebraic characterisation    6    6 

None or another verbal  3   1 1  5 

Symbolic Equation of an asymptote of a class of functions/curves 7 11 6  6 2 4 36 

Formulas with a limit for different types of asymptotes   7 3   3 13 

Breakpoint in a function domain 1  2 2 2  2 9 

Values of a function or an expression near a point or at infinity 1 3 1  1   6 

Expression related to the algebraic characterisation    3    3 

No symbolic  1 1 2  2 2 8 

Graphical Hyperbola / Linear rational function graph  6 3   2 2 13 

Exponential or logarithmic function graph 3  1  4  2 10 

Tangent or cotangent function graph 2  1  2   5 

Other   3 4   2 9 

No graph 2 6 7 3  2 3 23 

Total  7 12 15 7 6 4 9 60 

Textbook chapters:  EF – Algebra of elementary functions, GC – Coordinate geometry of second order curves; CF – Calculus for graphing 

functions, RF – Calculus for graphing rational functions 
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The graphical ostensive was integral to the Graph praxeology in both Algebra and Calculus, and to technique in the Determine 

praxeology in Algebra. It complemented the technology in the Develop praxeology in the geometry chapter (p=3/4), and TLB in 

Algebra (p=6/14) and Calculus (p=2/10). The graphical ostensives depicting the relationship between a curve and its asymptotes 

were limited, especially in textbook B (Table 6). The most common graphs were hyperbola, exponential, logarithmic, tangent, and 

cotangent function graphs. The graphical ostensive represented a curve approaching but never intersecting its asymptote and 

bounded by it; in the majority of cases, the asymptote was a coordinate axis. Among graphs found in the calculus chapter, some 

represented the same relationship, e.g., a rational function graph between intersecting asymptotes (Figure 7a, 7f) or a Gauss 

curve on one side of horizontal asymptote (Figure 7b). There were few graphical ostensives representing different relationships 

between a function graph and its asymptote, e.g., function graph with a finite left-side limit and an infinite right-side limit at a 

breakpoint in function domain, or with a right-side vertical asymptote (Figure 7c), graph intersecting its two-sided horizontal 

asymptote (Figure 7d, 7g), or graph intersecting its two-sided slant asymptote (Figure 7e, 7h).  

Organisation of the Study of Asymptotes in the Textbooks 

The organisation of the study process was different from the process of study proposed in the REM, and it varied across 

chapters and textbooks (Figure 8). The algebra chapters were similarly organised in both textbooks. The first encounter of an 

asymptote was in the Graph praxeology at the exploration moment. The process of study revolved around the exploration of a 

graph of prototype function, followed by construction or institutionalisation of discourse referencing the Approaching line, 

Approximation, Property of class or Relational characterisation. 

In the geometry chapter in both textbooks, the first encounter of the asymptote of a hyperbola was at the construction of 

discourse moment in the Develop praxeology via its equation (Figure 5a). The process of study in textbook A revolved around 

construction and institutionalisation of the discourse, followed by working on technique moments. The equation of an asymptote 

Table 7. Number of items corresponding to praxeologies and discourses across textbooks 

Discourse Appropriate Potentially conflicting Total 

Praxeology Textbook A Textbook B Textbook A Textbook B Textbook A Textbook B 

Graph_A1 2 2 2 3 2 3 

Evaluate_A 1    1  

Determine_A1  1 2  6 4 

Develop_A 3 1   3 1 

TLB in Algebra 2 2 4 2 10 4 

Graph_C   1  2  

Graph_C1  1 2 1 2 1 

Determine_C1    1 3 1 

TLB in Calculus 1   1 7 3 
 

 

Figure 7. Graphical ostensive for the relationship between the graph and asymptote in praxeologies from the calculus chapter 

(Source: Authors’ own elaboration) 

 

Figure 8. Study process organisation across textbook chapters (Source: Authors’ own elaboration) 
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of a hyperbola, as a part of Property of a class (Figure 5b), was applied in the Graph (Figure 5c) and Evaluate praxeologies (Figure 

5d). The process of study in textbook B remained at the construction and institutionalisation moments. The exception was the 

praxeology of determining a tangent line to a hyperbola through a point on its asymptote, discussed previously and presented at 

the working on technique moment.  

In the calculus chapter in both textbooks, the re-encounter of the asymptote was at the working on technique moment in the 

Determine praxeology in Algebra via the graphs of prototype elementary functions (Figure 3a). The process of study in both 

textbooks revolved around construction and institutionalisation of the discourse followed by working on technique moments. 

Namely, TLB provided Limit and Algebraic characterisation, which were hence applied in the Determine and Graph praxeologies. 

Textbook A adopted a more formal approach in this chapter than Textbook B, and included, in the following order, the 

institutionalisation of the Euclidean distance definition (Figure 6a), the construction of discourse on the formula with a limit for a 

vertical asymptote supported by verbal, graphical, and symbolic ostensives (Figure 6b), and construction of discourse through 

the Develop praxeology on the formula with a limit for a slant asymptote using only the symbolic ostensive (Figure 6c).  

DISCUSSION 

The study of asymptotes in the analysed textbooks differed from the proposed REM for the study of asymptotes in upper 

secondary education (Tables 1 and 2) regarding the available praxeologies, implemented ostensives, and the organisation of the 

process of study. The textbooks focused on: (1) recognising an asymptote as a property of a graph of prototype elementary 

functions, namely, functions 𝑎𝑥, log𝑎 𝑥, tan 𝑥 and cot 𝑥, (2) knowing the equation of the asymptotes 𝑦 = ±
𝑏

𝑎
𝑥 of a hyperbola 

𝑥2

𝑎2
−

𝑦2

𝑏2
= 1, and (3) knowing and applying the provided ready-made rules or formulas to determine different types of asymptotes of a 

(rational) function.  

The praxeologies observed in the analysed textbooks corresponded, to some extent, to those proposed in the REM. There were 

items in both textbooks corresponding to graphing an elementary function and discussing the existence of its asymptotes, and 

determining the asymptotes of the graph of an elementary function. Evaluating the formulas with a limit to determine different 

types of asymptotes and applying `tools´ from Calculus to graph a function were significant contributions in both textbooks. 

Items corresponding to evaluating an algebraic expression related to asymptotes, developing the formula for an asymptote of a 

particular class of curves or formulas with a limit were rare, while items corresponding to evaluating function values or limits of a 

function related to asymptotes were missing. There was no evidence of connecting praxeologies through technologies and through 

increasing their complexity in the analysed textbooks. The restricted focus on recognising an asymptote as a property of a graph of 

prototype elementary functions in Algebra and the provision of ready-made rules or formulas to determine different types of 

asymptotes in Calculus reduced the opportunities to develop knowledge increasing in complexity through analogies and 

generalisations as proposed in the REM. The omission of evaluating limits of elementary functions and connecting the resulting 

infinite limit at a particular point to a vertical asymptote or finite limit at infinity to a horizontal asymptote reduced the opportunity 

to connect familiar knowledge of asymptotes of elementary functions and the growing knowledge of limiting behaviour of 

functions.  

The analysed textbooks included knowledge related to the tangent line of a hyperbola through a given point and the 

asymptotes of a general rational function, which were not explicitly included in the proposed REM. The rules to determine different 

types of asymptotes of general rational functions are beneficial within the proposed REM as the part of the Property of a class of 

functions technology in Algebra (Table 1). Rational functions, as a class of functions, provide a rich environment to explore 

asymptotes and limiting behaviour (Katalenić et al., 2023; Nair, 2010; Yerushalmy, 1997). Establishing grounded knowledge of 

asymptotes of rational functions in Algebra provides the means for a stronger connection to the knowledge of asymptotes in 

Calculus, e.g., justifying the first-degree polynomial quotient of the numerator and denominator of a rational function as its slant 

asymptote by evaluating the corresponding limit of difference as in Figure 4.  

The connection between a tangent line and asymptote of a hyperbola originates from projective geometry, which is beyond 

the scope of upper secondary level mathematics. An informal reference to the asymptote as the tangent line at an infinitely distant 

point of the curve is attainable through the praxeological organisation proposed in the REM (Figure 9). Exploration of the tangent 

line to a hyperbola through a point on the hyperbola as it moves away to infinity by graphing the curve and the line or evaluating 

the equations of tangent lines and asymptotes motivates the appropriate discussion, i.e., the tangent line approaches the 

asymptote or the equation of the tangent line approximates the equation of the asymptote of hyperbola. Working on determining 

the tangent lines to the hyperbola through a point on its asymptote motivates the construction of generalised discourse, that the 

asymptote is a tangent line to the hyperbola at its infinitely distant point. Furthermore, the discourse can be justified by evaluating 

the limit of the explicit equation of a tangent line at infinity. We propose that the underlying structure of our REM, described as 

exploring different ostensives, determining by analogy, and developing by generalisation, can be transposed to the study of other 

properties of functions and curves. 
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The REM and the analysed textbooks differed in the produced and utilised ostensives. When discussing the asymptotes of 

graphs of prototype elementary functions, textbooks equally emphasised appropriate discourses, e.g., “the curve approaches its 

asymptote”, and context-dependent discourses, e.g., “the abscissa axis is the asymptote of the prototype exponential function” 

or “the breakpoint in the tangent function domain is its vertical asymptote”. The latter discourses were deemed potentially 

conflicting according to the literature. Graphical ostensives for asymptotes almost always showed a curve approaching and never 

intersecting its asymptote, and the connection between the vertical asymptote and zero of the denominator or breakpoint in the 

function domain manifested often in verbal and symbolic ostensives, further strengthening the potentially conflicting discourses. 

The ostensives used in the textbooks contribute to the known issues in the knowledge of asymptotes, thus hindering the development 

of comprehensive knowledge of asymptotes. The emphasis on the prototype elementary functions and context-dependent 

discourses presented with different ostensives could explain the transference of the potentially conflicting discourses to the 

general knowledge of asymptotes.  

In the textbooks, ostensives were mainly used in the following manner: graphical ostensive as the result of graphing functions, 

symbolic ostensive as the delivery of the recognised equations of asymptotes of prototype elementary functions and hyperbola 

and ready-made formulas with a limit, and verbal ostensive as the description of the asymptotes of graphs of prototype 

elementary functions and hyperbola, and as the rules to determine asymptotes of rational functions. There were few opportunities 

to functionally utilise and link ostensives to develop connected and consistent knowledge on asymptotes. The graphical ostensive 

could support the connection between the definition and the limit characterisation of an asymptote, as proposed for different 

types of asymptotes in the REM (Figure 2), which was observed only for the vertical asymptote in one of the textbooks (Figure 6b). 

The symbolic ostensive could support evaluating the function at a particular point or at infinity and developing the discourse on 

approximation. Kidron (2011) found that focusing on the numerical ostensive aided a student to move away from the conflicting 

discourse about asymptotes, i.e., that the curve approaches but never reaches its asymptote. Implementing the symbolic 

ostensive when evaluating a function and discussing approximation related to the asymptotes at the upper secondary level 

provides grounds for university level knowledge of asymptotic equivalence in computational mathematics (Katalenić et al., 2023). 

There were no items related to the suggested ostensive in the analysed textbooks.  

 

Figure 9. Study of the “tangent line at infinity” aligned with the exploration-analogous work-generalised discourse structure 

(Source: Authors’ own elaboration) 
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Two patterns were discerned in the organisation of the study process in the analysed textbooks: providing examples then 

exposing discourse, or providing discourse then applying it in tasks. The example-discourse pattern revolved around exploration 

of the type of task to graph a prototype function or curve, and recognising and describing an asymptote as its property in Algebra. 

The discourse-application pattern revolved around presenting formulas or rules related to different types of asymptotes and 

applying them to determine asymptotes when working on graphing functions in Calculus. The organisation of the process of study 

in the textbooks did not align with the process of study in mathematics and mathematics education. In mathematics, examples 

provide grounds for making a mathematical assumption regarding a particular situation. Working on analogous situations 

supports the construction of a generalised statement. Upon justification of the statement by appropriate argumentation or proof, 

it becomes part of the institutionalised mathematical knowledge. Contemporary mathematics education emphasises the 

problem-solving and modelling approach in the study of mathematical knowledge, as opposed to the applicationism approach, 

described as exposing mathematical knowledge expected to be used as given (Hochmuth & Peters, 2022; Winsløw et al., 2014). 

The applicationism approach revolves around institutionalisation and working on technique moments. Omitting or downplaying 

the exploration of a type of task and construction of discourse moments in the study process determines the role of students as 

passive receivers of knowledge rather than active participants in the construction of knowledge. 

Considering the results of the textbook analysis, the proposed REM can be considered a feasible model for the comprehensive, 

connected, and consistent study of asymptotes in upper secondary education. Though the focus in the textbooks skewed towards 

asymptotes of prototype elementary functions and curves and calculation of formulas with a limit for different types of 

asymptotes, we traced evidence of the praxeologies, discourses, and ostensives suggested in the REM appearing in the textbooks. 

This was particularly the case for the praxeological organisation in textbook A, which included different praxeologies and 

discourses related to asymptotes, and provided opportunities for constructing discursive elements related to the formulas for 

asymptotes. Further, textbook A supported discourses and ostensives more cautiously against raising issues in the knowledge of 

asymptotes than textbook B. The organisation of the study process observed in the textbooks can be complemented and 

rearranged to align with the logical-deductive structure of study in mathematics, as proposed in the REM. Different ostensives for 

the Approaching line and Approximation discourses, and Euclidean distance definition could be implemented and connected to 

construct generalised rules or formulas for different types of asymptotes of classes of elementary functions or any real function. 

Limitations and Recommendations for Further Study 

This study was limited to the knowledge related to asymptotes, textbook analysis, and the Croatian upper secondary 

education context. The conclusions should be stated cautiously with regard to generalising the results, e.g., as to whether 

knowledge related to other notions fails at connecting and increasing in complexity, whether textbooks as a whole share the same 

organisation of the study process referred to as applicationism, and whether similar issues arise in other educational contexts. 

Though no generalisations can be made, the results of the study are relevant for further consideration. Textbook analysis related 

to the notion of the asymptote covered a range of textbook chapters and school years; hence, a similar organisation of knowledge 

and study process could be expected across other textbook chapters related to algebra and calculus. The discrepancies between 

the proposed REM and the study in the textbooks could be related to the recognised issues in the knowledge of asymptotes, and 

therefore similar discrepancies could be expected in other educational contexts, and in student issues concerning their knowledge 

of asymptotes. 

The proposed REM for the study of asymptotes in upper secondary education is an original contribution of the study. The 

textbook analysis supported only the feasibility of the constructed REM, i.e., its alignment with mathematical, curriculum, and 

didactical requirements on knowledge related to asymptotes at the upper secondary level. Further research is required to support 

its viability, such as an experimental study in the upper secondary mathematics classroom. Additional studies could be aimed at 

accommodating the proposed study process based on exploration of the type of task using different ostensives, working on 

analogous tasks, and constructing a generalised discourse to the study of different mathematical notions.  

The results of the textbook analysis suggest two topics suitable for study and research in upper secondary mathematics 

education. The first is the connection between the tangent line and the asymptote of a hyperbola. The present study connects 

knowledge within different theories, i.e., graphing and evaluating equations of lines and curves in coordinate geometry, solving a 

system of linear and quadratic equations in algebra, and evaluating limits of algebraic expressions in Calculus. The second is the 

positional relationship between a graph and its asymptote in the case of a rational function. Reconstructing an algebraic formula 

of a function given the graph of the function and its asymptotes requires studying how the change in coefficients and their relation 

affects the function graph, beyond the rule that “vertical asymptotes are in the zeros of the denominator”. The proposed topics 

could be implemented as study and research paths, an inquiry-based approach proposed by ATD, wherein the teacher poses an 

open question, understandable but challenging, requiring students to consult media, derive answers, and ask new questions 

(Chevallard, 2007; García et al., 2006; Jessen, 2022). Such an approach promotes mathematical skills relevant in modern society, 

such as problem-solving, creativity and innovation, and communication and collaboration, as proposed in Taja-on et al. (2025). 

CONCLUSION 

This study examined how asymptotes are presented in upper secondary mathematics textbooks in Croatia. The ATD provided 

a framework for a detailed and systematic analysis of the organisation of knowledge, the study process, and representations 

related to asymptotes in these textbooks. The findings indicated that the textbooks failed to connect knowledge and 

representations of asymptotes across different contexts, to organise the study in a mathematically and pedagogically coherent 

manner, and to address recognised issues related to asymptotes.  
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We proposed a reference model for the study of asymptotes in upper secondary education, aimed at fostering the 

development of connected knowledge that is increasing in complexity. This model is grounded in exploration using graphical and 

symbolic representations, developed through work on analogous tasks bridging multiple representations, and culminating in the 

construction of a generalised mathematical discourse. Prior research supports the idea that engaging with various 

representations and gradually building related discourses helps reduce conflicts and promotes the development of coherent, 

connected knowledge.  

The research findings can be generalised for future studies in two distinct directions. The first involves evaluating and refining 

the proposed reference model for the study of asymptotes in upper secondary education. The second entails applying the 

underlying principles of this model—exploration using different representations, analogous work, and construction of the 

generalised discourse—to the development of reference models for other mathematical notions. This approach is particularly 

well-suited for notions that span different domains, increase in complexity, and lend themselves to representation in various 

forms, as is the case with asymptotes. 

Author contributions: AK, AČ, & ŽMŠ: conceptualization, methodology, validation, writing – review & editing; AK: investigation, visualization, 

writing – original draft; AČ & ŽMŠ: funding acquisition. All authors have agreed with the results and conclusions. 

Funding: This research was supported by the European Union NextGenerationEU through the National Recovery and Resilience Plan 20212026 

Institutional Grants of University of Zagreb Faculty of Science (IK IA 1.1.3. Impact4Math). 

Ethical statement: The authors stated that ethics committee approval was not required. This study did not involve human subjects, personal 

data, or experimental interventions, and therefore did not meet the criteria for ethical review under relevant institutional guidelines. 

AI statement: The authors stated that no Generative AI or AI based tools were used in the writing, data analysis, or visual asset generation of 

this manuscript. 

Declaration of interest: No conflict of interest is declared by the authors. 

Data sharing statement: Data supporting the findings and conclusions are available upon request from the corresponding author. 

REFERENCES 

Agustito, D., Kuncoro, K. S., Kusumaningrum, B., Trisniawati, Sukiyanto, & Wijayanti, D. (2025). Praxeological analysis of linear 

algebra content presentation: A case study of Indonesian mathematics textbooks. Eurasia Journal of Mathematics, Science and 

Technology Education, 21(6), Article em2648. https://doi.org/10.29333/ejmste/16508  

Arzarello, F., Bosch, M., Gascón, J., & Sabena, C. (2008). The ostensive dimension through the lenses of two didactic approaches. 

ZDM - Mathematics Education, 40(2), 179-188. https://doi.org/10.1007/s11858-008-0084-1  

Barbé, J., Bosch, M., Espinoza, L., & Gascón, J. (2005). Didactic restrictions on the teacher’s practice: The case of limits of functions 

in Spanish high schools. Educational Studies in Mathematics, 59(1-3), 235-268. https://doi.org/10.1007/s10649-005-5889-z  

Berger, L. (2018). Attending to precision: Mathematical definitions in courses for pre-service and practicing teachers. PRIMUS, 28(8), 

772-784. https://doi.org/10.1080/10511970.2018.1432732  

Berger, M., & Bowie, L. (2012). A course on functions for in-service mathematics teachers: Changing the discourse. Education as 

Change, 16(2), 217-229. https://doi.org/10.1080/16823206.2012.745751  

Biza, I., & Zachariades, T. (2010). First year mathematics undergraduates’ settled images of tangent line. The Journal of 

Mathematical Behavior, 29(4), 218-229. https://doi.org/10.1016/j.jmathb.2010.11.001  

Bosch, M., & Chevallard, Y. (1999). La sensibilité de l’activité mathématique aux ostensifs. Objet d’étude et problématique [The 

sensitivity of mathematical activity to ostensives. Object of study and problem]. Recherches en Didactique des Mathématiques, 

19(1), 77-124. https://revue-rdm.com/1999/la-sensibilite-de-l-activite/  

Bosch, M., Fonseca, C., & Gascón, J. (2004). Incompletitud de las organizaciones matemáticas locales en las instituciones escolares 

[Incompleteness of the mathematical organizations in the educational institutions]. Recherches En Didactique Des 

Mathématiques, 24(2), 205-250. https://revue-rdm.com/2004/incompletitud-de-las/  

Bosch, M., & Gascón, J. (2014). Introduction to the Anthropological theory of the didactic (ATD). In A. Bikner-Ahsbahs & S. Prediger 

(Eds.), Networking of Theories as a Research Practice in Mathematics Education (pp. 67-83). Springer. 

https://doi.org/10.1007/978-3-319-05389-9_5  

Chandra, F. E., Suryadi, D., Afgani Dahlan, J., Hayuningrat, S., & Rahman, S. (2025). Derivative in Indonesian textbook curricula: A 

praxeological analysis of learning obstacles in Indonesian mathematics textbooks. Eurasia Journal of Mathematics, Science 

and Technology Education, 21(5), Article em2627. https://doi.org/10.29333/ejmste/16256  

Chevallard, Y. (1999). L’analyse des pratiques enseignantes en théorie anthropologique du didactique [Analysis of teaching 

practices in anthropological theory of didactic]. Recherches en Didactique des Mathématiques, 19(2), 221–266. https://revue-

rdm.com/1999/l-analyse-des-pratiques/  

Chevallard, Y. (2007). Readjusting Didactics to a Changing Epistemology. European Educational Research Journal, 6(2), 131-134. 

https://doi.org/10.2304/eerj.2007.6.2.131  

Chevallard, Y., & Bosch, M. (2014). Didactic transposition in mathematics education. In S. Lerman (Ed.), Encyclopedia of 

Mathematics Education (pp. 170-174). Springer. https://doi.org/10.1007/978-94-007-4978-8_48  

Chevallard, Y., & Sensevy, G. (2014). Anthropological approaches in mathematics education, French perspectives. In S. Lerman 

(Ed.), Encyclopedia of Mathematics Education (pp. 38-43). Springer. https://doi.org/10.1007/978-94-007-4978-8_9  

https://doi.org/10.29333/ejmste/16508
https://doi.org/10.1007/s11858-008-0084-1
https://doi.org/10.1007/s10649-005-5889-z
https://doi.org/10.1080/10511970.2018.1432732
https://doi.org/10.1080/16823206.2012.745751
https://doi.org/10.1016/j.jmathb.2010.11.001
https://revue-rdm.com/1999/la-sensibilite-de-l-activite/
https://revue-rdm.com/2004/incompletitud-de-las/
https://doi.org/10.1007/978-3-319-05389-9_5
https://doi.org/10.29333/ejmste/16256
https://revue-rdm.com/1999/l-analyse-des-pratiques/
https://revue-rdm.com/1999/l-analyse-des-pratiques/
https://doi.org/10.2304/eerj.2007.6.2.131
https://doi.org/10.1007/978-94-007-4978-8_48
https://doi.org/10.1007/978-94-007-4978-8_9


18 / 19 Katalenić et al. / International Electronic Journal of Mathematics Education, 21(3), em0890 

Čižmešija, A., Katalenić, A., & Milin Šipuš, Ž. (2017). Asymptote as a body of knowledge to be taught in textbooks for Croatian 

secondary education. In Z. Kolar-Begović, R. Kolar-Šuper, & L. Jukić-Matić (Eds), Mathematics education as a science and a 

profession (pp. 127-147). Element. https://indico.mathos.hr/event/14/attachments/32/150/ED577935.pdf  

Corica, A. R., & Otero, M. R. (2012). Estudio sobre las praxeologías que se proponen estudiaren un curso universitario de cálculo 

[Study of the praxeologies proposed to study in a university calculus course]. Bolema: Boletim de Educação Matemática, 

26(42b), 459-482. https://doi.org/10.1590/S0103-636X2012000200004  

Dahl, B. (2017). First-year non-STEM majors’ use of definitions to solve calculus tasks: Benefits of using concept image over concept 

definition? International Journal of Science and Mathematics Education, 15(7), 1303-1322. https://doi.org/10.1007/s10763-016-

9751-9  

Fan, L., Zhu, Y., & Miao, Z. (2013). Textbook research in mathematics education: Development status and directions. ZDM 

Mathematics Education, 45(5), 633-646. https://doi.org/10.1007/s11858-013-0539-x  

Flesher, T. (2003). Writing to learn in mathematics. The Writing Across the Curriculum (WAC) Journal, 14, 37-48. 

https://doi.org/10.37514/WAC-J.2003.14.1.04  

García, F. J., Pérez, J. G., Higueras, L. R., & Bosch, M. (2006). Mathematical modelling as a tool for the connection of school 

mathematics. ZDM - Mathematics Education, 38(3), 226-246. https://doi.org/10.1007/BF02652807  

Glasnović Gracin, D., & Jukić Matić, L. (2016). The role of mathematics textbooks in lower secondary education in Croatia: An 

empirical study. The Mathematics Educator, 16(2), 31-58. https://math.nie.edu.sg/ame/matheduc/tme/tmeV16_2/02.pdf  

González-Martín, A. S., Giraldo, V., & Souto, A. M. (2013). The introduction of real numbers in secondary education: An institutional 

analysis of textbooks. Research in Mathematics Education, 15(3), 230-248. https://doi.org/10.1080/14794802.2013.803778  

Hardy, N. (2009). Students’ perceptions of institutional practices: The case of limits of functions in college level calculus courses. 

Educational Studies in Mathematics, 72(3), 341-358. https://doi.org/10.1007/s10649-009-9199-8  

Hochmuth, R., & Peters, J. (2022). About two epistemological related aspects in mathematical practices of empirical sciences. In 

Y. Chevallard, B. Barquero, M. Bosch, I. Florensa, J. Gascón, P. Nicolás, & N. Ruiz-Munzón (Eds.), Advances in the Anthropological 

Theory of the Didactic (pp. 327-342). Springer International Publishing. https://doi.org/10.1007/978-3-030-76791-4_26  

Huillet, D. (2014). Teacher as researcher in mathematics education. In S. Lerman (Ed.), Encyclopedia of Mathematics Education (pp. 

582-583). Springer Netherlands. https://doi.org/10.1007/978-94-007-4978-8_148  

Jessen, B. E. (2022). Study and research paths, ecology and in-service teachers. In Y. Chevallard, B. Barquero, M. Bosch, I. Florensa, 

J. Gascón, P. Nicolás, & N. Ruiz-Munzón (Eds.), Advances in the Anthropological Theory of the Didactic (pp. 239-247). Springer 

International Publishing. https://doi.org/10.1007/978-3-030-76791-4_18  

Jukić Matić, L., & Glasnović Gracin, D. (2016). The use of the textbook as an artefact in the classroom. Journal Für Mathematik-

Didaktik, 37(2), 349-374. https://doi.org/10.1007/s13138-016-0091-7  

Kajander, A., & Lovric, M. (2009). Mathematics textbooks and their potential role in supporting misconceptions. International 

Journal of Mathematical Education in Science and Technology, 40(2), 173-181. https://doi.org/10.1080/00207390701691558  

Katalenić, A., Čižmešija, A., & Milin Šipuš, Ž. (2023). Prospective mathematics teachers’ knowledge of asymptotes and asymptotic 

behaviour in calculus. International Journal of Science and Mathematics Education, 21(1), 131-158. 

https://doi.org/10.1007/s10763-022-10247-9  

Katalenić, A., Čižmešija, A., & Šipuš, Ž. M. (2024). Study of asymptotes in calculus in mathematics textbooks for general upper 

secondary education in Croatia. In I. Florensa, N. Ruiz-Munzón, K. Markulin, B. Barquero, M. Bosch, & Y. Chevallard (Eds), 

Extended abstracts 2022 (pp. 303-318). Springer Nature Switzerland. https://doi.org/10.1007/978-3-031-55939-6_24  

Kidron, I. (2011). Constructing knowledge about the notion of limit in the definition of the horizontal asymptote. International 

Journal of Science and Mathematics Education, 9(6), 1261-1279. https://doi.org/10.1007/s10763-010-9258-8  

McDowell, Y. L. (2021). Calculus Misconceptions of undergraduate students [Doctoral dissertation, Columbia University]. 

https://doi.org/10.7916/d8-vz70-4569  

Mok, I., & Johnson, D. (2000). Reasoning algebraically with IT: A cognitive perspective. Mathematics Education Research Journal, 

12(3), 286-302. https://doi.org/10.1007/BF03217090  

Mpofu, S., & Mudaly, V. (2020). Grade 11 rural learners understanding of functions: A Commognition perspective. African Journal of 

Research in Mathematics, Science and Technology Education, 24(2), 156-168. https://doi.org/10.1080/18117295.2020.1798670  

Mpofu, S., & Pournara, C. (2018). Learner participation in the functions discourse: A focus on asymptotes of the hyperbola. African 

Journal of Research in Mathematics, Science and Technology Education, 22(1), 2-13. 

https://doi.org/10.1080/18117295.2017.1409170  

Mudaly, V., & Mpofu, S. (2019). Learners’ views on asymptotes of a hyperbola and exponential function: A Commognitive approach. 

Problems of Education in the 21st Century, 77(6), 734-744. https://doi.org/10.33225/pec/19.77.734  

Nair, G. S. (2010). College students’ concept images of asymptotes, limits, and continuity of rational functions [Doctoral dissertation, 

The Ohio State University]. 

https://etd.ohiolink.edu/apexprod/rws_olink/r/1501/10?clear=10&p10_accession_num=osu1282259818  

Pepin, B., & Haggarty, L. (2001). Mathematics textbooks and their use in English, French and German classrooms: A way to 

understand teaching and learning cultures. Zentralblatt Für Didaktik Der Mathematik, 33(5), 158-175. 

https://doi.org/10.1007/BF02656616  

https://indico.mathos.hr/event/14/attachments/32/150/ED577935.pdf
https://doi.org/10.1590/S0103-636X2012000200004
https://doi.org/10.1007/s10763-016-9751-9
https://doi.org/10.1007/s10763-016-9751-9
https://doi.org/10.1007/s11858-013-0539-x
https://doi.org/10.37514/WAC-J.2003.14.1.04
https://doi.org/10.1007/BF02652807
https://math.nie.edu.sg/ame/matheduc/tme/tmeV16_2/02.pdf
https://doi.org/10.1080/14794802.2013.803778
https://doi.org/10.1007/s10649-009-9199-8
https://doi.org/10.1007/978-3-030-76791-4_26
https://doi.org/10.1007/978-94-007-4978-8_148
https://doi.org/10.1007/978-3-030-76791-4_18
https://doi.org/10.1007/s13138-016-0091-7
https://doi.org/10.1080/00207390701691558
https://doi.org/10.1007/s10763-022-10247-9
https://doi.org/10.1007/978-3-031-55939-6_24
https://doi.org/10.1007/s10763-010-9258-8
https://doi.org/10.7916/d8-vz70-4569
https://doi.org/10.1007/BF03217090
https://doi.org/10.1080/18117295.2020.1798670
https://doi.org/10.1080/18117295.2017.1409170
https://doi.org/10.33225/pec/19.77.734
https://etd.ohiolink.edu/apexprod/rws_olink/r/1501/10?clear=10&p10_accession_num=osu1282259818
https://doi.org/10.1007/BF02656616


 Katalenić et al. / International Electronic Journal of Mathematics Education, 21(3), em0890 19 / 19 

Raman, M. (2002). Coordinating informal and formal aspects of mathematics: Student behavior and textbook messages. The 

Journal of Mathematical Behavior, 21(2), 135-150. https://doi.org/10.1016/S0732-3123(02)00119-0  

Roh, K. H. (2008). Students’ images and their understanding of definitions of the limit of a sequence. Educational Studies in 

Mathematics, 69(3), 217-233. https://doi.org/10.1007/s10649-008-9128-2  

Sebsibe, A. S., & Feza, N. N. (2019). Assessment of students’ conceptual knowledge in limit of functions. International Electronic 

Journal of Mathematics Education, 15(2), Article em0574. https://doi.org/10.29333/iejme/6294  

Serrano Martínez, L., Bosch, M., & Gascón, J. (2020). An overview of “bridging courses” from the ATD perspective. Educação 

Matemática Pesquisa: Revista do Programa de Estudos Pós-Graduados em Educação Matemática, 22(4), 579-592. 

https://doi.org/10.23925/1983-3156.2020v22i4p579-592  

Szydlik, J. E. (2000). Mathematical beliefs and conceptual understanding of the limit of a function. Journal for Research in 

Mathematics Education, 31(3), 258-276. https://doi.org/10.2307/749807  

Taja-on, E. P., Dajero, B. K. C., & Barete, M. G. (2025). Mathematics and modern society: A Delphi study exploring mathematics 

education towards Education 4.0. Educational Point, 2(1), e120. https://doi.org/10.71176/edup/16534  

Utami, N. S., Mizoguchi, T., Prabawanto, S., & Suryadi, D. (2025). A praxeological analysis of functions in lower secondary school: 

Comparing the textbooks in Japan and Indonesia. International Electronic Journal of Mathematics Education, 20(2), Article 

em0814. https://doi.org/10.29333/iejme/15818  

Winsløw, C. (2011). Anthropological theory of didactic phenomena: Some examples and principles of its use in the study of 

mathematics education. In M. Bosch, J. Gascón, A. Ruiz Olarria, M. Artaud, A. Bronner, Y. Chevallard, G. Cirade, C. Ladage, & M. 

Larguier (Eds), Un Panorama de la TAD: An Overview of ATD (Vol. 10, pp. 117-138). Centre de Recerca Matemàtica. 

https://ddd.uab.cat/pub/llibres/2011/hdl_2072_200617/Documents10.pdf  

Winsløw, C., Barquero, B., Vleeschouwer, M. D., & Hardy, N. (2014). An institutional approach to university mathematics education: 

From dual vector spaces to questioning the world. Research in Mathematics Education, 16(2), 95-111. 

https://doi.org/10.1080/14794802.2014.918345  

Yerushalmy, M. (1997). Reaching the unreachable: Technology and the semantics of asymptotes. International Journal of 

Computers for Mathematical Learning, 2(1), 1-25. https://doi.org/10.1023/A:1009769330476  

 

https://doi.org/10.1016/S0732-3123(02)00119-0
https://doi.org/10.1007/s10649-008-9128-2
https://doi.org/10.29333/iejme/6294
https://doi.org/10.23925/1983-3156.2020v22i4p579-592
https://doi.org/10.2307/749807
https://doi.org/10.71176/edup/16534
https://doi.org/10.29333/iejme/15818
https://ddd.uab.cat/pub/llibres/2011/hdl_2072_200617/Documents10.pdf
https://doi.org/10.1080/14794802.2014.918345
https://doi.org/10.1023/A:1009769330476

	INTRODUCTION
	BACKGROUND OF THE STUDY
	Literature Review
	Theoretical Framework
	REM for the Study of Asymptotes
	Research Questions

	METHODOLOGY
	Context of the Study
	Textbook Analysis

	RESULTS
	Praxeological Organisation Related to Asymptotes in the Textbooks
	Ostensives Related to Asymptotes in the Textbooks
	Organisation of the Study of Asymptotes in the Textbooks

	DISCUSSION
	Limitations and Recommendations for Further Study

	CONCLUSION
	REFERENCES


  y = 2 +  1  x


  y =  1  x .


  y =     x 2 − 1  x − 1


  x = 1


  f  ( x ) =      ( x + 1 ) 2    x 2 + 1


  y = 1


  f  ( x ) =  2  x


  g  ( x ) =  2  x − 2 + 2


  f  ( x ) = 1 +  1  x − 2


  y =  1  x


  x = 2


  y = 1


  f  ( x ) = 1 +  1  x − 2


  f ( x )


  x ≈ 2


  f  ( x ) ≈ 1


  f  ( x ) = 2 +  1  x + 1


  y =  1  x


  x ≈ − 1


  x = − 1


  y = 2


  f ( x )


  x ≈ − 1


  f  ( x ) ≈ 2


  f  ( x ) = a +  1  x − b


  y =  1  x


  x ≈ b


  f  ( x ) = a +  1  x − b


  x = b


  y = a


  f  ( x ) =   x  x − 2


  f  ( x ) → ∞


  x → 2


  f  ( x ) → 1


  x → ∞


  f  ( x ) =   x  x − 2


  x = 2


     lim  x → 2 ⁡  f  ( x ) = ∞


  x = 2


     lim  x → ∞ ⁡  f  ( x ) = 1


  y = 1


  f  ( x ) =   x    x 2 + 1


     lim  x → 1 ⁡  f  ( x ) = ∞


     lim  x → − 1 ⁡  f  ( x ) = ∞


  x = 1


  x = − 1


     lim  x → ∞ ⁡  f  ( x ) = 0


  y = 0


  y = k x + l


  y = k x + l


    f ( x ) − k x − l


     lim  x → ± ∞ ⁡   ( f  ( x ) − k x − l ) = 0


    k 2   a 2 −   b 2 =   l 2


    b 2   x 2 −   a 2   y 2 =   a 2   b 2


  y = k x + l


   (   x 0 ,     y 0 )


  f  ( x ) =   x    x 2 − 1


  y = 0


      x 2    a 2 −     y 2    b 2 = 1


  y =   b  a x


  y = −   b  a x


  f  ( x ) =    log 4 ⁡   ( x − 5 )


  x > 5


  f  ( x ) =   e  −     x 2 2


  f  ( x ) → 0


  x → ∞


    a  x


     log  a ⁡  x


   tan ⁡  x


   cot ⁡  x


  y = ±   b  a x


      x 2    a 2 −     y 2    b 2 = 1

