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ARTICLE INFO ABSTRACT
Received: 28 Sep. 2021 The premise on which our synthesis is based is the fragmentation of research focused on teaching and learning in
Accepted: 1 Feb. 2022 mathematics. Our intention is to build an aggregate synthesis from these sources in the context of school

education and meaningful learning. Our research targets the links between the different approaches used in
teaching, interaction during the teaching-learning process and learning outcomes. Methodologically, our dataset
consists of qualitative, quantitative, and mixed-methods studies and meta-analyses. An EBSCO search produced
69 analysis-eligible publications from 2007-2019. According to our findings, the use of contextual, concrete and
social approaches promotes meaningful learning in mathematics, although with certain refinements. The
analyses revealed that high-quality learning in mathematics requires guidance during student activities and
evaluation with immediate feedback during the teaching-learning process. It also requires the skill among
teachers to choose suitable contexts and learning tools, and to focus the students’ communication on what is
relevant. Additional significant factors in a meaningful learning process include an affectively favourable
classroom atmosphere and teachers who treat their students as individuals.
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INTRODUCTION

The National Council of Teachers of Mathematics (2014) has set meaningful learning as a key goal of mathematics teaching.
“An excellent mathematics program requires effective teaching that engages students in meaningful learning through individual
and collaborative experiences that promote their ability to make sense of mathematical ideas and reason mathematically” (p. 5).
Understanding appears to be a key factor in different interpretations of the concept of meaningful learning. For example, Hiebert
and Wearne (1992) define learning with understanding as the construction of connections between mathematical ideas and their
various representations. Here, student motivation and commitment to working long term for understanding become also key
factors. Therefore, appropriate teaching approaches to support meaningful learning have been under development for several
decades. The National Council of Teachers of Mathematics (2014) recommends the use in teaching of real-world contexts, concrete
aids and collaborative working practices. The question arises as to how these different approaches should be applied in the school
classroom to promote meaningful learning.

Although the amount of empirical research on teaching mathematics has increased and the target area has expanded, the field
is quite fragmented and the process of finding answers is challenging. Thus, a need has arisen for syntheses of different types.
Quite a lot of meta-analyses and systematic literature reviews are currently available, focusing on different teaching approaches.
Examples include incorporating physical activities (e.g., Vetter et al., 2020), multiple representations in mathematics teaching
(e.g., Ge, 2012), problem-solving strategies (e.g., Kul & Celik, 2020), computer-aided teaching (e.g., Brey & Tagney, 2018; Xie et al.,
2020), video and computer games (e.g., Byun & Joung, 2018; Hainey et al., 2016), teaching based on collaborative learning (e.g.,
Capar & Tarim, 2015), mathematical discussion and interaction (e.g., Richland et al., 2016), and focusing on a specific context such
as learning disabilities (e.g., Benavides-Varela et al., 2021; Dennis et al., 2016; Lein et al., 2020).

Some studies address this field in its entirety. Nilsen and Gustafsson (2016, based on data from TIMSS 2007, 2011 surveys), for
example, consider environmental factors in teaching such as education policy, school climate and the socioeconomic background
of students. However, the main focus of the research is on the dimensions: teacher quality, instructional quality and learning
outcomes, and the relationships among them. The closest concept to our research here is the instructional quality as a single
dimension of that wider entity, referring here to teaching practices (e.g., cognitive activation, a supportive climate, and classroom
management) that are linked to cognitive and affective learning outcomes in students. For example, Nilsen and Gustafsson (2016)
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found a clear positive association between the quality of teaching and both student achievement motivation and learning
outcomes. The meta-analysis of Tumkaya and Ulum (2016), in turn, addressed the suitability of teaching methods, strategies and
techniques in mathematics instruction (at the elementary-school level): the results showed that student-centred teaching
strategies and techniques contributed to learning outcomes in maths. Teaching methods based on realistic mathematics
teaching, computer-aided learning and collaborative learning were among the most significant approaches used in teaching.
Timkaya and Ulum’s (2016) meta-analysis is the closest to our own research. Our study connects to the field formed by Chazan et
al.’s (2016) instructional triangle (teaching-student-subject), but differs from previous studies in that the intention is to synthesize
these elements of mathematics teaching. Therefore, our aim is to outline the whole range of teaching approaches, teacher-student
interactions and learning outcomes.

RESEARCH METHODOLOGY

Teaching techniques and tools vary (there have been a few individual syntheses and meta-analyses, as we mentioned and
exemplified in the introduction). Naturally, there are qualitative differences in the use and application of any teaching technique
or instrument, but the psychological processes targeted at learning are, at least to some extent, the same regardless of the
method. Studies, and in particular syntheses, should also focus on how to generate student-development processes on a general
level (e.g., learner self-efficacy, participation, concentration, focus on understanding, success in problem solving), and how they
constitute wider structures. We believe and conclude that there is a wide range of alternative “pathways” to good and meaningful
learning output in the real world of teaching. The methods, therefore, appear to be, and are, functionally different, and the quality
“within” each method or approach also varies. It is now a matter of discovering the valuable traits and components that form
interactively functioning entities.

Datasets used in research syntheses may be restricted to qualitative studies. Thunder and Berry (2016) consider how the
results of qualitative research could be combined (qualitative meta-synthesis), using mathematics education as a framework of
reference for methodological review and development. Nye et al. (2016), in turn, look at the corresponding methodology on a
general level. They criticize the fact that, although individual studies offer detailed descriptions and insights, the absence of
delineated connections restricts their use. Meta-synthesis brings together and then breaks down the findings of several studies.
The aim is to produce new findings that are more substantive in combination than the results of individual studies (Finfgeld, 2003).

Leary and Walker (2018) also consider different ways (including meta-analysis and meta-synthesis) of synthesizing research
results. They define the notion of “mixing” as follows:

“Historically known as metastudy or sometimes a systematic review, a mixed-methods meta-synthesis uses quantitative
and qualitative methods to approach an increased understanding of a concept. Combining quantitative and qualitative
studies requires a researcher to use a meta-analysis method and then a qualitative meta-synthesis method, with a final
synthesis step of uniting the findings together” (p. 531).

In their review, Wolgemuth et al. (2017) also systematize various reviews and syntheses of studies based on them. What is
interesting is how the model construction or the production of summary results proceeds in different synthesis studies. For
example, meta-analysis and best-evidence synthesis limit studies from a methodological perspective (i.e., there must be a certain
kind of research design). Hence, the objects of research in meta-analyses are quantitative studies from the same area (based on
the same concepts). Meta-studies draw from earlier studies based on qualitative methodology (theory, methods, and research
findings) rather than quantitative studies.

Previous research syntheses may be inherently flawed when the totality of a particular phenomenon is under consideration.
Some of them extend the description of the phenomenon to the extent that they do not include studies that are, strictly speaking,
only “overlapping”. According to a review by Wolgemuth et al. (2017), this mainly concerns narrative reviews, meta-narratives and
critical interpretive syntheses. On the other hand, there have been various attempts at the wholesale takeover of a phenomenon.
Several syntheses limit studies to either qualitative or quantitative research, but of course, there are exceptions. Wolgemuth et
al.’s (2017) critical construct synthesis comes close to following the methodological principles we use in building our own research
synthesis, specifically in that both quantitative and qualitative studies are used in the construction of the model.

For us, the starting point in choosing research methodology is not a single research question, it is rather the construction of a
holistic model of the whole phenomenon and the manifold interactive forces and interactions that exist in it. The dataset in our
study consists of various examples of research that methodologically touch on the phenomenon. The unifying characteristic is the
teaching and learning of mathematics with an emphasis on meaningful learning. As a premise in determining our research
objective, therefore, we considered (i) fragmentation and the need for aggregation and (ii) the failure of traditional quantitative meta-
analysis and meta-synthesis focusing on qualitative research to construct wide-ranging conceptual syntheses.

A key step in the process of implementing a research synthesis is the search for and selection of research articles to be
analysed. The first task is to determine the criteria using keywords. Then, as the process unfolds it becomes clear that not all the
studies included in the preliminary data can be included in the analysis. In our own research, we took articles from the EBSCO
database, which we justify because, in addition to the rich reference information, it also includes direct links to the relevant

*)

articles. We used the following keywords in our EBSCO searches: ‘math*’; ‘teach™” and ‘learning outcomes’. We selected peer-
reviewed research papers that appeared between 2007 and 2019. That search yielded 445 references overall.

Other descriptors are formulated as key selection criteria at this later stage. We chose studies that focus on mathematics in
school education. Contexts that target early-childhood education, special class teaching, vocational training, universities, and
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other institutions of adult education were therefore excluded from the analysis. When we read the articles we paid attention not
only to the learning outcomes of the students, but also to their processes of understanding, motivation and the affective
dimension. We included studies with a focus that extended to learning with understanding (or a similar synonymous concept), or
that evaluated learning in broad terms, but we also included indicators of meaningful learning (or a similar concept). Sixty-nine
studies met all the above criteria, and therefore eventually comprized the study data.

RESULTS

The studies we analysed were classified according to their main results and the information was tabulated by topic. This review
of the findings is divided into approaches to mathematics teaching (n=43) and teacher-student interaction (n=26).

Teaching Approaches in Mathematics

The drive for meaningful learning in mathematics teaching is reflected through the construction of the learning environment,
the choice of teaching approaches, and the guiding of the teaching-learning process to the student’s commitment to working
together and furthering learning outcomes. The search identified many studies dealing with approaches used in mathematics
teaching, which we divide here into three sub-categories: contextual, concrete, and social.

Contextual approaches reflect a model of action in which instruction progresses towards pure mathematics as learning
content through the reviewing of real-world phenomena. The real-world context refers to all physical, social and cultural factors.
These approaches highlight two essential features that are relevant for meaningful learning: a real-world connection and a
problem orientation. Studies focusing on real-world connections have shown that linking learning content to the student’s real or
everyday world is essential for meaningful learning (Bernacki & Walkington, 2018; Christie et al., 2016; Modiba, 2011; Reid &
Carmichel, 2015; Slavin et al., 2009). They have further revealed that a real-world orientation in mathematics teaching contributes
to the development in learners of conceptual understanding, mathematical thinking, and motivation.

A problematic situation, often connected with real-world phenomena, serves as a starting point in problem-based teaching.
Studies have shown that problem-based approaches promote student interest in mathematics (Ni et al., 2011; Nizami & Mahmudi,
2018). Moreover, it seems that problem-based work methods influence the development of problem-solving and application skills
in mathematics, as well as mathematical thinking (Davis, 2014; Guo et al., 2014; Ni et al., 2018; Norqvist et al., 2019; Olteanu &
Holmqvist, 2012; Rittle-Johnson et al., 2012). Such methods also frequently coincide with the quest for conceptual
comprehension, resulting in a further improvement in learning outcomes (Cai et al., 2011; Jorgensen & Niesche, 2008; Ni & Cai,
2011; Ni et al., 2011). However, there are challenges connected with problem-based thinking.

In the case of mathematical problems, for example, there is typically no immediate solution and the process becomes stuck,
which may lead to student frustration (Di Leo et al., 2019). It has also been shown that analysing one’s own solutions and errors
may improve learning outcomes (Hughes et al., 2019; Kapur, 2014). Here, however, assessing their own mistakes frequently left
students confused or agonized (Di Leo et al., 2019; Richey et al., 2019). Affective challenges such as these have to be addressed if
problem-based teaching approaches are to be optimally successful, hence the need to develop metacognitive skills and self-
regulation among students. Table 1 depicts contextual approaches.

Table 1. Contextual approaches

Study Focus Methodology Main findings
Bernacki and Secondary school students Linking learning content to students’ personal interests outside of school
Walkington (2018) (N=150) led to better learning outcomes & increased interest in maths.

The approach, based on conceptual understanding & problem solving
(reform in the US), positively contributed to development of problem-
solving & application skills in mathematics (without adversely affecting
basic mathematics skills).

Outdoor journeys as an approach developed students’ metacognitive &
Christieetal.  About 150 students (aged 11-14) Mixed methods critical thinking. It gave them the opportunity to learn about people &

(2016) & 10 teachers places in which they lived. Students also appreciated being allowed to
direct their own learning through their experience.
This approach to reasoning & proving yielded better learning outcomes

Quantitative

Reform classes (N=25), 22 giving Quantitative,
Caietal. (2011) standard instruction, a totalof  longitudinal
1,284 students) study

Students in two age groups: 12-

Davis (2014) 15 years & 15-18 years Quantitative than when substance of reasoning & proving was incorporated into
subject.
Students from the 5" & 6" Dealing with frustration & embarrassment that occurred during problem-
DiLeo etal. (2019) grades (Studyl: N=138, Study2: = Quantitative solving proved important. Overcoming these affective experiences
N=79) resulted in more positive feelings & better learning outcomes for students.

Learning & application of an equation solution are supported by
Quantitative ~ comparison of a number of examples, selected so that their specifics are
essential to learning of a particular student.
Hughes et al. Students from the 5" & 8 _— Student self-regulation & self-assessment of problem solutions led to
(2019) grades (N=27) Quantitative better learning outcomes.

Problem-based instruction in mathematics led to a better conceptual
understanding & application of what was learned in new situations than
direct instruction. Furthermore, taking advantage of students’ own
mistakes promoted learning.

Randomly selected groups of

Guo et al. (2014) students (7th grade, N=263)

Kapur (2014) Students, aged 14-15 (N=75) Quantitative
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Table 1 (Continued). Contextual approaches

Study Focus Methodology Main findings
Approaches based on conceptual understanding & problem-solving
Qualitative (reforms in China & USA) positively impacted teaching quality &
practices in class &, further on, learning outcomes in mathematics.

Niand Cai  Curriculum, results of two studies
(2011) (synthesized)

Quantitative
(learning outcomes The approach, based on conceptual understanding & problem solving
Classes (N=60) from 20 schools were assessed three (reform in China), positively influenced learning of computation, & both
(reform in 34 & non-reform in 26) times over a period routine & complex problem solving. Students also became interested in
of more than 18 learning mathematics.
months)

Niet al. (2011)

Demanding problem-solving tasks & various representations of learning
Quantitative content had a positive impact on learning outcomes, student interest,
participation, & development of a view on mathematics.
The problem-solving-based approach increased students’ interest in
Students from year 7 (N=30) Quantitative maths (65% of students admitted to low interest prior to teaching
experiment).
Use of problem-solving tasks requiring high levels of creativity in

Students from the 5" grade

Nietal. (2018) (N=1,779), from 30 classrooms

Nizami and
Mahmudi (2018)

Nor((];/(l)sltgt)et al Amonsgtlj);:iz,(mgzss)chool Q;Z:::j:;xe’ teaching led to better learning outcomes than working on tasks of
y & which solution model had been taught previously.
Olteanu z.and Two teachers & 45 students o Teaching solutl'on of a second-order gquatlon through its general
Holmgqvist (upper secondary school) Qualitative formula resulted in a better understanding & broader management of
(2012) PP Y solution than teaching through special cases.
. The approach, based on learning statistical concepts & methods in
Reid and . o - , . -
Carmichael Primary school students, aged 11-  Qualitative, case authentic contexts, strengthened students’ understanding of statistical
(2015) 12 years study concepts. They also obtained tools to enhance their understanding of
socio-cultural relationships.
ith f11.7 . . . . R
. Studt_ants wit avmean ageo > Analysis of errors in solutions when solving problems initially made
Richey et al. (N=787/598), in two problem- I . . .
. Quantitative students frustrated & confused. Despite these experiences, learning
(2019) solving groups (focused on .
. A outcomes improved.
incorrect & correct solutions)
. Students, 8" Grade (N=198), Beginners trying a problem-solving approach who immediately used &
Rittle-Johnson . o ) . .
etal. (2012) r&omly allocated to different Quantitative combined multiple procedurals were more creative problem solvers
) circumstances than others.
Learning outcomes, programmes The approach, based on linking mathematics to real world, resulted in
Slavin et al. & teaching in middle school & Meta-analvsis better learning outcomes than those based on textbooks or technology
(2009) high school (Studies N=100, of 4 alone. It also combined collaborative & computer-aided working
which treatment included N=26) practices.

Concrete approaches in teaching mathematics refer to methods requiring the use of illustrative and manipulative tools,
broken down into action-based and physical materials, computer programs and learning games. It is essential for teachers using
illustrative tools to make sure that students are able to combine a mathematical idea with its external representations: the most
important function of the tool is to highlight the precise features that facilitate understanding of the mathematical concept or
operation in question. Particular attention is thus paid to the quality of the concrete materials and guidance in their use (Berthold
& Renkl, 2009; Carbonneau et al., 2013; Vitale et al., 2014). It has been found with the use of illustrative tools, for example, that a
mathematical idea is better accessed by means of “bland manipulatives” (e.g., blocks) as opposed to “realistic manipulatives”
(e.g., pieces of cake), so that the student’s attention is more easily focused on what is essential (Carbonneau et al., 2013). In
particular, research has shown that quality learning in younger students requires the use of manipulative and illustrative
instruments (Ferrucci et al., 2009; Kainose Mhlolo & Schafer, 2013).

Studies also attest to the importance of guidance. Students who receive optimal guidance achieve better learning outcomes
than those who work independently (Berthold & Renkl, 2009; Carbonneau et al., 2013). The use of sensorimotor experience to
support the learning of abstract mathematics (embodied learning approaches or environments) has also been explored recently.
Among other things, student bodily factors (e.g., communicating through hand and body movements) and movement (e.g.,
according to patterns or pathways marked in the classroom) have been utilized to facilitate the teaching of mathematics. These
approaches have had a positive impact on students in terms of motivation, amenity and learning outcomes (Duijzer et al., 2019;
Miller & Lindt, 2018).

The development of computer technology has brought about a marked increase in the use of various aids (e.g., computers,
tablets, smartphones and video game devices) in the teaching of mathematics and in related research, ranging from computer
programs that support learning (Kong, 2008; Reed et al., 2010) to learning games that motivate students (Howard & Crotty, 2017;
Mavridis et al., 2017). All these things have reportedly had beneficial effects on learning. Computer tools and programs provide
the opportunity to connect with various real-world phenomena and sources of information (Cai et al., 2019; Volk et al., 2017).
Computer games have contributed significantly to the motivation of students, and to their feelings about and attitudes towards
mathematics (Howard & Crotty, 2017; Ke, 2008; Mavridis et al., 2017; NUfiez Castellar et al., 2014). The use of quality games and
good guidance also help to focus the attention of students on the learning content (Al-Washmi et al., 2015; Brezovszky et al., 2019;
Rodriguez-Aflecht et al., 2018; Tokac et al., 2019). In this case, activities are supported by guiding questions, for example (Sun et
al., 2014), or collaborative solutions (Ke, 2008). Table 2 shows concrete approaches.
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Table 2. Concrete approaches

Study Focus Methodology Main findings
Al-Washmi et al e%u::;:fel;\/te;l Pedagogical computer games, when used well, positively contributed
" Students from 7-10 years of age p . to development of problem-solving skills & learning outcomes as
(2015). design, period 5 ) L
students engaged in common activities.
weeks
h h Quantitative, Use of several representations of a mathematical idea in teaching
Berthold and Students from 10" & 11 . ualitative, mathematics did not in itself improve conceptual comprehension.
rades, secondary school (girls q P P P
Renkl (2009) & D y N & experimental  However, by supporting student thinking (using colour codes & auxiliary
N=87, boys N=83)
» 0Oy design questions linking essential factors), it enhanced learning.
Brezovszky etal.  Students from the 4", 5t & 6t Quantitative Game-based approach (using number navigation game) resulted in
(2019) grades (N=1,168) better learning outcomes than traditional mathematics teaching.

Students from 7t & 8" grades

Caietal. (2019) (N=101)

Use of tablets & real-world connectivity (augmented reality) helped
students to focus on higher-level concepts & use more sophisticated
learning strategies.

Quantitative

Carbonneau et al. Studies (N=55), 7,237 students

Use of concrete manipulatives in mathematics per se or with a low level
of guidance did not significantly improve student achievement in

. mathematics. However, in combination with other instructional factors
Meta-analysis

(2013) of different ages (such as choosing right type of manipulative & appropriate level of
guiding), improvements were reported in conceptual understanding,
problem-solving & transfer.
. Sjcud|es (N:44).’ condqcted in 62 i Embodied learning approaches, based specifically on combining
Duijzeretal.  different learning environments Systematic literary , . ’ . : .
. students’ bodily experience with abstract mathematics, achieved better
(2019) (e.g., classrooms) among review

students of different ages

learning outcomes than traditional teaching.

Ferrucci et al. Traditional class, 8" grade

Quantitative,
qualitative,

Functional “bead-string” approach (hands-on activity), based on group
working & real-world connection, had a positive impact on learning

2| .
(2009) students multi-phase study outcomes.
High-achievi h i L . L
Howard and sltgudZEt:ai:n%irT:: i?haot:ls Qualitative Interactive video learning game program had a positive impact on
Crotty (2017) P y students’ motivation & learning outcomes in mathematics.

(N=30)

Kainose Mhlolo Students in 11" grade (N=235)

Quantitative Students needed physical aids to understand idea of reflective

and Schafer (2013) symmetry.
Qquuaan“ttlgzzit\ll\ée, Use of computer games as a learning tool clearly had a stronger impact
Ke (2008) Students from 5% grade (N=487) Mixed metho;js on learning motivation than an activity using only paper & pen.

quasi-experimental

Combining a collaborative approach with games led to further

. improvement in students’ attitudes towards learning mathematics.
research design

Students from 4" grade (N=36)

Cognitive tool as a pedagogical aid in teaching fractional numbers
enabled students to develop their procedural knowledge of subject &

K 2 itati . . -
ong (2008) Quantitative increased collaboration among them. Students were also enthusiastic
about using medium.
- Students (N=79) who were Quantitative, Use of an online flexible educational game in teaching improved
Mavridis et al. L - - ; . ; -
(2017) randomly divided into a test & a including student attitudes towards mathematics & also led to better learning
control group. Four teachers interviews outcomes.

Miller and Lindt
(2018)

Students in 2" & 3 grades
(N=76)

An approach that combined study of learning content & interaction with
physical movement of students resulted in enhanced student interest &
engagement, as well as better learning outcomes than traditional
teaching.

Mixed methods

Nufiez Castellar et

al. (2014) Second-year students (N=88)

Quantitative,
qualitative

Pedagogical maths game had a positive effect on students’ affective
(e.g., math-anxiety, pleasure) & cognitive learning outcomes.

Students from 7t" & 8" grades

Reed et al. (2010) (N=565)

Mathematical computer tools were found to strengthen student
learning. However, this also required support to improve students’
attitudes, studying behaviour, & mathematical knowledge construction
in meaningful discourse.

Mixed methods

Rodriguez-Aflecht

etal. (2018) Students from year 5 (N=212)

Learning games can be used to promote student learning. However,
choice of game should be based not only on its motivational impact,
but also on its effectiveness in improving learning outcomes (e.g.,
number navigation game).

Quantitative

Studies (N=24). Students from

Tokacetal. (2019) preschool, grades 1-6 & 7-12

Approaches based on video games proved to be slightly more effective
(taking into account learning outcomes) than traditional teaching
strategies.

Meta-analysis

80 students in the 27, 3 & 4t

vitale et al. (2014) grades

In context of using concrete materials, difficulties in operation were
found to support mathematics learning. These difficulties focused
students’ attention on connection between essential elements of

learning tool & learning task.

Quantitative

School classes (3 grade) N=12.
Students in test group (N=124),
&in the control group (N=135)

Volk et al. (2017)

Use of tablets as a learning tool in mathematics had a positive impact
on students’ cognitive, affective, & psychomotor learning outcomes. It
also facilitated connection to different sources & levels of
representation (concrete, visual, & abstract).

Quantitative,
including
interviews
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Table 3. Social approaches

Study Focus Methodology Main findings
Teaching during which communicative activities were built on students’
Qualitative  personal ideas led to more active participation in class discussion & better

Hofmann and Students, 12 teachers, 14 different

Ruthven (2018) classes, 21 lessons .
learning outcomes.
Muis et al Quantitative, A collaborative approach in which students taught each other developed
(2016) ’ Primary school students (N=78) qualitative, conceptual understanding, problem-solving skills, & commitment to
intervention metacognitive strategies.
Pampaka etal. More than 1,000 students & their Quan.tlta‘twe, ComnjunlcatNe approach.es were found to promote learning of
qualitative, mathematics. However, they did not appear to affect future goals related
(2012) teachers . . .
mixed methods to studying mathematics.
An individual’s cognitive thought processes merged with collaborative
Smith and . processes in group work based on problem solving. This led to
nts -10 (N=12 alitat L N s
Mancy (2018) Students, aged 9-10( ) Qualitative development of metacognitive communication, which in turn led to better

learning outcomes.

Souvignier and

Classrooms 9, 3" grade students A collaborative approach (expert & home groups) in primary-school

Krorz;(r)’n(l));)rger (N=208) Quantitative context had a positive impact on learning outcomes in geometry.
Ziegler etal. Approach focused on conceptual comprehension & verbalizing of

Students from the 6" grade (N=153) Quantitative =~ mathematics yielded better learning outcomes than approach focused on

(2018) problem solving.

Social approaches are based on the socio-constructivist view of learning. Studies specifically target collaborative learning
methods, class discussion, group working, participation and communication (Hofmann & Ruthven, 2018; Muis et al., 2016;
Pampaka et al., 2012; Smith & Mancy, 2018; Souvignier & Kronenberger, 2007). In particular, the need for more collaborative
learning practices and communication in maths lessons has been highlighted. Several studies report that collaborative working
practices in mathematics promote student motivation, commitment to joint activity and learning outcomes (Muis et al., 2016;
Smith & Mancy, 2018; Souvignier & Kronenberger, 2007). Table 3 summarizes social approaches.

Collaborative activities are often coupled with other teaching approaches, whereby the combined effect has been to improve
learning outcomes (Ferrucci et al., 2009; Ke, 2008; Kong, 2008; Muis et al., 2016; Slavin et al., 2009; Smith & Mancy, 2018; Souvignier
& Kronenberger, 2007). One key outcome of group working and collaborative activity is the increase of communication among
students, which in the case of mathematics has been found significantly to improve learning outcomes (Hofmann & Ruthven, 2018;
Muis et al., 2016; Pampaka et al., 2012). Students need to develop their skills in mathematical communication, specifically
regarding the formation of the language of mathematics, their conceptual understanding and their internalization of learning
content (Ziegler et al., 2018).

In sum, teaching aimed at conceptual comprehension produces better learning outcomes and more in-depth skills than teaching
weighted towards mechanical numeracy. According to the studies featured here, contextual, concrete and social approaches play
a large role in the meaningful learning of mathematics. For example, activities such as linking pure mathematics to real-world
phenomena and learning to understand it using concrete tools reflect the student’s mental processes in a positive way. What
matters here is that students are able to interpret something new through their real-world-connected conceptual framework and
thereby to build up their understanding. Once again, motivation is influenced by the fact that students see where mathematics is
really needed. In addition, better learning outcomes have been achieved through approaches based on social interaction than
through working solely with textbooks and calculation exercises. Research has shown that increased communication and an
emphasis on language in the teaching of mathematics may deepen student understanding and learning. What is most significant
in these approaches is the enhanced activity and motivation of students as they participate in the everyday activities of the class.
When well implemented (e.g., choice of tools and control of activities), the above approaches support understanding, motivation,
and the development of positive attitudes towards mathematics among students.

Teacher-Student Interaction

The search yielded several studies focused on teacher-student interaction and communication that specifically highlight the
importance of guiding student learning during the teaching-learning process. Information on interactions related to this process
is compiled under the following themes: engaging students in the learning process (Table 4), interaction and guidance during the
teaching-learning process (Table 5), and the emotional climate of the learning environment as a maintainer of the student’s
learning process (Table 6).
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Table 4. Engaging students in the learning process

Study Focus Methodology Main findings
Four teachers of 4" graders & their Qualitative, case Focusing of teacher’s at.tentlon on student§ mathematical thmkmg &
conceptual understanding promoted learning & led to better learning

Amador (2016) students study
outcomes.
pigiectal Students from 6" grade. Cescing Suctuing, applcation,tne. e mansgement.egulation, &
(2016) Classes/teachers (N=99) & their Quantitative g . & pp‘ ; & e & ’
evaluation of the learning environment) had a positive impact on
students (N=4,386) ) A
students’ learning outcomes.

Ateaching strategy that favoured productive learning led to meaningful

Csap6(2007)  Students from 7t & 11% grades Quantitative conceptual learning more effectively than a reproductive strategy. In

addition, immediate orientational feedback supported student learning.
Guiding students & focusing their attention on essential had a positive
impact on their learning. Teaching that has clear goals supports

Gresalfi et al. L
f 6th 7th th d t A X R X
(2009) Students from 6%, 7 & 87 grades Qualitative participation & learning among students when they know what is
expected of them.
Quantitative, _— . .
Huy (2014)  Students from 12%" grade (N=262) longitudinal Learning-goal orientation among stude.znts was found to promote study &
led to better learning outcomes.

study

Results showed that high-quality mathematical knowledge & solid
Marshalletal.  Studentsin 3" (N=6,800) & 6" . pedagogical knowledge among teachers were prerequisites for success in
_ Quantitative . . . . .
(2009) grades (N=6,000) guiding students through a meaningful learning process. This continued to
predict higher student scores in mathematics.

Adoption of a learning-goal orientation led to stronger commitment to
learning process & better learning outcomes among students.
Teaching focused on developing understanding & a positive attitude
requires of teacher in-depth maths knowledge & competence in guiding
Modiba (2011) Teacher, 1** grade students (N=35) Qualitative students through their learning process. A lack of understanding among
students of reasons behind maths rules & procedurals leads to poorer
learning outcomes.

Matos etal.  Secondary school students, data 1

(2017) (N=1,505) & data 2 (N=551) Quantitative

Sim8esand  Mentored (N =157) & non-mentored ?;J:r;iﬁz::lvzael’ Mentoring as student support had a positive impact on learning outcomes
Alarcdo (2014) (N =160) students from grades 5-8 g g PP P P & ’

study
Students from erades 1-4. 9 Qualitative, Mathematics teaching that activated students’ mental operational
Singer (2009) classroomsg(N:232) ’ experimental. infrastructure proved to enhance learning, flexible mathematical thinking,
Mixed methods & creative problem solving.

Table 5. Interaction and guidance during the teaching-learning process

Study Focus Methodology Main findings
Chadli et al Computer-aided guidance supported students in their problem solving,
(2018) ’ Students from 2" grade (N=52) Quantitative  helped them to overcome difficulties, & developed their problem-solving
skills.

o Dynamic assessment targeting potential of students to learn mathematics
Fuchs et al. d _ Quantitative, ! X X R o
Students from 3 grade (N=122) I is more supportive of learning than assessment targeting their existing
(2008a) qualitative - .
ability to perform given task.
Study highlighted following seven principles that had a positive impact on
Fuchs et al. Students in 3¢ grade with Qualitative, thv.e l.ea.rn.ing of stL.ldents with serious deficiencies: clarity of instruct.ion,
L . o minimizing learning challenges, a strong conceptual base for learning,
(2008b) shortcomings in maths learning quantitative . . . L - .
practice & repetition, a review of activities, work motivation & continuous
development assessment.
Tutored practice strengthened learning better than untutored practice.
Speeded tutored practice (including quick response & feedback, use of

Fuchsetal.  At-risk s.tuden_ts at d|f_ferent l_evels Quantitative effective computation methods & producing several correct solutions)
(2013) of tutoring (N=195, N=190, N=206) R . X .
helped students in at-risk group to compensate for their poor reasoning
ability.
Kim et al. . Studies (N.=21)' Students of . Computer-aided guidance supported the students in their problem solving
different ages in contexts based on  Meta-analysis o -
(2018) - & led to better cognitive learning outcomes.
problem-based learning.
O’Connor etStudents from 6% grade. In No connection was found between learning outcomes & degree to
al. (2017) comparison, 2 sixth classesQuantitative which students participating in class discussion contributed
’ (N=44) vocally during lessons.

Acquisition of procedural knowledge through problem solving alone (in
case of easier tasks) proved to be possible, whereas acquisition of
conceptual knowledge required more support.

Sunetal. o GuiFJing questions integrated into acFion.positivel-y influenced students in
(2014) Students aged 14-15 (N=81) Quantitative  their computer search for mathematical information: students read more

information & were also more positive about action.

Quantitative,
experimental

Schwonke et

al. (2011) Secondary school students (N=125)
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Table 5 (Continued). Interaction and guidance during the teaching-learning process

Study Focus Methodology Main findings
van der Kleij et Students of different age.s ina . .Im.mediate e>_<planatory feed bgck from teacher_directed at student’s
al. (2015) computer-based learning Meta-analysis thinking & learning process (not just correctness/incorrectness of answer)
environment, studies (N=40) positively affected learning outcomes.

Proficiency in reading comprehension had a positive impact on students’

Quantitative  learning outcomes (via an indirect link through reasoning skill to learning
mathematics). No significant effect of language background was found.

Teaching that combined body movements (e.g., hands) with instructional

Students from diverse linguistic

Vista (2013) backgrounds (N=5,886)

Wakefield et _ Quantitative, eye talk helped students to follow talk, concentrate, & engage. This pattern of
al. (2018) Students, aged 8-10 (N=50) tracking activity resulted in better learning outcomes compared to instructional
talk that was not supported by body movements.
Wood and Quality of mathematics talk played a greater role in learning outcomes

Three cases, 4" grade students Qualitative than amount of talk. Hence, engaging students in quality mathematical

Kalinec (2012) communication proved to be important.

Table 6. The emotional climate of the learning environment as a maintainer of the learning process

Study Focus Methodology Main findings
Students were more comfortable with & more involved in common
Daschmann et Students from grades 5-10 o - - .
Quantitative activities, & felt that mathematics was relevant to themselves, if teacher
al. (2011) (N=1,380) . s R
considered their individual differences.
Learning among disadvantaged students was best supported in an
Disadvantaged students along Systematic environment in which mathematics was learned in a variety of rich

Jorgensen and

K social-class, race & gender lines literary review  contexts & collaboratively, reflecting what mathematicians do. Teacher
Niesche (2008) 8 ry Y 8

acted as a counsellor & inspirer, supporting individuals in their own
thinking & expression.

. Students from different levels, from Teacher’s warm & supportive attitude towards students had a positive
Kiuru et al. - - th I . - . .
(2015) early childhood education to 4 Quantitative  impact on their attitudes towards their teacher & each other. This also had
grade (N=625) a positive association with learning outcomes.
N Alearning environment based on traditional classroom instruction led to
Alongitudinal, . L . .
Venkat and Students from erades 7-9 comparative an increase in dissatisfaction & teacher dependence. In turn, an
Brown (2009) & casz study environment based on individual teaching led to an increase in student

enthusiasm & independence.

Research has shown that better learning outcomes are achieved in mathematics teaching when the underlying aim of the
activities is to promote conceptual understanding among the students (Amador 2016; Csapd, 2007; Ziegler et al., 2018). This
highlights the importance of the teacher’s mathematics and pedagogical knowledge as prerequisites for success in guiding
students through the learning process (Marshall et al., 2009; Modiba, 2011). One of the main tasks of the teacher at the beginning
of a joint activity is to discuss the goals with the students. Research results indicate that this contributes significantly to student
participation and amenity (Azigve et al., 2016; Daschmann et al., 2011; Gresalfi et al., 2009). Another necessary task when
approaching a new subject is to activate the students’ previous knowledge to which the new learning content is to be attached.
Study findings imply that this is a prerequisite for learning with understanding, as well as for the further development of
mathematical thinking and creative problem solving (Fuchs et al., 2008b; Singer, 2009).

When the goal of teaching is to promote the understanding of mathematics, it is essential to generate initial motivation and
to engage studentsin the learning process. Internal motivation ties them to long-term semantic working. The concept of a learning
goal orientation has also been used in this context, referring to the student’s attempt to learn and to understand the content
presented in teaching. It has also been found that such an orientation promotes deep learning, high-quality conceptual
understanding, the ability to apply knowledge to new situations, and creative mathematical problem solving (Huy, 2014; Matos et
al., 2017). Student engagement has also been pursued through a non-classroom mentoring procedure that has enhanced student
motivation and learning (Simdes & Alarcdo, 2014).

Research shows that high-quality learning in students requires active guidance from teachers (Schwonke et al., 2011).
Guidance may take the form of directive instructional talk, leading questioning and giving feedback, guiding questions tied to
activities and tasks, and computer-aided programs (Chadli et al., 2018; Fuchs et al., 2013; Kim et al., 2018; Sun et al., 2014; van der
Kleij et al., 2015; Wakefield et al., 2018). What matters here is that the teacher’s attention focuses not only on the correctness or
incorrectness of the student’s response, but also on the student’s personal thought process (van der Kleij et al., 2015). However,
during the guiding and the giving of feedback, it is essential that students do not miss the opportunity to develop their own creative
thinking and knowledge construction (Gresalfi et al., 2009). The assessment of teaching and learning also appears to be an
influential factorin guiding the learning process. According to research, continuous assessment and appropriate guidance support
student learning to a significant extent (Azigve et al., 2016; Csap0, 2007; Fuchs et al., 2008a, 2008b). Here, the key point is that the
assessment is directed at the learning process and the student’s learning potential, rather than merely at final outputs or the
ability to do a particular mathematical task instantaneously. Studies have also shown that student participation in teaching
assessment and learning the skill of self-assessment improve motivation and learning outcomes (Howard & Crotty, 2017; Hughes
etal.,2019).

There has been quite a lot of research into student participation and communication (O’Connor et al., 2017; Pampaka et al.,
2012; Vista, 2016; Wood & Kalinec, 2012). Studies have shown that the quality of mathematical talk plays a greater role in learning
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outcomes than the amount (O’Connor et al., 2017; Wood & Kalinec, 2012). The guiding actions of the teacher are highly influential
in focusing students’ communication on what is relevant to the learning content. The aim is to draw their attention to the
semantics of mathematical concepts and their own mathematical thinking, thereby leading to even better learning outcomes (van
der Kleij et al., 2015; Vista, 2013; Wood & Kalinec, 2012).

Participation in joint activities is strongly influenced by the emotional climate of the learning environment and the attitude of
teachers towards their students. More specifically, studies highlight the teacher’s readiness to consider students as individuals,
which is also reflected in various teaching approaches (Bernacki & Walkington, 2018; Hofmann & Ruthven, 2018). As a result,
students enjoy the class more, participate in joint work and act in a self-directed manner (Daschmann et al., 2011; Venkat & Brown,
2009).

The role of the teacher as a facilitator of the student’s learning process and a creator of the emotional climate in the learning
environment is significant. Research results indicate that a teacher who treats students positively and warmly plays a leading role
in creating a favourable emotional climate for meaningful learning (Daschmann et al., 2011; Jorgensen & Niesche, 2008; Kiuru et
al., 2015). Moreover, teaching methods (e.g., techniques, tools) influence the climate of the learning environment, which is further
reflected through the student’s motivation and commitment to learning outcomes (Azigve et al., 2016; Jorgensen & Niesche, 2008;
Venkat & Brown, 2009).

Above we describe studies that were specifically targeted at teacher-student interaction during the teaching-learning process
and the guidance of students in their learning. These studies highlight the importance of student participation, interaction and the
quality of communication for meaningful learning. Perhaps the most significant factor here is the role of the teacher in guiding
students in their studying. Attention is focused particularly on supporting them in developing their mathematical thinking,
understanding and motivation, and engaging in the teaching-learning process.

DISCUSSION

The studies comprising our data revealed a number of approaches to teaching mathematics that were beneficial for
meaningful learning. We also looked at the research data from a perspective that emphasized teacher-student interaction, which
yielded more information in terms of forming the overall picture. In addition, we assessed the links between the various factors
that were present in the studies as well as adherence to teaching solutions on the basis of learning outcomes (referring here to the
development of the student’s mathematical knowledge and skills).

In the previous section, we discussed the results of the research, the differing foci on approaches and educational interactions.
In the following, through the merging of these elements, we aim to take the synthesis one step further. Our analysis revealed that
mathematics teaching requires from the teacher, alongside the use of various approaches, high-quality activity to produce an
optimal result. We have thus crystallized the seven conclusions about teaching aimed at meaningful learning. After presenting our
conclusions we evaluate the implementation and limitations of our research, as well as the significance of our most substantial
results.

1. Teacher guidance appears to be a prerequisite for quality mathematics learning. According to the studies, understanding
mathematics seems to require the active guidance of studentsin their learning, regardless of the approach involved. Forms
of guidance that support such work include orienting students towards new subjects, leading questioning, building
guidance elements into learning tasks (e.g., auxiliary questions), and the use of relevant computer programs. It is worth
pointing out, however, that guidance should not hinder the student’s own creative thinking and active role as a builder of
knowledge.

2. Recommended tutoring activities also include engaging students in the teaching-learning process, continuously assessing
progress and giving encouraging feedback. A particularly crucial task is to initiate the teaching-learning process, which
involves the fostering of internal motivation and a learning-goal orientation. Continuous assessment of their learning
process also yields information on where to direct guidance and elaborated feedback that will give students the
explanations they need. We suggest that their inclusion in the assessment and planning of teaching would be a
considerable help in the development of teaching, although there are very few studies on the subject.

3. Itis the teacher’s task to choose a relevant context that promotes student interest in mathematics. To ensure meaningful
learning, it is necessary to draw the attention of students to the conceptual links between mathematics content and the
real world. Itis therefore important to choose (or create) a context that is interesting and familiar from their everyday lives.
Such contexts often include suitable problem-solving tasks that serve to trigger the teaching-learning process. The
problem-solving process tends to incorporate various challenges, such as frustration in the face of a demanding problem.
Studies show that good learning outcomes are nevertheless achievable, but this requires these affective problem-solving
challenges to be addressed and treated as part of mathematics.

4. Supporting the understanding of mathematics requires well-chosen illustrative tools, and guidance in their use. Concrete
physical instruments have long been used in mathematics teaching to illustrate a mathematical idea and facilitate its
understanding. With the continued development of information technology, studies have increasingly focused on
computer applications and their use in mathematics teaching, particularly in the form of learning games. Although they
have helped to make students feel comfortable and motivated, and to engage in communal activities, neither these new
IT nor traditional concrete instruments have always had the desired effect on learning outcomes. Nevertheless, well-
chosen instruments and action-connected control may play a positive role in fostering an association between abstract
mathematics and its external representations, thereby improving learning outcomes.
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5. The teacher is also responsible for monitoring the quality of communication among students and directing it towards the
essential. Small group and collaborative working methods enable teachers to focus on guiding student communication.
The conversations may not always be directed appropriately in terms of learning content, but in the light of our data,
controlling how students communicate, focusing on quality (not quantity) and on the verbalization of mathematics
improves learning outcomes. Only a few studies were included in our data, even though the verbalization of mathematics
has emerged as a topic in recent years. It is clearly a structural part of the process by which students understand and
internalize mathematics, and therefore a key factor in meaningful learning.

6. Meaningful learning in mathematics requires an affectively favourable learning environment. The formation of
mathematical meanings requires the commitment of students to working in the long term. This, in turn, requires
motivation and a favourable learning environment. Although various teaching approaches build on this, it is not enough.
A major contributor to the teaching-learning process is the atmosphere in the learning environment and the social
relations among its members. Research findings indicate that a welcoming, supportive and warm-minded teacher is a key
factor in building an atmosphere that is favourable to meaningful learning. This is significant because their classroom
experiences may have a far-reaching impact on how students feel about studying mathematics in the future.

7. Learning environments in which students are viewed as individuals as well as teaching built on their personal values foster
learning in mathematics. For meaningful learning to take place the new mathematical content to be learned must be
connected to the personal conceptual frame of reference and values adopted by the student. Thus, learning environments
in which students are viewed as individuals improves learning outcomes. In particular, teaching that is built on the
interests of students seems to have a positive impact on their motivation and learning. It could be concluded from the
studies that deeper consideration of the student’s personal thinking and world values will assume more importance in the
future. Meaningful learning is a personal process, which can be supported by teacher guidance and a favourable learning
environment.

Several factors contributed to the formation of our research findings, including our search of research data, the quality of the
research articles included in the data, the way we analysed them, and the impact of the researcher’s interpretation. We chose
school education in mathematics as our target area, and we focused on meaningful learning. It was clear that our EBSCO search
using keywords such as ‘math*’, ‘teach*’ and ‘learning outcomes’ would also produce research articles that did not match our
focus (it yielded a total of 445 references). We excluded studies on early childhood education, special education, vocational
education, and universities and other upper-age institutions from our final data set (69 studies). We decided to include studies
that examined a set of subjects, but we limited the analysis to the results for maths. We also included studies in which the age
range extended beyond the limits of our study, but we limited the analysis to the context of school mathematics.

We wanted to ensure that the search would identify as fully as possible studies in which the substance was relevant to our
focus. As a result, we selected the final research articles based on our own judgement. The keyword ‘learning outcomes’ had a
dual effect. It produced studies in which the mode of instruction under review was also linked to learning outcomes. At the same
time, however, it produced quite a few studies on certain topics. The search would probably have identified more studies that
highlighted teaching based on collaborative learning if we had extended it to cover the 1990s to the 2000s, for example. Currently,
in turn, various IT teaching solutions, specifically learning games, are more popular with researchers. Consequently, our results
are only relevant according to the search and the data it yielded. Lengthening the time slot and accessing different databases (e.g.,
Eric) would increase the research coverage in the future.

Although our data subjects tended to be students of a certain age or from certain grade levels, we did not distinguish them in
our conclusions. One purpose of working with illustrative instruments is to proceed to an abstract examination of a symbolic level
of mathematics, and this may happen more quickly with age. We took these age differences into account in the analyses, and they
are also included in Tables 1-6 that list the studies covered in our article. Nevertheless, the research results, conclusions and
recommendations we present herein should be applied to practice prudently.

We should also point out a number of limitations in our examination of the findings:
1. the precise limitation of empirical studies in the data and the specific perspective on our subject;

2. the conceptual fragmentation (with respect to other studies, such as expressing the same thing in different terms), which
presents challenges in terms of integrating different perspectives; and

3. thefact that the results are not always explicitly or clearly described.

We have minimized the problem of subjectivity related to the researcher’s interpretation by, among other things, presenting
the studies and the results in tabular form (Tables 1-6), whereby argumentation relating to interpretations and conclusions are
also visible to the reader. The studies included in the data (e.g., meta-analyses), on the other hand, mention some mutually
contradictory individual studies, but this is noted in the results section and in the conclusions of the articles concerned. An
example is Carbonneau et al.’s (2013) meta-analysis reporting that contrasting findings about the effects of concrete instruments
on learning led to refinements in teaching.

The recommendations of the National Council of Teachers of Mathematics have led to a large amount of well-targeted
empirical research. Efforts have also been made to bring together information deriving from the most specific research in the form
of various synthesis studies, meta-analyses and systematic literature reviews. We found fewer synthesis studies, and most of them
targeted learning disabilities (e.g., Liu et al., 2021; McKenna et al., 2015; Ok et al., 2020) or some other narrow area compared with
our own research (e.g., Abdulrahim & Orosco, 2020; Eames et al., 2021). For example, Abdulrahim and Orosco (2020) targeted the
teaching of mathematics to linguistically diverse learners, whereas Eames et al. (2021) focused on learning about function as a
concept. On the other hand, the previously mentioned studies of Tumkaya and Ulum (2016) and Nilsen and Gustafsson (2016)
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reflected more comprehensively the focus of our own research: Tumkaya and Ulum (2016) targeted their meta-analysis on
approaches to teaching mathematics (such as the realistic approach, computer-aided learning and collaborative methods),
whereas Nilsen and Gustafsson (2016) concentrated on teaching quality and practices (such as student activation, creating a
climate that supports studying, and classroom management). In our own research we aimed at a holistic synthesis of these various
approaches and components of mathematics teaching when the focus is on meaningful learning in the context of school education.
We did not find a similar study in our searches aimed at producing a holistic synthesis.

Regardless of the approaches, tools, and other teaching solutions in different contexts described in the individual studies, our
research sheds light on the structures that connect them. “Components” of teaching such as approaches that suit the purpose,
active guidance from the teacher during the learning process and an affectively favourable learning environment are required to
achieve meaningful learning. Studies also show that different teaching approaches complement each other in effect (e.g.,
collaborative and computer-based solutions are often used in different contexts). Teaching that treats students as individuals and
considers their personal qualities, promotes motivation and commitment to the teaching-learning process and to meaningful
learning in mathematics. The optimal effect on learning outcomes would seem to arise when these different components
complement each other and intertwine into an interactive entity.

Author contributions: All authors have sufficiently contributed to the study, and agreed with the results and conclusions.
Funding: No funding source is reported for this study.
Declaration of interest: No conflict of interest is declared by authors.
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