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The study investigates mathematics lesson plans that teachers produced for re-teaching purposes. Its goal is to
determine which aspects of mathematics-content knowledge are expressed in lesson plans on the topic of
fractions prepared by primary math teachers and intended for underachieving students, and to see how these
aspects are manifested.
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The data were gathered in an analysis of forty-nine lesson plans that the participating teachers prepared. The data
were analysed in two phases: (1) a category analysis of the plans and (2) a statistical analysis of the data obtained,
via cluster analysis and ANOVA tests.
The findings point to four types of teachers in terms of their mathematical knowledge: (1) those whose knowledge
is faulty; (2) those who have incomplete or scanty understanding of math but know how to phrase a mathematical
idea correctly; (3) those who understand mathematical content well but are not strict about correctly describing
the “mathematics” that they teach in the lesson; and (4) those thoroughly versed in mathematics, from whose
lesson plans one may infer both correct wording of the mathematical idea and consistently correct use of
mathematical concepts and principles. Despite the differences in their content knowledge, teachers of all four
types planned to teach their students at a procedural level while attempting to impart conceptual knowledge—
most likely because they expect little of their underachieving students. Practical recommendations derived from
the study are offered.
Keywords: underachieving math students, teachers’ content knowledge, lesson-plan analysis, re-teaching,
teachers’ expectations

INTRODUCTION
A major challenge in teaching mathematics concerns working with students who underachieve in class. One possible solution
is to ‘reteach’ these students in individualised settings (e.g., Bellert, 2015; Marzano, 2010). ‘Reteaching’ in an individualised-lesson
format helps students to advance by giving effective and individually tailored support (Bellert, 2015; Lalley & Miller, 2006). This
reflects the application of Hammond and Gibbons’s (2005) finding that effective teaching depends largely on fruitful studentteacher interaction. Fruitful interaction comes about pursuant to correct integration of the teacher’s content knowledge and
beliefs (such as self-efficacy, attitudes toward mathematics, and approaches to the teaching of mathematical content) and may
influence teachers’ behaviour in class, affect the quality of their teaching, and predict learning outcomes gained both cognitively
and affectively (Hill et al., 2018).
According to Bellert (2015), very few studies have looked into structures and processes used in reteaching sessions and still
fewer concern themselves with teachers’ knowledge and beliefs in this context. Most studies on the topic are concerned with
providing recommendations on the planning of these lessons with no accompanying research (Guskey, 2010). We managed to find
a very limited number of studies on the topic that were published in mathematics education research journals. To address this
gap, the focus of the current study is on the knowledge of teachers who engage in reteaching students who struggle with
mathematics. In particular, we investigated various aspects of teachers’ knowledge of mathematical content as manifested in the
lesson plans that they devised for teaching underachieving students in individualised-lesson formats.
Valk and Broekman (1999) showed that the analysis of teachers’ lesson plans is an effective research tool for gauging teachers’
existing mathematical and pedagogical knowledge. Recent years have seen a steady increase in the use of teachers’ self-produced
lesson plans as a research tool. Cavey and Berenson (2005) used lesson plans written by student-teachers to examine the
Copyright © 2021 by Author/s and Licensed by Modestum. This is an open access article distributed under the Creative Commons Attribution License which permits
unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
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development of their mathematical knowledge and teaching strategies via a discussion with them about lesson plans. Cai and
Wang (2006) compared lesson plans by teachers in the United States with those produced by colleagues in China, to detect
differences in the teachers’ construction and evaluation of the representations they used to impart the concept of the ratio. Li et
al. (2009) examined a series of plans for sequential lessons to identify teaching practices that are typical of Chinese teachers.
Noticeably, one of the main topics in which students experience difficulties in math studies from fifth grade upward is
fractions. Difficulty understanding fractions is conventionally seen as a predictor of further struggle with postprimary level
mathematics; hence, we focus on the reteaching of fractions or, to be more precise, on various aspects of rational numbers.
Accordingly, the goal of this study was to determine which aspects of mathematics-content knowledge were included and
accurately manifested in lesson plans on fractions, prepared by primary-school maths teachers and intended for underachieving
students.

LITERATURE REVIEW
Underachieving Math Students: Who Are They and What Are Their Characteristics?
Many approaches are used to define students who struggle with mathematics. The terms for these youngsters also vary from
one study to the next: students with learning difficulties, struggling students, low-achievers, underachievers, and so on. However,
when different groups or subgroups of students are at issue, no single universal term can refer to them all. Irrespective of what we
call this population of students, it is their right to learn mathematics and to be taught at a suitable level and under appropriate
conditions (Gervasoni & Lindenskov, 2011). Discussing the difficulty of labelling students who struggle with mathematics, Scherer
et al. (2016) divided them into two large groups: those with learning disabilities and those with mathematical learning difficulties
(Scherer et al., 2016). Typically, the latter are described as those whose performance in school fails to match expectations
(Phillipson, 2008).
In a regular class, students who experience such difficulties are detected using standard achievement tests, considering their
performance of miscellaneous tasks, and data from teachers’ class observations or conversations (Karsenty, 2010). When a
student makes a glaringly large number of errors in a given topic on a comprehensive in-class exam or even on routine practice
materials used for learning or relearning in class, the conclusion drawn is that this student has difficulty understanding the topic
(Baxter et al., 2001). Teachers must meet the needs of this special, diverse, and varied group of students in the class; by identifying
those who experience difficulty with the topic in general they can spare them from experiencing failure in their ensuing studies
(Bellert & Graham, 2017). Furthermore, according to several researchers, this group is by no means small, accounting for 15-20%
of every regular class (Ashman & Elkins, 2009). Although any group of underachievers is fundamentally a heterogeneous group,
consulting multiple studies on the topic suggests that the group may be characterised according to several main attributes,
categorised as either cognitive, affective, or social.
The cognitive characteristics of underachieving math students include, but are not limited to, difficulties in remembering
mathematical procedures (Karsenty et al., 2007), continual seeking of teacher’s attention, difficulty in advancing by their own
efforts (Brophy, 1996), inflexible use of previously accrued mathematical knowledge (Verscchaffel & De Corte, 1995), and difficulty
in coping with the language of mathematics in both reading and writing (Karsenty et al., 2007). All these issues aside, these
students have metacognitive difficulties, e.g., in using heuristic methods to solve problems (Keijzer & Terwel, 2004).
The affective characteristics of students who achieve poorly in mathematics are reflected chiefly in stress and anxiety when
they confront the discipline. Namely, underachieving students feel distance and estrangement when they face mathematical
content (Karsenty & Arcavi, 2003), along with experiences of protracted failure that generate fear of the subject (Maloney & Beilock,
2012). Additional affective characteristics that may impair math studies often include poor motivation to study math, a low sense
of self-capacity to understand math content and solve math problems, and a lack of self-confidence to tackle the subject at all
(Montague, 2011).
The social characteristics of a group of underachieving students are related to the fact that they are given less time and
encouragement to participate in the classroom math discourse, which mitigates their capacity to broaden and develop their ability
to ‘talk maths’. Consequently, they refrain from speaking out in class and expressing their thoughts, ways of solving problems,
uncertainties, and so on (Straeler-Pohl et al., 2014).
These characteristics are meaningful when planning to work with these students. Teachers’ knowledge and beliefs are, in fact,
predictors of their success in working with such students and of their desire and willingness to advance them, both in regular
teaching and in reteaching.
Planning Individualised Lessons for Underachieving Students in a Reteaching Setting
Individualised math lessons for underachieving students are meant mainly for reteaching. That is, these lessons take up
matters that the students had studied in class and had not managed to master as expected. This kind of student failure, as noted
above, is revealed through standard tests, students’ difficulty in carrying out class or homework assignments, or conversations
with the teachers. In such cases, teachers are called upon to reteach the material in question. Although in reteaching the teacher
repeats the content in which the students failed (Marzano, 2010), to render a different outcome, the reteaching must be more
effective and has to respond to each underachieving student’s personal scholastic needs (Guskey, 2010). This makes reteaching
part of a mathematics teacher’s daily practice. Reteaching requires a set of instructional behaviours and strategies that overlay
the teacher’s mathematical knowledge and beliefs about the content and teaching of mathematics and which should be part of
every teacher’s ‘toolbox’ (Bellert, 2015). The question, then, is as follows: What comprises this toolset and on what is it based?
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What needs to be addressed so that the reteaching will be better suited to the needs of underachieving students? Below we look
at several research recommendations that are relevant to the proposed inquiry and that emphasise the mathematicalpedagogical knowledge that the math teacher needs.
The first recommendation derived from these studies is that reteaching should take place in small groups, because this gives
students more opportunities to test themselves in problem-solving, on the one hand, and receive immediate teacher feedback,
on the other hand (Bryant et al., 2008). Working with a small group of students comprised of only those who have trouble with a
given topic has several advantages. First, organising the teaching in this manner allows the teacher to adjust the pace of teaching
and to provide immediate responses when necessary (Stein et al., 2004). Small-group work and a slower learning pace allow the
students to engage in problem-solving and processive thinking in an optimal format, devoid of pressure from more advanced
peers (Morgan et al., 2015). Importantly, however, not all small-group work helps struggling students to advance. In several
studies, it was found that group work leads to a shared outcome; however, work in heterogeneous groups composed of students
with different abilities in mathematics study and joint work of all members of the group in solving the problem are not
recommended for underachieving students in math and even have adverse effects on their learning processes (Le et al., 2006).
The second recommendation for teaching underachieving students is to focus on critical content (Archer & Hughes, 2011). This
means teachers should address the exact content of the intended lesson, including its problem-solving strategies, concepts, skills,
rules, and so on. More specifically, this entails defining the mathematical idea or theme that will accompany the entire lesson
(Bellert, 2015). According to Kameenui and Carnine (1998, p. 8), precise formulations of a main idea or ideas are ‘keys that unlock
a content area for a broad range of diverse learners’. Planning the entire lesson according to a single well-formulated idea allows
students to gain a conceptual understanding in addition to practising procedures or algorithms (Wyatt-Smith et al., 2011).
Furthermore, teachers that design their lesson around an explicit mathematical idea are able to steer the lesson to address the
specific skill they expect their students to gain and the precise knowledge that should be conveyed and acquired by the end of the
lesson (Isoda et al., 2007). This lesson planning approach also helps teachers convey a coherent mathematical idea and develop
it gradually throughout the lesson (van de Walle et al., 2013).
An additional recommendation that emerges from the research literature concerns the type of knowledge taught in the
reteaching lesson. In a broad overview of difficulties in math studies, Scherer et al. (2016) presented numerous intervention studies
that dealt with various teaching methods for underachieving students. Among other things, the researchers noted that when
teaching learners who struggle with mathematics, the outcome should be a conceptual understanding of the procedures and
operations presented during the lesson. Conceptual learning is that which takes place when students understand the methods
that they use to solve problems and establish connections among different mathematical concepts and principles (Guberman,
2016). Many studies demonstrate the effectiveness of this approach. Moser Opitz et al. (2017), for example, studied a group of 120
secondary school students who were shown to have difficulty with basic arithmetic operations. For the purposes of the study, an
intervention programme was designed that dealt with developing the learners’ conceptual understanding of matters related to
the decimal structure and the meaning of arithmetic operations. The results showed that this intervention was highly effective
(Moser Opitz et al., 2017).
Another important aspect is the consideration of students’ prior knowledge in planning teaching units, in general, and
individualised lessons, in particular. As Ausubel (1978, p. 163) said, ‘If I had to reduce all of educational psychology to just one
principle, I would say this: The most important single factor influencing learning is what the learner already knows’. By implication,
ideally, students build new knowledge atop knowledge that they already have, and—assuming that the students possess good
quality knowledge—then connections can be established between the new knowledge and their prior knowledge, thus
constructing more complex and higher-level schemes (van Kesteren et al., 2014). According to Shing and Brod (2016), prior
knowledge plays two central roles in the acquisition of new knowledge: it allows memory to accommodate new knowledge more
conveniently and easily and it facilitates long-term memory processes by refreshing prior knowledge.
Drawing on the recommendations and aspects presented thus far, one can produce a profile of reteaching and the way
teachers prepare for it: Teachers should contemplate the intended topic of their lesson, i.e., its general structure, the language
needed to teach it, and the knowledge required to understand it. To wit, they should consider the matter they intend to impart
with two pairs of eyes—"innocuous and suspicious” (Sullivan, 1991). By implication, effective reteaching entails the use of a
different approach from that initially invoked, i.e., one based on previous activities but focusing on omissions or errors in students’
thinking that occur in various problem-solving situations (Marzano, 2010).

METHODOLOGY
The purpose of this study was to determine which aspects of mathematical-content knowledge were included and how they
were manifested in lesson plans on simple fractions, intended for underachieving students and prepared by primary-school math
teachers. In accordance with this purpose, the following factors were considered:
•

the mathematical content of the lesson plan (at the general level)

•

the type of knowledge taught in the lesson

•

the main idea dealt with in the lesson

•

the connection to students’ prior knowledge

•

the use of mathematical language.
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Table 1. Rubric for category analysis of lesson plans
Categories

Values

1

2

Correct understanding
Partial understanding
including several
of topic and concepts
omissions or errors
Procedural knowledge
Type of knowledge
Procedural
Conceptual knowledge with an attempt to impart
taught in the lesson
knowledge only
conceptual knowledge
Mathematically correct
Not formulated but
Not clearly
Main idea of the lesson
formulation
mathematically clear
formulated
Cohering with content
Connection with prior
Cohering with content
taught before and after
No coherence
knowledge
taught before the lesson
the lesson
Concepts used
Wrong mathematical
Language
Mathematically correct
inconsistently
argument
* Not relevant
Mathematical content

Correct and full
understanding of
concepts and topic

3

4

5

Limited
understanding of
topic and concepts

Complete lack of
understanding

*

*

*

*

*

*

*

*

Research Participants
Participants in the study were 49 math teachers in elementary school (students’ ages: 6-12-years). All had seven to 13 years of
experience and a B.Ed. degree in math. All were women who lived and taught in the central and southern parts of Israel. Teachers
were contacted using the email addresses on the national database of math teachers. Participation was voluntary and no
recompense of any kind was offered. Participants acknowledged their agreement with these terms by signing an informed consent
form.
Research Tools and Data Collection
The data for the study were collected by analysing lesson plans that the participating teachers prepared. We began by
designing a lesson-plan framework, based on our decades of experience in training teachers, our perception of the lesson plan as
a valuable method for the structuring of knowledge, and on a joint discussion of the relevant criteria for a math lesson. The
purpose of this lesson-plan framework was to elicit maximum information about various aspects of teachers’ mathematicalcontent knowledge.
Each lesson plan was divided into two main segments:
a. specification of the learning unit (topic of the lesson, main idea of the lesson, reference to more advanced concepts related
to the topic chosen, prior knowledge that students need to understand the topic);
b. the course of the lesson, with reference to learning activities that the students would perform and additional points that
require attention, such as expected responses, difficulties, important mathematical principles that should be inferred from
the students’ responses, and planning the order of presentation of solutions.
Accordingly, the participating teachers were asked to prepare lesson plans within the framework presented above. Each
teacher was asked to write an individualised-lesson plan for an underachieving student who attended her regular class. Forty-nine
lesson plans were written in all.
Data Analysis
The data were analysed in two phases: (1) category analysis of the lesson plans and (2) statistical analysis of the data obtained.
Category analysis. The category analysis was related to the aspects of mathematical content in the lesson plan, in
consideration of support for the underachieving student. Quantitative values were assigned to each lesson plan based on the level
of planning as determined via the categories examined: mathematical content; type of knowledge taught in the lessons; main idea
of the lessons; connection to prior knowledge, and teacher’s use of the language of mathematics. Table 1 presents the rubric for
category analysis of lesson plans.
In Table 1, the values assigned to these categories were determined, in part, based on prior studies in the field. Thus, values
1-5 that were assigned to the category of mathematical content were based on the study by Cai (2005); values 1-3 that were
assigned to the category type of knowledge taught in the lessons were based on the study by Stein, Grover, and Henningsen (1996).
Similarly, we determined the values 1-3 assigned to the remaining three categories.
To check the quality and level of the mathematical content presented in the lesson, we read the lesson plan several times,
paying special attention to the writing of instructions, use of concepts, solving of problems presented by the teacher, and
expectations of students’ difficulties. We usually identified the type of knowledge taught in the lesson on the basis of leading
questions from the teacher to the students. The main idea was identified as the mathematical idea that was the answer to the
question ‘What was examined in the task?’ The connection with prior knowledge was usually found in the length of the assignment
in the lesson plan. Teachers’ use of the language of mathematics was checked by examining consistency and correctness in the
formulation of concepts throughout the lesson plan.
To ensure the study’s validity and reliability, we jointly examined the phases of the analysis painstakingly. We held numerous
brainstorming sessions, including discussions of the research questions and disclosure of the results of each of our analysis. In
cases of disagreement, we reviewed the matter together until a final and fully consensual decision was reached. Also, a random
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sample of 20% of the lesson plans were analysed by an outside rater. Interrater reliability was assessed using Cohen’s kappa.
Agreement between raters was substantial (Cohen’s kappa = .87).
Statistical analysis. To identify subgroups among the lesson plans and thus to profile math teachers’ work in individualised
lessons for underachieving students, a cluster analysis was performed using values of lesson plans in each of the five categories:
mathematical content, main idea, type of knowledge taught, connection with prior knowledge, and teacher’s math language. To
examine the variance among the clusters obtained, an ANOVA test was performed. To determine the origin of the differences
among clusters in each category, a Scheffe posthoc test was conducted.

RESULTS
Results of the Category Analysis of the Lesson Plans
Regarding the mathematical content of a lesson plan, we found that only 12% of teachers displayed full understanding of the
mathematical content. Another 27% made small errors and omissions. Thus, 39% of the teachers demonstrated an understanding
of the topic, the contents, and the principles that they wished to convey to underachieving students in an individualised lesson.
Some 28% of the participating teachers showed partial understanding of the topic to be taught. An example of partial
understanding of the concept of the fraction is evidenced in one of the teachers’ remarks: ‘The student will understand the meaning
of subtracting fractions. She will understand that a fraction represents the size of an area and will subtract sizes of areas’. When one
speaks about the meaning of subtracting fractions, listeners expect to encounter the regular meaning of the subtraction operation,
which the students had begun to learn in the context of rational numbers. In the case of this quotation, however, the teacher
evidently construed the subtraction of fractions as the subtraction of areas. From her standpoint, every fraction represents an
area, and subtracting fractions means subtracting areas. Apparently, she conflated the concept of subtraction with the
substantiation of how to do it.
About one-third of the participants in the study demonstrated little or no understanding of the topic. The following case
exemplifies these teachers’ lack of understanding of the source of their students’ difficulties. It becomes evident when, in the
lesson plan itself, the teachers were asked to relate to the answers that they expected their students to give in response to tasks
and to explain the reasons for their errors.
One teacher proposed to present the following problem:
‘If we add

20
21

and

37
38

, we get:

(1). A number smaller than ½. (2). A number greater than ½ and smaller than 1. (3). A number greater than 1 and smaller than 2.
(4). A number greater than 2.
One of the wrong answers expected is no. (2)’.
Explanation of the error: ‘evidently students find it hard to add fractions that have different denominators and have to be
expanded’.
The teacher’s assumption of the source of the difficulty makes it plain that she does not understand how to solve the problem
correctly. There is no need for calculations; it suffices to judge by estimation that each fraction is close to 1 to realise that their
sum would be close to 2. The teacher did not detect the source of the students’ difficulty, probably due to her poor understanding
of the topics taught in this class.
Regarding the type of knowledge that should be taught, we found that 20% of the teachers intended to impart procedural
knowledge only. A salient example is given in one teacher’s explanation of calculating a partial quantity from a whole and
expressing it with a rational number and in words:
I’ll give the children the following problem: Ronnie has 12 stickers; his friend Ariel asked him to give him one-fourth of them. Ronnie
agreed to do this but told Ariel that he did not know how many stickers he should give. Let’s help Ronnie figure it out. I’ll place 12
stickers on the desk.

How many are there altogether? How can we know what is one-fourth of 12?
1

I’ll show them the calculation as a multiplication exercise: 12 × = one-fourth of 12.
4

Another example, this time relating to dividing fractions, is the following:
3

4

I’ll present the students with a strategy for dividing fractions: 9: and explain that this is the inverse of multiplication: 9 × .
4

3

The teacher makes no attempt to explain the division of fractions based on the meaning of division (partition and
measurement). Instead, she dictates the algorithm to the student, after which, in her opinion, the student will remember what she
needs to do and will merely have to practice the technique. The teacher does not try to explain why the algorithm ‘works’, where
it comes from, why it yields a correct result, etc.
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Table 2. Teaching continuity. Example of teaching fraction comparisons
Lesson 4: With different
denominators where one
denominator is a multiple of
the other
In this case, a common
If two fractions have the same If two fractions have the same
Fractions may be compared
denominator can be found by
Mathematical idea
denominator, the fraction
numerator, the fraction with
by representing them as a
expanding the smaller
of the lesson
with the larger numerator will the smaller denominator will
circle of fractions
denominator into a multiple
be the larger of the two.
be the larger of the two.
of itself.
*The shaded area denotes the lesson plan submitted for the study
Topic of the lesson:
Lesson 1: By means of area
Comparing
models
fractions…

Lesson 2: With equal
denominators

Lesson 3: With equal
numerators and different
denominators

Some 37% of the teachers prepared lesson plans that aimed to impart procedural knowledge and attempted to convey
conceptual knowledge. An example is the following problem and its solution, presented by a teacher in an individualised lesson:
Presentation of the basic problem:
There are four brothers in the Cohen family. They bought a chocolate cake and divided it into equal portions. Each brother received
one slice. What share did each of them get?
Danny wanted two slices. In what manner can he obtain two slices?
1

1×2

4

4×2

Solution: =

2

= . For students who do not understand, I’ll show the following picture:
8

It appears that this teacher solves the problem algorithmically by expanding the fraction. She explains the answer to the
question by showing a cake divided into portions. It is not clear how the student will be able to understand the relationship among
the question, the expansion, and the picture.
Forty-three-percent of the teachers prepared lesson plans that aimed to impart conceptual knowledge. The following is a
representative example:
The task: Nadav has 24 coloured pencils.
1

1

How many are of them? How many are of them?
2

3

Discussion question: What is the whole? What is the portion? Into how many groups should the whole be divided? How many
pencils does each group contain? With the help of discourse and substantiation, I will try to make the child understand the connection
between a partial quantity and part of a whole.
The next category is the way the main idea of the lesson is referenced. About half of the participating teachers expressed the
central idea in mathematically correct terms. Another 10% expressed it as a goal but made it understandable. One teacher, for
example, wrote, ‘Students will be able to represent a fraction greater than 1 by means of an area model’. In contrast, 40% of the
teachers phrased the main idea vaguely or in mathematically incorrect terms.
Regarding the connection with prior knowledge in a lesson plan, it was found that about 40% of the teachers connected the
knowledge that they intended to teach in the lesson with topics and concepts that had been taught before the lesson, displaying
a continuity of teaching that includes the presentation of mathematical topics and ideas taught both before and after the lesson
analysed.
Below is an example of continuity manifested in the teaching of fraction comparisons, which was the topic of the teaching unit
and the mathematical idea that the unit addresses (Table 2).
As shown in Table 2, the teacher managed to produce a logical continuity in teaching fraction comparisons, by extrapolating
from a comparison using an area model (circles divided into equal parts) to demonstrating the algorithm that is used for the same
purpose.
Furthermore, there is a direct connection between the topic taught in the lesson, as presented by the teacher for the purposes
of this study, and previous lessons: Treatment of the topic begins with sensory presentation of a comparison of two fractions by
means of circles, followed by a comparison of fractions on the basis of their components (common numerator or common
denominator), transitioning to a comparison of fractions that have different but related denominators.
One may add another 60% of the teachers to the group of lesson planners whose works coheres with material previously
taught, but their reference to the previous knowledge was fragmental and not clearly stated. Here is an example of the planning
of such continuity, with the lesson plan positioned at the end of the sequence (Table 3).
As shown in Table 3, the teacher demonstrates how her lesson connects with previous lessons. Notwithstanding, the
continuity presented here is debatable: Is it truly worthwhile to begin with fractions that have denominators of 3 and 6? Why these
and not others?
In sum, a large majority of teachers connected the knowledge taught in the lesson plan with knowledge previously imparted.
We may assume that they are in the habit of doing so because, in professional development settings, there is a constant emphasis
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Table 3. Teaching continuity. Example of different expressions of fractions
Different names for the same
fraction (thirds and sixths)

Topic of lesson

Mixed numbers (thirds
and sixths)

Recognising fractions that have
different denominators

One fraction can be expressed
Even a part greater than
Recognising additional
in different ways (the lesson
1 can be 3 expressed as a
fractions that have
deals with fractions that have
fraction
denominators other than 3 or 6
denominators of 3 or 6)
*The shaded area denotes the lesson for which the plan was produced for the study
Mathematical idea
of the lesson

Different names for the same
fraction (fractions with
different denominators)
One fraction can be
expressed in different ways

Table 4. Findings obtained from category analysis: Frequency of values of mathematical-content analysis categories
Categories
Mathematical content

Value
1. Correct and full understanding of concepts and topic
2. Correct understating but with several omissions or errors
3. Partial understanding of topic and concepts
4. Limited understanding of topic and concepts
5. No understanding whatsoever
Type of knowledge
1. Conceptual knowledge
taught in lesson
2. Procedural knowledge with an attempt to convey conceptual knowledge
3. Procedural knowledge only
Main idea of the lesson
1. Expressed as a mathematically correct idea
2. Not expressed as an idea but clear in mathematical terms
3. Not clearly expressed
Connection with prior / future 1. Cohering with content taught before and after the lesson
knowledge
2. Cohering with content taught before the lesson
3. No coherence
Mathematical language
1. Correct and consistent use of concepts
2. Inconsistent use of concepts
3. Erroneous mathematical argument

Frequency
6
13
16
9
5
21
18
10
25
4
20
19
27
3
25
10
14

Table 5. Findings obtained from cluster analysis of lesson plans
Cluster
1
2
3
4
Total

Lesson plans in cluster (N)
11
17
10
10
49

Lesson plans in cluster (%)
22.4
36.7
20.4
20.4
100

on the prior knowledge that learners need to be able to understand the current lesson. Only one-third of the teachers also looked
ahead and reflected on how their teaching would continue. This is rarely an explicit requirement; its frequent omission is probably
one of the reasons for the absence of this element in most of the lesson plans.
Regarding the mathematical language used, we found that 51% of the teachers demonstrated correct use of concepts in their
lesson plans, 29% displayed inconsistency in using concepts, and 20% presented wrong mathematical arguments. Thus, in all,
49% of the teachers were inconsistent or erred in their use of the concepts that they wished to teach to underachieving students
in an individualised lesson, as several examples show.
In the first example, the teacher explained: ‘The assignment: construct circles from various derivatives of fractions and ask for
two different names for the circle that you built’. She should, however, have expressed herself more precisely, instructing the
children to construct a whole from various segments of fractions and name the whole in accordance with the segments of which
it is built. In another example, the students were told: ‘Instead of dividing the whole into additional parts, add another line to the
circle’. The teacher should have explained that the entire whole should be divided into a desired number of equal parts in order to
increase the number of parts within the whole. Adding an undifferentiated dividing line may cause the parts of the whole to be
unequal.
Table 4 summarises the findings obtained from the category analysis by presenting the number of times each value occurs
(frequency) for the examined categories.
Results of the Cluster Analysis
We performed a cluster analysis to identify subgroups among the lesson plans and, by so doing, generated a profile of math
teachers’ performance in individualised lessons for underachieving students. The results sorted the lesson plans in the sample
into four clusters (Table 5).
Thus, each cluster accommodated 10-17 lesson plans (20-30% of all lesson plans analysed in the study). Next, the variance
among the clusters was analysed (Table 6).
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Table 6. Findings obtained from ANOVA test: Comparison of means of five factors across four clusters
Category
Main idea
Mathematical content
Type of knowledge taught
Connection with prior knowledge
Teacher’s mathematical language
**p < .001

Mean Square (S.D.)
13.634 (0.08)
13.119 (0.576)
0.659 (0.590)
0.257 (0.356)
8.934 (0.216)

F
171.053**
22.785**
1.117
0.722
41.332**

Figure 1. Distribution of lesson plan values by factors, in accordance with four clusters
The findings illuminate the significant difference among the clusters that was found in the variance analysis of the categories:
‘main idea’ (F(3,45) = 171.053, p < .001), ‘mathematical content’ (F(3,45) = 22.785, p < .001), and ‘teacher’s mathematical language’
(F(3,45) = 41.332, p < .001). In other words, significant differences were found among teachers in their ability to express the main
idea of the lesson, the mathematical content of the lesson (the extent of their understanding of the concepts and the topic), and
to use mathematical language. In contrast, significant differences were not found in the following categories: ‘type of knowledge
taught’ (F(3,45) = 1.117, p = .352) and ‘connection with prior knowledge’ (F(3,45) = 0.722, p = .544). The meaning of these findings
is that the teachers deal with underachieving students by imparting procedural understanding while attempting to convey
conceptual understanding. In addition, the lesson plans for underachieving students revealed the teachers’ ability to connect
what is taught in the specific individualised lesson with knowledge communicated in previous lessons. Few teachers were able to
show a prospective view in their lesson plans, let alone to express such a view in student assignments and exercises.
To determine the source of the differences among the clusters in each category, a Scheffe posthoc analysis was performed. It
detected significant differences in the ‘main idea’ category between Clusters 2 and 4 and between Clusters 1 and 3, and in the
‘mathematical content’ category between Clusters 2 and 3 and between Clusters 1 and 4. Another significant difference presented
in the ‘mathematical content’ category between Clusters 2 and 3 and between Clusters 1 and 4. The distribution of the four clusters
is shown in Figure 1.
Now we profile each of the clusters obtained, in accordance with the presentation in Figure 1, relating to each category
separately and to all five categories collectively.
Cluster 1: The main idea is not clearly formulated and the teacher has not defined a goal toward which to steer her lesson
(M=2.91). The mathematical content of the lesson is indicative of incomplete if not limited knowledge, reflecting a low level of
mathematical-content knowledge (M = 3.91). The teacher’s mathematical language includes erroneous mathematical
argumentation (M = 2.45). These teachers do connect the content of their lessons with content previously taught (M = 1.55) but
make no detectable reference in their lesson plans to the development of the concept or the mathematical principle that will be
introduced in ensuing lessons. In sum, the teachers in this cluster not only limit their teaching to the procedural level but also lack
the expected level of content knowledge.
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Cluster 2: The main idea of the lesson plans in this cluster is phrased correctly from the mathematical standpoint (M = 1.11).
The mathematical content of the plan attests to correct understanding of the contents and principles that the teachers intend to
present (M = 2.00). The teachers’ mathematical language also gives evidence of thorough knowledge of the mathematical content
and correct and consistent use of concepts and principles (M=1.17). However, these teachers plan their lessons in such a way as to
focus on imparting procedural knowledge (M = 1.56). They refer to the connection between the material taught in this lesson and
that of previous lessons (M = 1.61). In sum, teachers in this cluster have enough mathematical knowledge to work with
underachieving students, mainly at the procedural level.
Cluster 3: Many teachers in this cluster display correct knowledge of mathematical content (M = 2.3) and offer correct and
consistent mathematical arguments (M = 1.10) but do not manage to phrase the main idea of the lesson clearly (M = 3.00). Also,
the type of knowledge that they intend to teach in this lesson is procedural, with an attempt to convey conceptual knowledge
(M=1.8), and a connection with the previously taught content is detectable (M = 1.7). In sum, teachers in this cluster are well versed
in the mathematical concepts and principles behind the content of the lesson, teach at a procedural level while attempting to
convey conceptual knowledge, and usually, they connect the content of this lesson with material previously taught.
Cluster 4: These teachers’ lesson plans reflect a limited understanding of mathematical content (M=3.9) and a mathematical
language indicative of erroneous mathematical argumentation (M=2.8). However, teachers in this cluster do emphasise the
formulation of the main idea of the lesson; consequently, they phrase it clearly (M = 1.1). The type of knowledge taught in these
lessons is procedural, with an attempt to impart conceptual knowledge (M = 1.8). Another feature discovered is that these teachers
connect the current lesson with content taught in previous lessons and also refer to its importance for understanding the ensuing
lessons (M=1.9). In sum, teachers in this cluster have adequate mathematical knowledge and present their lessons in a way that
connects with previously taught and future content.
In conclusion, the findings reveal the existence of four types of teachers in terms of mathematical knowledge. Type 1 teachers
are faulty in their mathematical knowledge. Type 2 have incomplete or limited knowledge but know how to express a
mathematical idea correctly. Type 3 teachers understand mathematical content well but are not meticulous about correctly
describing the math taught in the lesson. Type 4 have thorough mathematical knowledge that manifests in their lesson plans in
the correct formulation of mathematical ideas and the correct and consistent use of mathematical concepts and principles. All
four types of teachers, however, plan to teach their students at a procedural level while in some cases attempting to convey
conceptual knowledge—probably because they expect little of their underachieving students.

DISCUSSION AND CONCLUSIONS
This research was conducted with our underlying conviction that ‘Children are not born underachievers. Underachievement
is a learned behaviour, and therefore it can be unlearned’ (Davis & Rimm, 2018, p. 291).
To cope with underachieving students, teachers must be aware of the students’ difficulties and ways of addressing them.
These methods are predicated on teachers’ pedagogical mathematical knowledge, among other things. The purpose of this study
was to identify several characteristics of such knowledge by analysing the lesson plans of math teachers who work with
underachieving students in primary schools. Together with Valk and Broekman (1999) and Cai and Wang (2006), we showed that
teachers’ lessons constitute an effective tool for examining their mathematical knowledge and identifying their practices, as they
work with different student populations.
Our findings reveal the existence of four distinct types of teachers in terms of mathematical-pedagogical knowledge. The
results of our analysis indicate that most of the teachers are adequately knowledgeable in math. Some do not manage to clearly
formulate the main idea and some fail to present all of the arguments smoothly; most, however, know the contents that the
curriculum requires. Despite the differences among the teachers in mathematical knowledge and understanding, they intend to
teach their students mostly at the procedural level, with an attempt, in some cases, to impart knowledge of mathematical
concepts, principles, and properties. In addition, most teachers connect the content of their lessons with their students’ prior
knowledge but do not envision the mathematical knowledge that their students will need going forward.
These findings lead us to conclude that by having teachers write lesson plans—particularly individualised-lesson plans—and
analysing the plans in various professional-development settings, the teachers will be able to develop the mathematicalpedagogical knowledge that they need for the successful management of their mathematics lessons. In the case at hand, the
lesson plans hold a mirror up to teachers and reflect their ability to ‘talk maths’ to their students. With correct guidance, lesson
plans may serve as a trigger for their professional development.
Another finding elicited by this study is the share of teachers who work with underachieving students at a procedural level,
namely, 60%, as our analysis of the lesson plans showed. Given that most of the participants had adequate mathematical
knowledge, the origins of this kind of teaching evidently trace to teachers’ affective knowledge—a disposition, tendency, emotion,
or feeling about some idea (Philippson 2008). In regard to learning and teaching mathematics, affective knowledge denotes
emotions, attitudes, beliefs, and expectations of teachers in regard to mathematics, the teaching of mathematics, and their
students. Procedural teaching, we suggest, originates in teachers’ low expectations of their struggling students and, perhaps, the
belief that these students cannot engage in high-level mathematical thinking. It seems that at the very outset of their preparations
for working with underachieving students, teachers expect little of them and do not plan to involve them in high levels of thinking
and understanding.
Good and Brophy (1990) claim that teachers’ expectations reflect their conclusions about the present and future academic
achievements of a specific student. Teachers’ expectations include their beliefs about students’ ability to improve their
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achievements; their own potential to make the most of teaching and reteaching; the teaching methods that are best suited to each
student; suitable methods of substantiation; and other matters. In a comprehensive study on math education, it was found that
teachers’ expectations of and beliefs about their students influenced their classroom practices (Pajares, 1992; Guberman & Leikin,
2013; Schenke et al., 2017). Furthermore, it has been shown that teachers’ explicit and implicit expectations have a powerful effect
on other students (Hornstra et al., 2010; Peterson et al., 2016).
As our study demonstrates, few teachers expect their underachieving math students to attain a thorough understanding of
the contents taught; instead, they focus on imparting procedural ways of coping with problems and exercises. They manifest this
approach by dictating appropriate mathematical expressions with which to solve a given task without relating to the reasons for
the construction of such expressions, without imparting a rule with which to solve a specific exercise, without going into why the
rule was put together and why it ‘works,’ and so on. Many studies show that teachers’ expectations rest on two foundations:
conventional stereotypes about this or that group of students and the academic performance of each individual student (Hornstra
et al., 2010). Numerous studies in this field indicate that the accepted stereotype in teaching underachievers is a low expectation
of successfully imparting various kinds of content, as compared to that taught to high-achieving students (e.g., Zohar et al., 2001).
Based on these studies, it is possible that teachers have dismal expectations of underachieving students. In our study, we showed
that such expectations influence the way a teacher chooses to teach and the level of ‘mathematics’ that she selects for the lesson.
Our participants’ reference to prior knowledge while overlooking future knowledge, too, could be an indication of the impact of
low expectations on the way they plan and, apparently, carry out their teaching. Along with other scholars, we espouse a
contrastive approach: great expectations on the part of teachers can leverage an improvement in student achievements and
learning outcomes (Beswick, 2008; Hill et al., 2018; Peltenburg et al., 2012; Scherer et al., 2016).
Furthermore, our findings reveal that teachers’ instructional behaviours, at least in the stage of writing their lesson plans, are
far from attentive to researchers’ recommendations on how to teach such students (Bellert, 2015). Dealing with these students’
struggles at the earliest possible phase is critical for their success in math studies in the future. Hence, reteaching is an opportunity
for underachieving students to experience success in studying math, albeit in small measures, and in this manner to become more
confident in their ability to study this subject. If the opportunity is squandered, the opposite effect may take over, to the student’s
disadvantage, in terms of the kind of mathematical knowledge that our participating teachers attempted to convey (procedural
knowledge) and in terms of students’ confidence in their potential, given the need to learn lots of ‘techniques’ and ‘tricks’ without
understanding their logical underpinnings.
On the basis of the findings of the study, we conceptualise two main practical recommendations for math teachers who work
with underachieving students.
1. Integrating conceptual teaching into procedural work. Scherer et al. (2016), in their overview, stress the importance of this
hybridisation in working with underachieving students. As our participants’ lesson plans show, teachers deal more with
procedural knowledge than with conceptual knowledge, although attempts to convey the latter are sometimes made. This
can be achieved by (a) emphasising the value of producing lesson plans of the kind recommended, both in teacher
education and in professional-development settings, while encouraging reflective discourse among teachers in the
aftermath of actual teaching and its implementation in lesson plans; (b) assigning experts in mathematics education to
develop math-teaching models specifically intended for underachieving students. Thus, teachers in the field may adhere
to these lessons, adjust them to their classes, or use them to pattern additional lessons.
2. Formulating of the main idea of the lesson. According to one of the recommendations arising from multiple studies on
mathematics education, the preparation of lesson plans for underachieving students, and the use of said plans in teaching,
should focus on a clear and precise mathematical idea (Kameenui & Carnine, 1998). In the current study, we found that not
all teachers know how to do this as one would expect. This issue, like that appearing above, needs to be dealt with at all
stages of teacher education and professional development.
The implementation of both of these recommendations should be addressed at all stages of teacher education and
professional development. Such preparation for math teachers is likely to have a beneficial effect on students’ achievements—a
point that should be examined in future research.
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