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ABSTRACT

In the paper a software solution is presented for the generation of instances of exercises. The
focus is on education in mathematics but the approach can be adopted in other fields such as
computer science and natural science. The present solution uses the R environment for the
generation process and LaTeX for the content presentation. In the established system, we realized
the separation of computations and design which has the advantage that it is easier to find errors
and shortcomings.
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INTRODUCTION

Generating a large number of exercises automatically for the training of topics within mathematics
education is a challenging task. In this paper, we provide a software solution to generate xml-files according
to the QTI standard. These files contain exercises to be imported into a learning management system (LMS).
In our implementation we used the Ilias LMS. Many LMSs such as Ilias have an xml/QTI input filter and an
xml/QTT output interface available. In the established system, the files with exercise items are prepared for
the input via this interface. The generation process is done within the R environment. Similar solutions are
only rarely to be found in the literature. In this paper, we explain how to write R scripts which can be deployed
to generate as many instances of a specific type of exercises as desired. Here the focus is on exercises in
mathematics but the ideas can be used for exercise generation in similar areas such as natural sciences and
computer science. The specific aims of mathematics education are studied in detail in Maron (2016). The
importance of using modern information technologies in mathematics education is worked out in Mendoza and
Mendoza (2018).

In modelling the structure of exercises, we follow the ideas of the approach by Gierl and colleagues. We
refer to Gierl et al. (2015) and some other papers of these authors. There they describe thoroughly the
development of an item model and its usage in the generation of a large number of items. In Section 2 we
refine the item model and adapt it to mathematical exercises.

In our established system, we separate computations and the content of exercise items including the design
of the exercises. The computations are done using the R system and a special R script. This approach has the
advantage that we can do experiments in R until reaching the final version without changing the text content
of the exercises. Since the R script is strongly adapted to the specific aim, there is no need for a special R
package. The text content and the design of the exercises are defined in a document using elements of LaTeX
(LaTeX-like file). Since a LaTeX file containing all instances is one of the output files of the R script, a pdf-file
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can be provided using the LaTeX system. This pdf file can be used to check all instances and to find out errors
and shortcomings. Problematic instances of exercises can be identified and then simply be removed from the
file. An R script and a LaTeX-like file are the input files into our system which has to be prepared by the user.

Another approach is connected with the R package exams for the automatic generation of examination
exercises, see Griin and Zeileis (2009), Zeileis, Umlauf and Leisch (2014). In contrast to our approach, the idea
of these authors is to mix parts of R script for computations and LaTeX document parts to design the exercises.
Moreover, our approach of external generation of exercises differs from solutions inside the LMS. In some
LMSs, there is an exercise type STACK available where an online generation of the exercises using random
numbers is realised.

Two roles are important concerning the usage of the e-learning system: the learner and the teacher. The
teacher establishes the exercises and provides the correct results. The implementation of exercises in e-
learning systems requires a time-consuming effort for the teacher. One aim of the proposed system is to
support the process of the establishment of questions. If these files with the content of assessments are
generated automatically, then it leads to a substantial reduction of the effort for the teacher.

The task for the learner is to train in the solving of mathematical exercises in the framework of lessons.
The learner wants to get a good preparation for the examinations. In most situations, it is important to include
some intermediate checks of results imported into the system. If the learner is only able to solve the exercise
partially then he or she obtains valuable information about the degree to what he or she achieved the correct
solution. From a psychological point of view, it stimulates the learner to a larger amount to pursue the perfect
solution. There is a strong impact of the quality of the feedback on the students’ motivation for further
learning. This was shown in studies reported in Rakoczy et al. (2008). The role of the teacher in engaging
students to e-learning is examined in Yengin et al. (2010). It should be pointed out that the usage of the
developed system offers only one possibility to improve the mathematical skills. We cannot expect that e-
learning contributes to all facets of learning outcomes. E-learning cannot substitute completely or in big parts
traditional learning techniques.

An important requirement is that the concrete instance of an exercise fetched from the LMS should vary
from fetch to fetch. Otherwise the learner can memorize the solutions or can get the solution from other
sources. This does not lead to a gain of knowledge and skills. Here we generate randomly the parameters of
the exercises. The teacher has to provide the range for the parameter values prior to implementation.

Another important issue is the usability of the developed system (cf. the paper by Masemola and De Villiers
(2006)). Since the focus of this paper is on other aspects, we decided to conduct only a small survey among the
students of our university. Furthermore, we analyzed the assessment results of one course of our university.
The outcomes of these studies were used to validate the developed system.

The present paper is structured as follows: Section 2 deals with the exercises and its structure. The
software and its usage are described in Section 3. The example discussed in Section 3 can be regarded as a
template for other applications. Special exercises were prepared for the Ilias LMS in our university. The
results of a case study among the students of our university are discussed in Section 4. The Appendix at the
end contains the corresponding documents for an example introduced in Section 2.

EXERCISES IN THE E-LEARNING SYSTEM - THE ITEM MODEL

In an e-learning system, exercises are deployed to assess the progress in acquisition of knowledge and
skills the learner achieved. Moreover, the learner gets knowledge about the point at which he fails in getting
the solution of the exercise. In this section we develop further the item model given by other authors, see Gierl
and Lai (2012) for example. Concerning detailed accounts on item models, we refer to Bejar et al. (2003).
Technically, the exercises consist of the following components which are parts of the item model:

(1) title

(2) metadata: authors, topic, pedagogical aims
(3) text of the exercise

(4) text of a correct solution

(5) description of the gaps

(6) parameters and their domains, conditions on the parameters, generation distribution
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(7) computation formulas or algorithm for the generation
(8) conditions on intermediate results

The item model can be used for a formalized preparation of the specific exercise template. To prepare a
specific type of exercises, we have to fill all the points of the item model with content. Considering a certain
exercise type, the points (3), (4) and (5) contain the contents and the design of the exercise whereas information
about the generation of the specific parameter values are included in (6)-(8). So contents and generation are
separated from one another.

In (3) and (4) the parameters appear encoded in a specific predefined form. These encoded parameters will
be replaced by numbers, texts or formulas in the generation process. The gaps realize the input of the results
into the LMS. Practically, there are input masks where the learner has to enter the specific results. Then the
LMS checks the result and provides a feedback for the result. We assume that the checking process is fully
done by the LMS without any option of interruption for the author (as it is done in Ilias).

In our approach, the generation of the specific exercise instances is done by external programs. The
parameter values are generated according to the generation distribution which is the uniform distribution in
most cases. For the generated parameter values, the conditions in (6) have to be checked. These conditions
have to ensure that the exercise is interesting enough and not too simple. After computing all the results, the
conditions on the intermediate results have to be checked. One requirement is that the intermediate results
should have an easy-to-handle form. Numerical values with a lot of digits or huge numbers, long texts or
complicated formulas should be avoided.

For mathematical exercises, the following types of result queries are used and available in the system
under focus:

- numerical gaps
- text gaps
- single choice gaps

Other types are also available but not relevant in our context. The LMS checks the validity of the entered
reply. In case of numerical gaps, the input value has to belong to a narrow interval around the true result.
This interval is to be provided by the teacher. For text gaps, the system simply checks whether the input
matches the correct results.

In the following, we want to explain how to apply the approach for exercises from probability theory. Now
we give the example for this explanation:

Example exercise: We want to generate exercises for the computation of probabilities. The learning goal
is to be able to evaluate probabilities in the model of a normal distribution. The learner should be able to
calculate probabilities for intervals by using appropriate tools like a table or a computer for the computation
of the distribution function of a standard normal distribution. The text of the exercise is as follows:

In Mr. Chickill’s farm the weight of chicken aged 10 weeks is normally distributed with expectation of a
kg. The variance of the weight is b.

a) How large is the probability for the weight being between ¢ and d kg?
b) Evaluate the probability that the weight is at least e kg.

The quantities a, b, ¢, d, e are the parameters of the exercise which will be replaced in the processing. The
conditions on the parameters are as follows: a,b > 0,0 <c <d,c #e,d # e,a # e. The text of the correct
solution depending on the parameters can be found in the Appendix.

The detailed sample solutions are an important element of our approach. They enable the student to
comprehend the solution techniques. Moreover, the students can find starting points for studying the material
of the course and material from other sources to improve their theoretical skills. These skills are related to
specific concepts, facts, formulas, relationships etc. of the considered topic. A good knowledge of them helps in
turn students in solving the exercises of the considered topic. This learning process can be supported by
providing helpful links in the implementation in the LMS.
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DESCRIPTION OF THE ESTABLISHED SYSTEM

Structure of the System

Figure 1 shows the structure of the system.

Two input files have to be supplied by the teacher: the LaTeX-like template file and the R script which are
considered in the next subsections. The xml/QTI files are generated by using first the R environment and
secondly a java program. If the user is interested in a pdf-file containing all generated exercises and solutions
then he or she can input the file into a LaTeX editor and environment (for example TexStudio or Texnic center).
A special framework file is provided in our system. This file together with the LaTeX file containing the
exercise items is compiled using a LaTeX compiler, pdf2latex for example. Eventually, we obtain the required

pdf-file with all exercises.

This file provides the pattern for the exercises to generate. It has the following special structure where

LaTeX-like Template File

input fields begin and end with dots “...”. The description of the input is given in italics.

\begin{question}
\authorq{... author name ...}

\titleq{... title of the exercise...}

\descriptionq{... specific description of the exercise ...}

\begin{textq}
... text of the exercise ...
\end{textq}

N\gap{...text...}{... value ...}{... lower limit ...}{... upper limit ...}{... points ...}{... width ...}

==m)vithin braces: text before the input mask, exact value, lower and upper limit of the interval for a positive
assessment, points in case of a positive assessment, width of the input mask

\gapstext{... text ...}{... input text ...}{... points ...}{... width ...}

mmm)vithin braces: text before the input mask, correct input text for a positive assessment, points for the

assessment, width of the input mask
\begin{solution}
... solution of the exercise ...
\end{solution}

\end{question}

The author of the exercise has to replace the fields within ..., the dots included, by the corresponding string.
Strings starting with @ are connected with the R script. In the R script, specific variable names (parameter)
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are declared, typically a,b,c,... (@a,@b,... in the LaTeX-like template file). The actual parameter value varies
from one individually generated exercise to the other. They are generated by random number generation with
a specific distribution defined in the R script. Typically the uniform distribution is used. In addition, the
identifiers @rrl1,@rr2,... are reserved for the results in the solution. The identifiers @rll,@rul,@rl2,... are
connected with the lower and upper interval limits. The numerical result is assessed by the LMS as correct if
the input result is within these interval limits. The “text of the exercise” has to be inserted as simple text (not
in LaTeX, HTML tags allowed) including two special parts:

- \newline commands for the typesetting,
- LaTeX parts in MathJax style.

MathdJax is a cross-browser JavaScript library for displaying mathematical formulas. Mathdax is
supported by a lot of LMS, for example Ilias.

The R Script

The teacher has to write an R script for the evaluations. The R script is executed to compute the values for
the @-identifiers in the exercise template (LaTeX-like file). All identifiers beginning with @ such as @a, @b,
@rrl, @rr2, ... are replaced by numbers or strings in the LaTeX-like file. The R program should contain the
implementation for the random generation of concrete values for the exercise variables @a, @b, @c, ... and for
the evaluations of the results including intermediate results of the sample solution. These results represented
by variables @rrl, @rr2,..., @rll, @rul, @rl2,... For the parameters the range for the random choice is to be
defined. For establishing the script, a template and useful R functions are available. By random generation of
the parameters, we obtain a large number of diverse instances of a certain exercise type. For the example of
Section 2, the specific files are given in the Appendix.

The QTIl-input File

The QTI-input file is a LaTeX-like file which differs in two features from the LaTeX file: The text parts are
given without LaTeX commands, the mathematical parts are given in LaTeX/Mathdax style. Typical
delimiters for the Mathdax parts are $, \(and \), \[ and \]. The QTI-writer program takes the QTI-input file
and generates the xml-file.

The XML File Following QTI Format

The IMS Question and Test Interoperability specification (QTI) defines a standard format for assessments
at the interface between the e-learning system and the teacher. In our system, the QTI-formatted file contains
the e-assessment exercises including a correct solution. In our framework, the criticism about this file type (cf.
Piotrowski (2011)) is only partially relevant since xml/QTI-files appear only in an intermediate stage of the
preparing process. Checks of intermediate results and evaluative feedbacks are supported by the learning
management system. The corresponding elements have to be implemented in the QTI-file generation.

A CASE STUDY FOR VALIDATING THE SYSTEM
Design and Methods

At the University of Merseburg, the developed system was offered for use to students of the Bachelor course
of Business Administration. Exercises from probability theory and statistics were implemented in the e-
learning system Ilias. At most 85 students trained the solution of exercises in the basic course of Statistics
during one semester. Each student could conduct an unlimited number of runs for each test. The collected
assessment data were analyzed to validate the developed system.

The test system under consideration comprised three exercise tests: one about “computation of
probabilities” (77 participants), one about “discrete random variables” (85 participants) and one on the topic
of “continuous random variables” (83 participants). When entering an exercise test, the student had to solve
three exercises. The achieved assessment results were recorded in an excel file. They include the achieved
number of assessment points for each trial, separately for each student and for each exercise. We computed
simple descriptive statistics of the assessment points. Some results are surveyed in the following section.
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Figure 3. Average gain of a trial in comparison to the previous one

Results

First of all, we give some results from the analysis of the assessment data. It is to be seen in Figure 2 that
the average of points achieved in the assessment increases with the number of trained exercises. However,
the slope is much smaller for later trials because of the smaller improvement potential. Next we want to
discuss the success of one training step. This success can be measured by the conditional probability that the
learner achieved more points in the succeeding trial than in the previous one, given there are two or more
points left to the maximum number of points in the previous trial. Summarizing the results (see Figure 3),
some features can be recognized from Figure 3. First, there is a success at the beginning. In the middle, the
success rate decreases. In later trials we see an effect of longer training. It means that hard and long training
improves significantly the students’ skills.

In the framework of the study, we also analyzed the usage and the usability. We give only some short
impressions about the results. Among other aspects, 85% of the students recommended the tests. 67% of the
students intend to use the test regularly. For 89% of the students, the usage of the test system was easy and
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did not cause trouble. We observed that students who used our system achieved better results in examinations
in average than others. Detailed investigations should be carried out to ascertain the generality of this
observation. Altogether, we can conclude that in our university, the system is successfully applied to improve
the students’ skills in mathematics.

CONCLUSIONS

The system under consideration is able to support the teacher in generating a large amount of exercises.
In the described solution the formulas for the computations of the results are separated from the presentation
of the exercises in the LMS. It has the advantage that the presentation of the exercises is more transparent.
The details in the R implementation do not confuse and distract the user. He or she can easily experiment
with the R script before coming up with the final version which realises the computations perfectly. The
teacher can concentrate on the preparation of the instances for the exercises.

In summary, the following features distinguish our system from other approaches, and they define the
particular advantages of our system:

- separated files for mathematical computations and content including design (advantageous for finding
errors),

- sample solutions of the exercises can be generated as well,

- a template for the R script including helpful R functions is available to support the process of
implementation,

- the system is practically used in a Ilias learning management system for education in mathematics.

In the future, there is a lot research work to be done to develop a better support of writing the R scripts
and the LaTeX-like input files. Moreover, we want to extend the approach to other learning management
systems such as Moodle.
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APPENDIX

Example exercise - input file:

\begin{question}

N\authorqg{Eckhard Liebscher}

\titleg{continuous distributions}

\descriptionq{Computing probabilities of a continuous distribution}
\begin{textq}

In Mr. Chickill’s farm the weight of chicken aged 10 weeks is normally distributed
with expectation of $@a$ kg. The variance of the weight is $@b$. \newline

a) How large is the probability for the weight being between $@c$ and $@d$ kg?
\newline

b) Evaluate the probability that the weight is at least $@e$ kg.

\end{textq}

\gap{a) standard deviation}{@rr1}{@rl1}{@rul}{1}{8}

\gap{ probability}{@rr6}{@rl6}{@ru6}{2}{8}

\gap{b) probability}{@rroH{@rl9}{@ru9}{1}{8}

\begin{solution}

$X\sim \mathcal{N}(@a,@b)$ weight of the chicken \newline
$\sigma=\sqrt{@b}=@rr1$ is the standard deviation \newline

\[\begin{align*}\text{a) }P(@c \leq X\leq @d) &=\Phi \left(\frac{@d-@a}{\sigma}\right)-\Phi
\left(\frac{@c-@a}{\sigma}\right) \\

&=\Phi (@rr2)-\Phi (@rr3)=@rr4-@rr5=@rr6 \\

\text{b) }P(X \geq @e) &=1-

\Phi \left(\frac{@e-@a}{\sqrt{@b}}\right)=1-\Phi (@rr7)=1-@rr8=@rr9 \end{align*}\]
\end{solution}

\end{question}
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parameter: a € [1.1, 1.5], step size in the grid 0.01
b € [0.02, 0.05], step size in the grid 0.001

o = Vb standard deviation

cela—2.60,a—0.20], step size in the grid 0.01
de[a+0.20,a+ 2.60], step size in the grid 0.01

e e [a—2.60, a + 2.60], step size in the grid 0.01

conditions: ¢ # e;d # e;a * e;

Generated LaTeX file (one exercise)

\begin{question}

\authorq{Eckhard Liebscher}

\titleq{continuous distributions}

\descriptionq{Computing probabilities of a continuous distribution}
\begin{textq}

In Mr. Chickill’s farm the weight of chicken aged 10 weeks is normally distributed
with expectation of $1.31$ kg. The variance of the weight is $0.021$. \newline
a) How large is the probability for the weight being between $1.16$ and $1.5$
kg? \newline

b) Evaluate the probability that the weight is at least $1.46$ kg.

\end{textq}

\gap{a) standard deviation}{0.14491}{0.14481}{0.14501}{1}{8}

\gap{ probability}{0.75478}{0.75378}{0.75578}{2}{8}

\gap{b) probability}{0.15031}{0.14931}{0.15131}{1}{8}

\begin{solution}

$X\sim \mathcal{N}(1.31,0.021)$ weight of the chicken \newline
$\sigma=\sqrt{0.021}=0.144918$ is the standard deviation \newline

\[\begin{align*}\text{a) }P(1.16 \leq X\leq 1.5) &=\Phi \left(\frac{1.5-1.31}{\sigma}\right)-\Phi
\left(\frac{1.16-1.31}{\sigma}\right) \\

&=\Phi (1.3111)-\Phi (-1.0351)=0.90509-0.15031=0.75478 \\

\text{b) IP(X \geq 1.46) &=1-\Phi \left(\frac{1.46-1.31}{\sigmaj\right)=1-\Phi  (1.0351)=1-
0.84969=0.15031 \end{align*}\]

\end{solution}

LaTeX output

Author: Eckhard Liebscher

Title: continuous distributions

Description: Computing probabilities of a continuous distribution

In Mr. Chickill’s farm the weight of chicken aged 10 weeks is normally distributed
with expectation of 1.31 kg. The variance of the weight is 0.021.

a) How large is the probability for the weight being between 1.16 and 1.5 kg?

b) Evaluate the probability that the weight is at least 1.46 kg.
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Gap
Label: a) standard deviation, Value: 0.14491, lower interval limit: 0.14481, upper interval limit: 0.14501,
Points: 1, Gap width: 8

Gap
Label: probability, Value: 0.75478, lower interval limit: 0.75378, upper interval limit: 0.75578,
Points: 2, Gap width: 8

Gap
Label: b) probability, Value: 0.15031, lower interval limit: 0.14931, upper interval limit: 0.15131,
Points: 1, Gap width: 8

Solution: X ~ N(1.31; 0.021) weight of the chicken

o =+/0.021 = 0.14491 is the standard deviation

a)

P(116 < X < 1.5) = (22) - o

1.16—1.31)
a

=®(1.3111) — ®(—1.0351)
=0.90509 — 0.15031 = 0.75478
b)

P(X = 1.46):1-4,(%)

g
=1-®(1.0351)
=1-0.84969 = 0.15031
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