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ABSTRACT

A Trigonometric function is one of the challenging materials for not only high school students but
also pre-service teachers and teachers. On the other hand, An understanding of trigonometric
function is an initial stage in understanding calculus derived from it such as limit, derivative, and
integral. Thus, the competency in trigonometric function is an issue need further discussion. This
is a qualitative study which elaborated the didactical design and the class observation of high
school student. In this study, we propose a didactical design with the aim to figure out the
properties of trigonometric functions. Starting from drawing the graph then analyse each of the
graphs. We used the trigonometric function graph as a media to analyse the function such as
trigonometric value, maximum and minimum, period, and interval in which it decreases or
increases. The two main aims in this study are: 1) How the unit circle is used for drawing
trigonometric function graph, 2) How the trigonometric function graph can be used to analyse
the trigonometric function properties. The study shows that the students can follow the learning
sequences both in drawing and analysing the graph. The misconception of trigonometric values
is figured out. Some unpredictable findings are also described in this study.

Keywords: classroom activity, didactical design, task design, trigonometric function graph, unit
circle

INTRODUCTION

Trigonometry has enormous materials related to various mathematics subjects. For instance, it relates to
geometry, arithmetics, algebra, and calculus, particularly the study about function. These wide ranges
materials of trigonometry are studied by the students since high school. In school, the students learn about
two contexts of trigonometry i.e. trigonometry as a study related to geometry which is specifically known as
trigonometry as a ratio of the length side of the right-angle triangle, and trigonometry as a study related to
calculus which is specifically known as a trigonometric function. Trigonometry as a ratio of a right-angle
triangle is defined as the ratios of either the opposite or adjacent side of a right-angle triangle over hypotenuse

opposite adjacent
_opposite o nd cos = —4Jacent
hypotenuse hypotenuse

cosine law and the application of trigonometry are derived from this definition. On the other hand,
trigonometric function talks about trigonometry as a function which has domain, range, and properties of
function and uses radian as its measure (Maknun, Rosjanuardi, & Jupri, 2018). The properties of a
trigonometric function is an initial stage to analyze limit, derivative and integral of trigonometry in calculus

which is widely known as: sin = . Further, trigonometric law such as sine and
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since development of trigonometric functions are based on some concept in analysis (Corlis & Berglund, 1958;
Spitzbart & Bardell, 1955; Varberg, Purcell, & Rigdon, 2006)

Studies show that the concept of trigonometry as a ratio of side right-angle triangle is well understood by
the students. Both teacher and students have a minor complication in this concept compared with the other
concept i.e trigonometry as a function (Byers, 2010; Cetin, 2015; Maknun, Rosjanuardi, & Ikhwanudin, 2018;
Weber, 2005). The use of ratios approach in trigonometry generally emphasizing procedural skills and such
expertise does not give students an understanding of trigonometric functions (Usman & Hussaini, 2017,
Walsh, Fitzmaurice, & O Donoghue, 2017; Weber, 2005). Too much emphasis on trigonometry as a ratio of
right-angle triangle sides will take a long time for students to learn trigonometry as a function logically and
systematically (Usman & Hussaini, 2017). Maknun, Rosjanuardi, and Ikhwanudin (2018) reveal the student
study trigonometri and its value only particularly at at a special angle. The concept of trigonometry as a
function had been overlooked and students had limited understanding about it, for instance, the students are
difficult to recognize in which range the sine and cosine function is either decrease or increase (Kamber &
Takaci, 2017; Weber, 2008) whereas knowing this concept could help them mastering the limit, differential,
and integral of trigonometry.

Studies showed that a unit circle can bridge the gap between student’s knowledge of trigonometry as a
ratio of a right-angle triangle and trigonometry as a function (Demir & Heck, 2013; Maknun, Rosjanuardi, &
Jupri, 2019). On the other hand, the obstacle arose could be because students are not ready with the material
provided or the material taught is too abstract for them (Orhun, 2001). Graphical representation can provide
a visual representation which can help the students (Choi-koh, 2003). Trigonometric function graph as one of
the representations of trigonometry as a function visibly explores the properties of trigonometry. Thus, the
collaboration of the unit circle concept which had been revealed can be suitable approach in trigonmetric
function and the need of real object as trigonometric graph. As Kansanen and Meri (1999) study that class
situation is an interactive interaction among students, teacher, and material which a complex system
knowledge construction. Since material is a vital component in didactical situation, Park (1994) shows the role
of simulations that can bring students’ attention to important features and their relationships with other
components that may not be easily understood in abstract systems. Simulation can also illustrate procedural
relationships, address the issue or problem arising in the simulation (Gredler, 2004) . For example, when
changing a trigonometric graph that involves four transformations, students can see sequential steps to
achieve the final result. As Gredler (2004) mentions that it bridges the gap between the classroom and the
real world by providing experience with complex, evolving problems. It also can reveal student misconceptions,
understandings about the content and provide information about students’ problem solving strategies. This
purpose is in line with the TDS by Brousseau (2002) as a adidactical situation, a situation includes both the
task and the environment which include problem to be posed, the conditions under which it is to be solved,
and the expected progression toward a strategy in order to develop student’s mathematical knowledge. The
didactical design proposed is not only showing the interaction prosess in class but also framing within a deep
a priori analysis of the underlying materials of the topic to be learned, integrating the epistemology of the
materials, and supporting cognitive hypotheses related to the materials (Brousseau, 2002). Hence, the
teachers could make a suitale design for their students, how to expose the connection among the mathematics
materials and minimize the learning obstacle for students.

The didactical design in this study is proposed to figure out the trigonometric function graph through a
unit circle approach. This study is guided by the following research questions:

1. How didactical design in drawing trigonometric functions through unit circle approach?
2. How didactical design in analysing trigonometric function properties through graphical representation?

The practical implication of this study can be an input for teachers and other researchers to implement it
again in mathematics learning. This study proposes mathematics learning trajectory, for example how the
presentation of material topics is given and how the sequence and interrelation between topics in order to
obtain a continuous learning sequences.

THEORETICAL FRAMEWORK

Didactical Design

Didactics is as being about the transformation of the subject (mathematics) through activities and tasks in
which students can gain access to mathematics, engage with mathematics, and come to know the
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mathematical concept (Sullivan, Knott, & Yang, 2015). In order to acquire this, the role of the teacher is to
select, modify, design, redesign, sequence, implement, and evaluate the tasks. These task activities offer
students to encounter mathematical concepts, ideas, and strategies. Factors that influence the task design
process and accompanying pedagogical considerations are: 1) The interactions among aspects of task design:
design elements of tasks, the nature of the mathematics that is the focus of the tasks, and the task design
processes; 2.) Pedagogies: the nature of the authority and autonomy of the teacher in creating and
implementing tasks and problematic aspects of converting tasks from one culture to another. 3) Students
learning: consideration of students’ responses in anticipating the pedagogies (Sullivan et al., 2015)

These two different ways (mathematical knowledge and situations) are related to epistemological analysis.
From this epistemological analysis it forms, which Brousseau called, the theory of mathematical situations
and didactical situations (in this study called didactic situations). Didactic situations, namely situations that
are designed and utilized according to the objectives of teaching and learning (Artigue et al., 2014). Brousseau
(2002) distinguish two perspectives that might occur in a didactic situation, the first view of the student
environment organized by the teacher, and the second a broader view that includes the teacher and the
education system itself.

Theory of Didactical Situation

Theory of didactical situation (TDS) is associated with Guy Brousseau (Watson, 2015). A first synthesis of
TDS was published in 1997 in English but the theory has since developed considerably in its conceptual
notions as much as its research methodologies (Artigue, Haspekian, & Corblin-Lenfant, 2014). In this study
The Theory of Didactical Situations (TDS) was used as framework in how the didactical design should be
conducted. The characteristic of TDS research are: 1) framing within a deep a priori analysis of the underlying
materials of the topic to be learned, 2) integrating the epistemology of the materials, and 3) supporting
cognitive hypotheses related to the materials (Brousseau, 2002). Framing within a deep a priori analysis of
the underlying materials of the topic to be learned is its attention to mathematics and its epistemology which
is stated in two different ways, namely through the epistemological situation and through the fundamental
situation of a given concept (Artigue et al., 2014). Epistemological situation is related to providing a form of
knowledge that is relevant and successful in certain concepts, but sometimes becomes incorrect or inadequate.
While, the fundamental situation of a given concept is mathematical situations in which the concept given
forms the optimal solution.

Integrating the epistemology of the materials is related to the epistemological characteristics of
mathematical knowledge. This characteristic is reflected in three types of situations, namely action,
formulation and validation (Brousseau, 2002).

1) The action situation is how students determine the strategy, it means how students develop strategies
to deal with and respond to given problems; analyze and understand problems

2) Formulation situation is a situation where students interact with their friends, argue and make
conclusions.

3) Validation situation i1s a situation that asks students to develop, to correct, to revise opinions,
conclusions analyzes made by students.

Supporting cognitive hypotheses related to the materials is related to the cognitive dimensions of students,
especially in the process of adaptation and acculturation. The concept of adaptation is in accordance with the
concept of Piaget (1970) that students learn by adjusting themselves and their environment that in the process
there will be contradictions, differences, imbalances which are natural processes as experienced in the social
conditions of society. The results of this student adaptation make evidence of the learning process (Brousseau,
2002). While the concept of acculturation is needed to connect the construction of students with the knowledge
they have. Adaptation and acculturation are two key construction processes in TDS (Artigue et al., 2014). The
key constructs of adaptation, in TDS, are referred to as a-didactical situation—situations that arise outside
the context of the learning plan (Brousseau, 2002) and milieu—conditions and events in which students
interact in a-didactical situation, and are roles teacher in arranging this (Artigue et al., 2014).

While the key construction of acculturation, in TDS, through the term devolution (the teacher makes
students accept mathematical responsibilities through problem solving without expressing the conclusions of
learning first) and institutionalization (the teacher helps students in connecting the knowledge that students
have built in a-didactical situation). The teacher need in fostering the later institutionalization of the students’
mathematical knowledge acquired during the adidactical phase—the term institutionalization referring
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specifically to the process whereby the teacher gives a certain status to the ideas developed by students by
framing and situating them within the concepts and terminology of the broader cultural body of scientific
knowledge (Artigue, 2009; Artigue et al., 2014). Identifying a suitable set of problem situations that can
support the development of new mathematical knowledge is absolutely central to the design of a TDS teaching
sequence.

Didactical Triangle

The more diverse actions provided by the teacher, the more diverse learning situations that will be created
that will lead to increasingly complex learning processes. The complexity of learning is related to the
interaction among teacher, students, and material. Kansanen (2003), and Kansanen and Meri (1999) use
didactic triangles to facilitate understanding the complex relationships between teacher, students, and
material i.e. the relationships between teacher and students (pedagogical relationship); between teacher and
material; and between students and material (didactical relationship). The relationship between the teacher
and the students relates in the form of intervention from the teacher, scaffolding, actions taken by the teacher
to create a learning situation so that the learning process can be formed (Suryadi, 2010). When the teacher
take action on the students (for example in the form of instruction) the students will take action, where the
students’ action determines the teacher’ next action and so on. So that in this case, the relationship that occurs
between teacher and students is a two-way relationship.

The relationship between students and material is the key to didactic understanding (Kansanen, 2003;
Kansanen & Meri, 1999). This is because the entire learning process boils down to the achievement of learning
objectives contained in the curriculum, namely material. As the output is in the form of learning outcomes,
but not limited to that. Behavior change as a result of the response to activities during the learning process is
also a consequence of the output of the learning process. This learning process can be seen and observed in
the learning process. In other words, the relationship between students and material can look like the learning
process. However, there are things that are not visible, such as the processes that occur in students’ thinking
as a result of relation between the students and material where this cannot be controlled by the teacher. The
thing that might be done by the teacher is controlling the activities to achieve the learning goals (Kansanen,
2003; Kansanen & Meri, 1999). Therefore, the teacher job is to direct this relationship (students and material).
So, there is a relationship between students and material materialized in the activity, then the teacher has a
connection in the relationship between students and material. This relationship is called the didactic
relationship, the relationship between other relationships (see Figure 1).

CONTENT TEACHER

-:_._,_""‘""'_F"_‘_d ::‘:;—

TEACHER pedagogical relation  STUDENT

CONTENT didactic relation STUDENT
Figure 1. Didactical and pedagogical relation in didactic triangle (Kansanen & Meri, 1999)

The relationship between the teacher and the material relates to the competence of the teacher in
mastering the material. Related to this, McClellan (Kansanen & Meri, 1999) revealed that a teacher must
have what students do not have. This can be interpreted in terms of skill and academic adequacy. This can be
interpreted in terms of skill and academic adequacy. It is very important that the relationship between
teachers and material comes from many directions. It means that the teacher is able to view material from
many sides and approaches. The relationship between the teachers and the material is something that cannot
be ignored from the didactic triangle. In this relationship, the teacher predicts the learning situation while
anticipating situations and students’ responses that might occur. Anticipation is not only about the relation
between the students and material, but also the relationship between teachers and students both individually
and in groups or classes. So that it can be said that this relationship is the embodiment of the results of the
teacher’s thinking about a learning process by considering various possibilities that are predicted to occur in
learning and learning barriers (Suryadi, 2010). Thus, it takes place before the learning process begins. To sum
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up, the main role of the teachers in this didactic triangle concept is to create a didactical situation so that
there is a learning situation. In other words, a teacher needs to have the ability to create didactical relations
between students and teaching material so as to create an ideal didactic situation for students (Ruthven et
al., 2009).

RESEARCH METHOD
Design

The research design used in this study is qualitative. To construct didactical design, trigonometric test and
interview were conducted. To get the general information in how the teaching was done, analysing of class
observation and students’ solution were provided. The case study approach was used in order to get in-depth
information about a particular student’s obstacle. In this context, the case study was choosed since it can
explore .

This study is a qualitative study design and uses Didactical Design Research (DDR) method. DDR is a
series of research processes that focus on how to design learning activities. The main purposes are to deliver
ideas to the teacher on how to make adaptations according to the situation in the classroom, to review, and to
analyze the complexity of learning through reflection practices. The didactic design research has three stages
i.e. a prospective analysis, a metapedadidactics analysis and a retrospective analysis (Suryadi, 2010).

1) A prospective analysis is an analysis carried out before learning is done. We conducted an observation
of the class, literature review about the topic, preliminary interview with the the senior students who
had learned the material in previous academic year. The purpose of this stage was to decide what
suitable learning design will be made, what kind of the learning sequences, the learning trajectory
regarding the topic in the trigonometric graph. The didactical design was constructed at this stage

2) Metapedadidactics analysis was conducted to investigate the implementaion of the didactical design,
to look at the learning situation comprehensively, to identify important things that occured (Suryadi,
2010).

3) Retrospective analysis aimed to reflect the learning process and analyze the possibility of learning
obstacle that might be happening in the implementation process. At this stage, the revised didactical
design might be proposed from the previous one.

The process of constructing didactical design was not ended to those three stages, the process could be
repeated as the misconseptions were found.

Participant

This study was carried out to the grade 10th senior high school students in Indonesia public school. A total
of 65 students were participate din this study. It means that they can follow mathematics learning though
they are not skilled enough in analyzing and exploring mathematical questions. The data obtained in this
study were obtained through four ways, i.e. interviews, class observations, documentation, and students’ work
results which were collected in research notes, audio recordings, video recordings, and photographs. The
results of students’ work, both individuals and groups will be analyzed to see students’ mistakes and
understanding.

Data Collection and Analysis

Various data collection were used to increase validity of the data (Creswell, 2013). Engaging in an initial
exploration of the data, develop general picture of the data, representing the finding through naratives and
visuals, making an interpretation of the meaning of the results by reflecting personally on the impact of the
findings and on the literature that might inform the findings, conducting triangulation to validate the accuracy
of the findings (Creswell, 2012). In this study, the data were obtained in three ways i.e. interviews, classroom
observations and documentation. The following are the data collection techniques used in this study:

1. In this study, informal interviews were conducted in classroom setting, which means there was no
question prepared The interview was conducted for particular didactical situation in which need further
exploration in a group of students. In deciding which group interviewe, it was depend on the their
responses to the task. The interview ended when the data were obtained either in reserach note or video
recording.
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2. The observation was carried out to find in-depth findings and have a broad scope so as to strengthen
the consistency and validity of research findings (Creswell, 2013). In this study, observations were made
at the time of doing the didactic analysis. The observation was collected in reserach note and video
recording.

3. Documentation studies conducted in this study included the results of recorded interviews, notes during
the study, photos of student work and videos of the implementation of the didactical design

In this study there are five stages of the process carried out after the data collection process was done i.e.
preparing data, reading the entire data, analyzing in more detail, determining the theme to be analyzed,
describing the theme and interpreting the data (Torrance, 2010). Preparing data; included collecting
documentation and literature results, read the overall data; looked at the data obtained in general, analyze in
more detail, re-reading the data that has been marked in more detail, determine the trigonometric functions
to be analyzed, describe the theme and understanding data either didactical process or didactical situation
will be interpreted based on the relationship with previous studies. The didactical design in this study was
divided into several situations in which for each situation, the analysis was connected to the learning situation
theory in (Brousseau, 2002; Kansanen & Meri, 1999; Simon, 1995). The larning situation was guided with the
students’ worksheet as shown in Table 1.

In writing the results of the analysis, researchers use a narrative approach. This approach includes a
discussion of how learning activities are carried out, important events that occur in the field, and the
connection between one event and another, for example how previous learning affects student actions on other
learning. Researchers also present images of student work and illustrate how learning activities take place to
help present the results of the analysis. The process of analyzing interview data is done by reading the entire
interview transcript that has been written based on recordings from the audiotape. The observation analysis
process was carried out by reviewing the learning videos and notes during the study. The things that are the
focus of the main study of the study are the main things to be analyzed but the researcher does not rule out
the possibility of an analysis outside the focus of the research study found during the research process that is
considered important.

Instrumentation

Table 1. Guiding Question in Analysing Trigonometric Function Graphs
Topic Questions

Sine and Cosine Tangent
Maximum Consider the sine and cosine function graph  Consider the sine and cosine function graph you drew.
and you drew. 1. What is the tangent value when the angle isg ? Why this
minimum 1. What is the maximum and minimum happen? Try to analyze from the definition of tangent!
value value of y = sin x . 2. Is/Are there any angle(s) which has same value as tan =?

2. What is the maximum and minimum 2

value of y = cosx

Period 1. Do the sine value are repeated? If yes, in 1. In what other interval(s) do/does the tangent graph has
what interval the graphs is repeated? same representation as number 3? (mention two other
2. Do the cosine value are repeated? If yes, intervals)

in what interval the graphs is repeated?
Increasimg 1. If x moves from 0 to g, then (sinx/ cosx) 1. Compare the graph between the interval 0 < x < g and T <

and value will be (decrease/ increase) from (...) x < 127 Does it has same representation?
decreasing ¢4 () i

function

2. In which other interval does the tangent graph has same
representation as number 1? (mention two other intervals)

Val(ue) will be (decrease/ increase) from (...) 3. Compare the graph between the interval %n <x <mand
to (...
3. (the analyze continue to other interval)
Without finding the value of either sine or
cosine, compare the value by giving the sign of
> or < to the questions below and explain your
reason! (Hint : Use trigonometry graph)

™

o

If x moves from g to gn, then (sinx/ cosx)

1 . .
1;7‘[ < x < 2m. Does it has same representation?

1. sin=.... sin—
6 3
. T 3m
2. sin o sin—
3. sin3,24..... sin(—1)
8m Vi
4. cos —...... cos—
3 4 3
137t
5. cos(—=) v cos(— T)
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RESULT AND DISCUSSION

Prospective Analysis

The learning process is dynamic because what is conveyed in class will affect the students’ subsequent
understanding as well as the assignments given to students. Mistakes that students make may not be because
of the students themselves but because the learning process that is taking place does not provide an
opportunity for students to obtain mathematical knowledge as they should. Analyzing the trigonometric graph
can get them to retain the understanding in the trigonometric properties such as the maximum and minimum
values, the period of the function,, increasing and decreasing function. Designing how the learning sequences
conducted is a part of prospective analysis. The didactical design was divided into two sections i.e. drawing
and analysing trigonometric function section. In each section was constructed a number of didactical situation
along with the cognitive hyphoteses as a related factor in designing didactical process (Simon, 1995). The
cognitive hyphotesis for drawing trigonometrics graph in this study is provided in Table 2, followed by the
explanation the steps to draw the trigonometric functions.

Table 2. Didactical Situation and Cognitive Hyphoteses in Drawing Trigonometric Function

No Situation Cognitive hyphoteses

1 Determine the representation of sine and cosine based Student is able to determine the coordinates of
on the coordinates of the P point on the circle with an  the point P, namely P (cos a, sin a)

angle a. Student reverse in determine the coordinate of
P as (sin a, cos a)

2 Draw the sine function from the representation of - The student needs time in relating the
angles and sine values in unit circle to the cartesian concept from unit circle definition into graph
coordinate and connect them in a smooth curve. representation

3 Draw the cosine function from the representation of - The student is able to both relate the cosine
angles and cosine values in unit circle to the cartesian definition in unit circle into the graph and
coordinate and connect them in a smooth curve. connet the graph in smooth curve

4  Determine the representation of tangent value in unit - The student has difficulty in recalling the
circle then draw it in cartesian coordinate and connect concept of triangle congruent
them in a smooth curve.. - The student has difficulty in connecting the
points into smooth curve
- The student has difficulty in finding the
value when x = %

The idea of drawing the trigonometric function graph is transferring from a unit circle to a cartesian plane.
In this study, we did not limit the angle for some special angles but any angle, both positive and negative,
smaller than 90° and greater than 90°. To make it easier for students, thus, the unit circle had been divided
into sixteen regions (the more regions are better).

The procedure to draw sine and cosine function as shown in Figure 2 is explained as follows:
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&y

X = cosx;y =sinx
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=
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Figure 2. Process in Drawing Sine and Sosine Function from Unit Circle

1Y)

2)

3)

4)
5)

Measuring the length of the arc in each angle for each region of a unit circle then transfer it to the x-
axis. This length represents the domain of the sine function. There is no need for students to know
the exact value of measure thus the students thus the students can use thread to know the length of
the arc.

Measuring the length of the vertical line segment obtained from each point on the circle perpendicular
to the x-axis. This length represents the range of sine function. There is no need for students to know
the exact value of measure thus the students can use either a compass or a ruler to know the length
of it

Corresponding the length of the arc (in step one) to the length of the vertical line segment (step two).
These steps are continued for both negative and positive angle, the obtuse angles, and angles more
than 27.

Then connect the points formed in a smooth curve.

To draw a cosine function graph, the different step is in step two, instead of measuring the vertical
line segment in drawing cosine function the students need to measure the horizontal line segment
obtained from each point on the circle that perpendicular to the y-axis. This length of the line segment
is the range of cosine function.

The procedure to draw tangent function graph is explained by its definition. A tangent is the ratio of sine
and cosine function. Since both sine and cosine are a function thus the tangent is also a function. Unlike sine
and cosine, in which their representation is easily known from the point coordinates in a unit circle. In tangent,
it needs further development to determine the right representation. To draw the representation of the tangent
value in a unit circle, the students were asked to to construct it by the definition of the tangent (see Figure

3).
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v

Figure 3. Representation of Tangent on a Unit Circle

1)

2)
3)

4)

5)

6)

Consider the « in a unit circle with the center in 0. Line segment OP intersects the unit circle at the
point P in the coordinate of P (cos a, sin ).

P’'Q’ is a given-line which tangent to the circle at the point (1,0).
Considering that m£ZQOP = m£Q'OP’ = a, m£0QP = m«£0Q'P = 90° thus m«0OPQ = m«OP'Q’. Hence,

99 _ 9P _ PQ ihus tan a =

the triangle POQ and P'0OQ’ have the corresponding angles. This applies o0~ om = o

sina _ PQ _ PIQ/
cosa  0Q  0Qr

Since 0Q’ is the radius of the unit circle, one unit length, thus the value of tana is equal to the line
segment P'Q’.

Thus, to find the tangent value in a unit circle can be obtained by measuring the line segment of P’'Q’
which is intersected by the extension of two rays of a.

After knowing the tangent representation in the unit circle, the next step is to draw a tangent function
graph based on a unit circle (see Figure 4). The process of drawing a tangent graph begins by drawing
an extension of the end of an angle on a unit circle so that it intersects the tangent of the circle then
corresponds to each angle with the tangent value.

(b)

Figure 4. Student’s works in drawing graph of (a) y = sin(x) and (b) = y = cos(x)

The didactical design for analysing trigonometrics graph was started by answering the question in student
worksheet related to the trigonometric function properties (see Table 1) based on the trigonmetric graphs.
The didactical situation and cognitive hyphotesis for each situation is provided in Table 3.

Table 3. Didactical Situation and Cognitive Hypotheses in Analysing Trigonometric Functions

No Situation Cognitive Hypohoteses

1 Analysing maximum and minimum - The students will have no difficulty in sine and cosine
property function however, the student will have difficulty in tangent

function since it has different representation graph

2 Analysing period of trigonometric - The students will have no difficulty in sine, cosine and
function tangent functions

3  Analysing increasing and decreasing - The students will find no difficult in deciding increasing and
function in trigonometric function decreasing function in sine, cosine and tangent.
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Metapedadidactic Analysis

Classroom practice encompasses the teachers’ teaching and organisation of students’ learning as well as
students’ learning activities. Interpretating classrroom activities is not only trying to explain why things go
wrong, or why thing goes very well but also understanding the complex interplay between factors on different
levels that makes up the daily teaching routines, providing certain patterns that are well known from so many
classroom. There are several factors that ralate to the classroom activities i.e direct relation such as social
relations in the classroom, student relations, relations between teacher and students, students’ prerequisites
for learning, technical and material equipment and indirect relation such as national curriculum plans (Imsen,
1999). This section highlights the student’s response to the didactical situation given by teacher as part of
metadidactical and retrospective analysis.

Students’ response in drawing the graph

There is no significant difficulty for students in drawing sine function and they could connect and relate to
the unit circle. In this case, the students can be clasified as have understanding the process in drawing sine
function graph (Bruner, 1966). Figure 4 shows the learning process when drawing the cosine function graph
relied on the learning process in drawing a sine function graph since it has similarity.

The epistemological characteristics of mathematical knowledge were shown in drawing sine and cosine
function such as the action situation which reflect on how the students develop strategies to deal with and
respond to drawing the graph from the unit circle definition and formulation situation which reflect on the
interaction among the students to make conclusion that they also can draw the graph in negative x-axis as
well as angles larger than 360° (Brousseau, 2002). The findings in how student draw the trigonometric function
is summarized at Table 4.

Table 4. General Findings in Drawing Trigonometric Functions
No Functions Findings / area of challenge
1 Sine e Can relate and connect from unit circle to graphical representation
e explore positive angles, particularly focus on 0° to 360°
e the graph making process of sine functions greatly influences students in the process
of making cosine function graphs.

2. Cosine e Compared with sine gragh, need shorter time in drawing sine graph
e Some students connect the dots in linier line instead of smooth curve line.
e exlore negative angles and angles more than 360°

3 Tangent e Getting confuse in particular angle such as grad

e Difficulty in correspond the representation for angles in second and fourth quadrant.
e Learn the term of ‘asymptote’

Table 4 shows that the students who encounter difficulty in drawing a sine function graph so much likely
also difficult in drawing cosine function graphs. For instance, we found while graph making process, some
students connected the points in the cartesian plane in a straight line instead of connected it in a smooth curve
line because he did the same in the sine function graph (see Figure 5). This finding was in line with Ausubel
(1968) and Bruner (1960) that an understanding of a student’s prior knowledge determined the appropriate
starting point for instruction. The trend is in the process of creating cosine graphs as a result of the graph
making process of the sine function graph. Likewise, if an error is found in the process of making a cosine
graph, it might also be related to the error students make in the graph making process of the sine function
graph. This response is same as Kagenyi (2016) finding as the most challanging factor in drawing the graph.
In this situation student experienced acculturation process as they connect the construction process in drawing
sine function to the constraction process in drawing cosine function which is a key role in TDS (Brousseou,
2002). Making sure that students have fully understand the sine function graph will make significant
contribution in the acculturation process.
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Figure 5. Student’s is not drawing smooth curve on cosine function
When drawing tangent function some students got stuck in deciding the value in y-axis at the angle of %
and in the interval from % to m, and %ﬂ to 2. The value of tangent function at the angle of g was described by

the the teacher by involving the students to analyse it through the definition of tangent. The students got
stuck in the angle of g where one of the rays of a parallel to the the line P'Q’. They could not find the

intersection between P'Q’ and the extension of two rays of @. The students thought that it was impossible to
draw the intersection lines since both lines are parallel as shown in student-teacher classroom interaction.

Students : “How can I draw when the angle is g ”

Teacher : “Could you find the intersection?”

Students : “No, it is parallel.

Teacher : “For this moment, you can draw vertical line to make a sign about this angle. Just

continue drawing the other angle. We’ll discuss this matter later”

The interaction between tacher and students is mentioned by (Kansanen & Meri, 1999) as a pedagogical
relation as the student and teacher bulid interaction relate to the material. The difficult situation that student
experienced in angle %rad shows the adaptation and acculturation process. The student knew that they could

not make the intersection in angle % rad, thus they confuse in how to know the intersection point. However

the teacher’ response in hanging the answer reflects as a teacher role in devolution--to makes students accept
mathematical responsibilities through problem solving without expressing the conclusions of learning first
(Brousseou, 2002).

Student’s mistake in drawing tangent function was in finding the value tangent in second and fourth
quadrant i.e. they could not relate the angle from the unit circle to the cartesian plane (Figure 6). Further
investigation revealed that the students failed to match between the angles and the tangent value. In the
instruction, the students supposed to find the tangent values from continues to the anti-clockwise angles in a
unit circle then corresponded them in Cartesian Plane.

L/L i
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(a) ()
Figure 6. Student’s work on drawing graph of y = tan(x), (a) true, (b) False

The anti-clockwise angles in the unit circle have been represented in the Cartesian plane as x-axis from
the lowest to greatest. Contrarily, after they did the angle g, they continued to draw clockwise in fourth
quadrant angles starting from the angle of 1%11. This method not only brought them to the false graph but

also got them stuck in the second and third quadrant angles. This finding was outsode the context of the
learning plan and contradict to the sine and cosine function which no issue found in drawing angles in second
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and fourth quadrant. However, Brousseou (2002) calls this situation as a-didactical situation, in which student
interact in it as a key construct of adaptation.

The teacher foster the later institutionalization of the students’ mathematical knowledge acquired during
the a-didactical phase in drawing the tangent function and identifying a suitable set of problem situations
that can support the development of new mathematical knowledge in analysing trigonometric function topic
(see Figure 7).
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Figure 7. Students and teacher activities in the classroom
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Students’ response in analysing the graph

In analysing the graphs the students were guided by the students’ worksheet and need need to answer the
questions before they could discuss the answer with the teacher. Thus, the teacher can investigate the various
of students’ argumentation and analysis. Table 5 shows the findings of learning process when analysing the
trigonometric function graph.

Table 5. Issues Found in Learning Process

Properties Issue Found
Sine Cosine Tangent
Maximum & Have no difficulty in finding the Have no difficulty in Asymthot was introduced
Minimum finding the
Period Some students false in determine Have no difficulty in Having difficulty in finding
the period (because of finding the period period. Students thought
misunderstanding about the term of that the period as same as
period) sine and cosine’s
Increasing & no significant difficulties no significant Need further exploration in
Decreasing difficulties studens’ worksheet

how to get them to retain the
concept of trigonometric values how to get them to
retain the concept of

difficult in find for angle in fraction A ’
trigonometric values

representation because hard to
determine the position of angle in x- difficult in find for
axis angle in fraction

representation
Find easier in find angles in degree

The maximum point for a function y = sinx or y = cosx is the point where y has the largest value on an
interval whereas the maximum point for a function y = sinx or y = cos x is the point where y has the smallest
value on an interval. Hence, the maximum and minimum value can be obtained from graphical
representations by watching the highest and the lowest peak of the graph. Since both the sine and cosine
function has the same maximum value (+1) and minimum value (—1), the sine and cosine have a range value
from interval —1 to +1, —1 < sinx <1 and —1 < cosx < 1. All of the students could answer these questions
correctly. Although they had already known the maximum and minimum value from the unit circle concept
they learned, besides, they could directly see the graph in which point the graph had the highest point and
the lowest point. The students had no difficulty to find the maximum and minimum value of sine and cosine
function through the graph representation since they easily notice from the peak of each graph. As Choi-koh
(2003) finds that visual data facilitated the student’s motivation to explain. In analysing tangent funxtion,

12/19


http://www.iejme.com/

INT ELECT J MATH ED

students were introduced the asymptote and also the explanation of why they could not draw the graph when
x =~ and its periodicity.

Teacher : “what is the tangent value when x = %”
Students : “Undefined”

Teacher : “Why?”

Students : (silence)

In order to get the idea of the answer, the teacher was constructed task sequences as follows:
1) Recall the definition of tangent function i.e. sine over cosine

2) Calculate mathematically by substituting the value of sing and cosg

3) the final result showed that tan% = %, which is undefine

This is a natural process of adaptation which involve imbalances to students in particular angle which
differ from others (Artigue et al., 2014). Through this analysis of graphs of tangent functions students are
introduced to the term asymptote, an asymptote is a straight line that is a close approximation to a particular
curve as the curve goes off to infinity in one direction. The curve becomes very, very close to the asymptote
line, but never touches it. For example, One of the asymptotes in tangent function is line x = % Through this

explanation the students were asked to figure out other asymptotes which could exactly determine by them.
The classroom situation showed the relation among teacher, students and material as a didactical triangle
Kansanen and Meri (1999). The competency of teacher in introducing the definition of asymptote in this
situation shows the level competency of the teacher. It is important for the techer be able to view material
from many side and approach (Kansanen, 2003). The students contructed formulation situation in which they
argue and analyse the problem that they encounter.

The process of analyzing in which interval sine and cosine functions increasing or decreasing was a
learning sequence to overcome students’ obstacles in understanding the relationship between angles and their
trigonometric values. For instance, the students assume that the greater the angle, the greater the sine value
and vice versa in cosine (Weber, 2005) . This assumption is correct in case of an acute angle, but it does not fit
any angles. It only fits for particular interval angles. In comparing which sine value of two angles is greater
than the other and comparing which cosine value of two angles is greater can be seen be seen from the distance
of the graph to the x-axis. If the distance of particular point on the sine/cosine value to the x-axis is greater
than the other point then so does the sine/cosine value. The graphical representtaion can comparing the value
of sin 190° and sin 27° for example without knowing the exact value.

Teacher : “Be careful here, we pay attention to the sine graph and its angle, where is the location of
the sin 190°? it is negative. So which one has greater value?”
Student : “sin 2797

The challenge appeared in how to get them to retain the concept of trigonometric values. In this case,
several questions were provided in comparing the trigonometric values without knowing what the value is. In
this type of questions, Through angles and providing an example, students can understand the relationship
through analyzing from graphic representation. The students need to determine which one is greater by put
the symbol more than (>) or less than (<) (all the angle is in radian). The students were encouraged to use
trigonometric function graph to explore their answers.

1. sin(3,24) ... sin(—1)

2. cos (gn) ...COS Gn)

The obstacle came in when the angle appears as a fraction (e.g. 2"&") They hardly determined where the

right angle position in the x-axis. The students were still struggling in fraction particularly in comparing two
or more fractions. This finding is differ when the students were provided the angle in degree unit which they
did not find hard in determining the angle position in x-axis.

Periodic function is a function that keeps repeating the same values. Formally, a function f(x) is periodic
if there exist a number p such that f(x + p) = f(x), for all x. If p is the smallest number with this property,
then p is called the period. The function of y =sinx is a periodic function with a period of 2w, because

13/19


http://www.iejme.com/

Maknun et al.

sin(x + 2m) = sinx, for all x and so does y = cos x function. The class discussion in this material is presented
below:

Teacher : “At what period does the graph repeat?”
Students : “m” (some students)
. “21” (the other some students)

Teacher : “Take a look! This curve is increasing and decreasing [pointing to the graph of the sine
function], then it is increasing and decreasing again. So at what interval?”

Students ;U

From the dialogue above it was known that some students were wrong to find the period of pi, the other
were right. Differ from a study of Marchi (2012) that find the student uses memorized information to create
the representation. Yet, in this study is more likely because of the lack of definition of period. They saw the
graphical representation in interval O rad to m rad was similar to the graphical representation in interval ©
rad to 2w rad then they assumed that this was a repetition thus the period was m rad. This reveals the lack
relationship between students and the material of period which can affect didactical understanding
(Kansanen, 2003; Kansanen & Meri, 1999). In this situation the teacher controlled an activity in order to
achieve the learning objective by giving the instruction to analyse based on the increasing and decreasing of
the graph. This act as a teacher responsibility to direct the student-material relationship.

When analysing the tangent function, the students said that the period of the tangent was 2w because in
the two previous functions i.e. both sine and cosine function have periode of 2m. They did not analyze by the
period definition first and then decide the answer.

Teacher : “What period does the graph repeat?”

Students :“2m”

Teacher : “Look at the picture again!” [pointing to the graph].
Students B

It is interesting that student said the period of tangent is 2m because the two previous trigonometric
functions (sine and cosine) has 2n period. The memorized information used by the students in this situation
was as same as what Marchi (2012). However, when the teacher asked them to look at the picture, the students
noticed that the graph repeated in . The process of acculturation and adaptation of knowledge can be seen in
this situation. The students had known the definition of period from the sine and cosine material, whereas
they were distracted in finding the right answer because of the sine and cosine period. The process of didactical
situation was shown when the student validated their answer into right answer after the process of action and
formulation (Artigue et al., 2014).

Retrospective Analysis

Learning activities in a classroom is a complex system which involves several aspect of learning such as
students, material, and teacher. The interaction among them is a huge exploration. This study was observing
the interaction among the learning aspects using the didactical design which had been planned based on the
learning theory. From the concept of didactical triangle propose by the (Kansanen, 2003; Kansanen & Meri,
1999; Suryadi, 2018) , the concept theory of didactical situation proposed by (Brousseau, 2002) and leanring
hyphotesis by (Simon, 1995), the classroom situation in this study can be concluded as Figure 8. The figure
shows the didactical aspect which experienced by both the teacher and the students along the learning which
is retrieved and devoleped from Artigue et al. (2014), Brousseau (2002), Kansanen and Meri (1999), and
Suryadi (2013) explanation about classroom analysis.
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Figure 8. Didactical Situation Processes in Drawing and Analysing the Trigonometric Function Graphs

The didactical design in this study was able to demonstrate to the students how to draw the sine, cosine,
and tangen function using the unit circle approach. However, the design can be enhanced in varying the
examples and analysis to students especially in how to draw tangents. The learning sequences in analysing
the trigonmetric graphs is quite comprehensive in sine and cosine functions which, however the tangent
function need to be more explored by the teacher. In the design, the teacher did not provide varied examples
which makes it difficult for students to determine the tangent value at another angle (example: quadrants II,
I11, and IV). The exploration of analysis in tangent function.

CONCLUSION

The didactical design in this study uses the unit circle approach through hands-on activity in drawing
trigonometrics function graphs which dragging from the definition of the unit circle as well as analysing the
properties of trigonometric function based on the graph they drew. The general idea in how the trigonometrics
function can be drawn and analysed from the unit circle is ilustrated in Figure 9.
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Figure 9. The idea in drawing and analysing sine, cosine and tangent function

In this instruction, the student need to understand the trigonometrics functions value in unit circle. Since
the trigonometrics is a function, the students relate the correpondence of the domain and range representation
to the graphical representation i.e. the lenght of the arc as a x-axis and trigonometric value as a y-axis.
Secondly, the student find the possible values of trigonometric function in the unit circle and tranfer them as
dots into cartesian plan then connect the dots in smooth curve line. The trigonometric properties which are
analysed in this study included maximum and minimum value, period, and increasing and decreasing
function. The students use worksheet given in the learning process to help them aware of what trigonometric
function properties should be analysed.

From the description in the results section, we can summarize the main findings. First, the study shows
that the students can relates the interpretation of sine, cosine and tangent value in a unit circle to the
graphical representation. In this design students have no difficulty in drawing cosine graphs because there
are similarities with the process of drawing a graph of sine functions. This indicates that the process of
drawing a sine graph is very attached to students. Unlike the sine and cosine function graph where the
representation can be easily determined on the unit circle, in the tangent function it is necessary to construct
the representation of the tangent value on the unit circle first uses the concept of congruence in triangles.
Student can draw the graph well particularly when drawing the cosine function because the representation of
the sine and cosine function is similar. The challenge exists when they draw a tangent function. It has not
only different graphs from previous functions i.e. sine and cosine but also a complex process in figure out the
representation in a unit circle. Many students need assistance in drawing the tangent graph.

Second, the implementation of the design has reached the learning objectives set. The retrospective
analysis shows that this design should consider to use the angle in decimal form instead of fraction form since
most of the students find difficulty in fraction especially comparing the value of fraction. For the teachers who
intend to implement this design in classroom situation, they should pay more atttention in sine function
because the understanding of sine function related to the understanding of cosine function. The tangent
function in unit circle is differ from sine and cosine thus the a-priori understanding in congruent triangles is
helpful to have better understanding in this matter. Before applying this method the students have learned
about trigonometry in a unit circle such as the degree measurement and the coordinate of a particular point
in circle regarding the trigonometry.

Third, this study reveals that the situation in the class affects in how students perceive the mathematical
content. However, the knowledge obtained by students in the class is not only students get from the situation
created but also from information delivered directly by the teacher. So in this case, in addition to designing
the design and conditioning the learning situation that will occur, the ability to communicate mathematical
content to students becomes important. Thus, mathematics teacher is the creator of a didactic situation
implemented in class should design the learning process in order to the students can obtain the expected
knowledge.
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LIMITATION AND FUTURE RECOMMENDATION

The trigonometric functions material in this study is limited to sine, cosine and tangent function because
the students have been familiar about those function in junior high school. Thus, further exploration in other
functions such as secan, cosecan, and cotangent can be conducted in same classroom situation. The analyzes
of the trigonometric function in this study are limited to maximum and minimu, increasing and decreasing
function and period. The other properties of trigonometric functions, for instance, amplitude, will better to
learn by students in more complex trigonometric functions since it can vary the exploration of function. Thus,
further exploration of the trigonometric function graph properties needs to be conducted such as the amplitude
and more complex trigonometric function graph which involve transformation. For further research, to put
the domain side to the x-axis from the unit circle, the teacher can use other techniques such as making a
divided unit circle from paper then the students can wheel it through the x-axis while making a sign on it.
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