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ARTICLE INFO ABSTRACT
Received: 18 Oct. 2020 The recentincrease in the number of mathematics museums has given rise to a need for tools with which to design
Accepted: 24 Dec. 2021 and assess mathematics educational proposals in this non-formal context. This study proposes the use of the van

Hiele model, a benchmark in mathematics instruction, for the design of interactive museum models focusing on
mathematics contentin general. By way of example, the model is characterised for application to the Pythagorean
theorem. An interactive module designed around the aforementioned characterisation for teaching the theorem
at the Museo Didactico e Interactivo de Ciencias [interactive science instruction museum, MUDIC] may serve as a
reference for future interactive modules and workshops in museums dealing with any manner of mathematics
content.
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INTRODUCTION

In the last 50 years we have been observers of the proliferation of science museums and science centers that rose up in
response to the challenge of a necessary scientific literacy of our society. Normally, we come across displays in science museums
from all areas of the scientific and technological field. However, if we focus on mathematics, it is possible to notice that it has been
present in the evolution of science centers either with the exhibition of devices and tools, with sections that introduce
mathematical concepts and procedures, or with participatory workshops. It is also interesting to highlight the increased attention
in strengthening the knowledge of mathematics in society, which is reflected in the creation of museums exclusively dedicated to
the learning of mathematics. Thus, there are several examples as MOMATH in New York (USA), Mathematikum in Giessen
(Germany), MMACA Museum of Mathematics in Cornella (Spain), Museum of Mathematics in Seoul (Korea), The Garden of
Archimedes in Florence (Italy), Haus der Mathematik in Vienna (Austria), or NAVET in Boras (Sweden), among others around the
world.

The efficacy of a casual environment in science learning has been studied in depth. We have found inter alia the following
studies that confirm it: Allen (2004), Anderson et al. (2003), Falk and Dierking (2013), Griffin (1998), Guisasola et al. (2005), Hein
(1998), McManus (1992), Rennie and Johnston (2004), Salmi (2003), and Tuckey (1992). Any list attempting to compile all the
literature on the subject will leave out key projects. It is vital to underline that it is possible to find published essays specifically
mentioning mathematics learning in museums (Popovic & Lederman, 2015; Suter, 2014).

On the basis of the above, the aim of this article is to carry out the methods that allow us to design an interactive module for
learning the Pythagorean theorem during a visit to a science museum. By this way, we work in a double aspect, considering that
the module focuses on the content we want to teach, but the participant interaction will be through challenges set out to the
visitor, turning the experience into a motivating game (Perry, 1992). The level model for Geometry learning described by van Hiele
(1955, 1986) provides us a theoretical foundation to tackle the content of the module in the design. This model is considered a
reference in the sphere of mathematics education, and it has served as a basis both for the structuring and evaluation of the
teaching of mathematical content and for the educational design of this subject at both Primary and Secondary levels (Gutiérrez
& Jaime, 1998). Furthermore, an explicit characterization of this model has been proposed for a better orientation in its
application, considering both the description of the levels and the skills identified by Hoffer (1981).

The project is structured as follows. The first section presents a literature review in which gathers different research focused
on learning in museums with special emphasis on science and mathematics museums; summarizes the main characteristics of
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van Hiele’s model of mathematical reasoning as well as the main research that explains and evaluates students’ reasoning based
on this model; to end the section, concentrates on the learning of the Pythagorean theorem where research related to historical
and educational aspects has been collected. The second section defines the used methodology. The third section proposes an
explicit characterization of van Hiele’s model for learning this theorem considering the skills identified by Hoffer (1981). This
characterization has been applied to design an interactive module of the Didactic and Interactive Science Mseum MUDIC-VBS-CV
focused on the learning of this mathematical content. Finally, the fouth and fifth sections present the discussion, conclusions and
future lines, respectively.

LITERATURE REVIEW

Learning in Museums

Interest in museum-based learning has been on the agenda practically since public museums were first instituted. That
interest is mirrored in different types of studies: from historic research on the impact and educational value of museum visits
(Hein, 1998) to papers focusing on methodologies for assessing the impact of such learning (Falk & Dierking, 2013). The number of
science museums in particular has skyrocketed since the nineteen sixties. These constantly developing institutions have been
usefully and simply classified by their underlying philosophy.

The number and variety of studies has risen in keeping with the number of institutions. Guisasola and Morentin (2007)
published a review of the literature on the educational role of school visits to museums in 2007. Brajci¢ et al. (2013), exploring
students’ opinions of learning in museums, concluded that pupils value such learning highly, regarding it as efficient and necessary
to their education. They also concluded that their findings should serve to further closer cooperation between museums and
educational institutions.

Faria et al. (2015) drew similar conclusions from experiences with primary school pupils in two science museums. Allen (2004)
addressed the difficulty entailed in designing museum content for conveying scientific concepts and the immense amount of
research and assessment involved in the process. Anderson et al. (2000) conducted a study on how to teach electricity and
magnetism by supplementing classes with activities in a science museum and others associated with the moduli visited in
museums, stressing the importance of preparing pre- and post-visit activities.

Moreover, measuring the impact of a museum module on visitors is a complex task, among others because the latter do not
always use the information provided during the visit as initially intended. The papers reviewed for this study reported that whilst
students could acquire factual and conceptual information after interacting with a series of modules on related scientific concepts,
significant conceptual development only took place when the visit explicitly addressed learning objectives that associated
classroom activity with the museum visit (Falk, 1997). Hence the importance of coordinating the visit with classroom activities
before and after.

Guisasola and Morentin (2007) concluded from their review of the literature that student visits to science museums must be
mainstreamed in classroom planning for learning to embrace more than sheer attitude. Teachers organising such outings with
their students should prepare and adapt the museum’s offering to their own teaching objectives.

The design of student visits that bridge classroom (curricular) and non-formal (scientific literacy) learning is no easy or obvious
task and calls for cooperation among museum educators, teachers and science education researchers. It also requires teacher
training. Studies such as conducted by Chin (2004) or Guisasola and Morentin (2015b) discuss the resources and training offered
by museums to science teachers planning a museum visit, as well as the activities before, during and after such visits to optimise
science museum-based learning.

In this vein, Guisasola and Morentin (2015a) stressed the importance of structuring visits to favour student learning and of
reinforcing the connections between the museum experience and pre- and post-visit classroom activities. Insofar as the ultimate
aim is to favour learning, the general structure of activities proposed by those authors is as follows: (1) activities and resources
prior to the visit (pre-visit); (2) interactive activities or pursuit of information during the visit; and (3) post-visit activities to reflect
on the experience.

Learning Geometry: van Hiele Model

A good deal of research conducted to explain how students learn geometric concepts has been based on the van Hiele
geometric reasoning model (Gutiérrez & Jaime, 1998; Jaime, 1993; Jaime & Gutiérrez, 1990; Sarasua, 2010). Moreover, this model,
first introduced in 1955, has significantly impacted the development and implementation of the curricula in many countries (the
Soviet Union in the nineteen sixties, The Netherlands and the United States in the nineteen seventies and Spain in the nineteen
eighties) (Jaime, 1993).

An updated version of the model published in 1986 assumes the existence of four levels of reasoning to characterise an
individual’s geometric thinking, namely: (1) visualisation; (2) analysis; (3) abstraction; and (4) deduction. Although these are the
four levels normally assumed, a fifth (rigour) is occasionally included. Researchers do not agree on how they should be numbered,
however, whether from 1 to 4 or 0 to 3 (Jaime, 1993).

The major characteristics of this model are level hierarchy and sequence (levels may not be leap-frogged: the first must be
mastered before advancing to the second and so on) and continuity in moving from one level to the next (with a transition period
in which two levels of reasoning are combined (Campillo, 1998; Jaime & Gutiérrez, 1990)).
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Figure 1. Geometric meaning of the Pythagorean theorem

Language and levels are also closely related. Each level has a specific language. The ability to reason associated with the van
Hiele levels is revealed not only by how problems are solved, but also by how students express themselves and the significance
attached to the specific vocabulary.

Moreover, the van Hiele model proposes learning phases including suggestions on how teachers may organise content that
favours student progress from one level to the next. These phases are: (1) information; (2) guided orientation; (3) explicitation; (4)
free orientation; (5) integration (Jaime, 1993; Jaime & Gutiérrez, 1990):

(1) In the first or information phase the teacher informs students of the area of study to be broached. Here students acquire
the basic knowledge needed to perform mathematical work. It also serves teachers as an information gathering exercise,
in which they ascertain whether students have any prior knowledge of the topic at hand.

(2) In the second, guided orientation phase, students discover, understand and learn the main concepts and properties
informing the area in which they are working. Here they build the basic elements of the relationship networks for the next
level.

(3) Inthe third or explanation phase students exchange experiences, describing how they conducted the activities in a group
sharing context. Another aim is for students to learn the vocabulary relating to the level of reasoning pursued.

(4) In the self-orientation phase, students apply the knowledge and language acquired to other types of investigation to
perfect their understanding of the matter. Here the teacher poses problems that may be solved in different ways or lead
to different solutions.

(5) Lastly, in the integration phase students should acquire an overview of the content and methods worked on, relating their
new knowledge to other fields.

Since van Hiele published his proposal, many researchers have formulated instruments to assess students’ levels of reasoning
(Crowley, 1990; Usiskin, 1982). With a view to more accurate assessments, Gutiérrez and Jaime (1998) identified a series of key
reasoning processes: (1) recognition; (2) formulation and use of definitions; (3) classification; and (4) proof, all four of which are
applicable to all the van Hiele levels.

Another benchmark in the application of the van Hiele model was put forward by Hoffer (1981), who adopted an interesting
perspective in an article entitled ‘Geometry is more than proof’. Whilst Hoffer deemed that proofs are a significant component of
geometry, he contended that syllabi should also stress other useful skills. He categorised geometric content into five, visual,
verbal, drawing, logical and applied, and included them as a second dimension in the van Hiele levels. He proposed that
instruction should support students’ progress through the van Hiele levels in all the dimensions of geometric skills.

Hoffer (1981) contended that a student in van Hiele level 2 (analysis), for instance, should be able to visually identify a figure
even when contained in another (visual skill), accurately describe the properties of a figure (verbal skill), draw figures based on
their properties (drawing skill), understand that figures have characteristic properties (logical skill) and use figures and their
properties to apply them to other realms (applied skill) (Hoffer, 1981).

Pythagorean Theorem and van Hiele

The following brief history of the Pythagorean theorem is supplemented with a discussion of its importance in the secondary
curriculum and the methodological proposals to teach it. The focus is on research addressing the van Hiele model as a benchmark
in such teaching paragraph

The theorem and its proofs

Pythagoras is often credited with authoring history’s most famous theorem (Pérez, 2009). In the Middle Ages it was known as
the pons asinorum or bridge of asses that anyone aspiring to be deemed as educated had to ‘cross’.

The theorem contends that for any right triangle with sides A, B, and C, C>=A? + B2 The geometric perspective of the theorem
is based on a comparison of the areas of the squares formed over the sides of a right triangle, as in Figure 1.
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Any number of proofs for the theorem have been proposed throughout history using a variety of methods. Loomis (1968), a
U.S. mathematician, described 370 such proofs. He also grouped them under four major headings: algebraic (relating the sides
and segments of a triangle), geometric (comparing areas), dynamic (using mass and velocity) and quaternionic (deploying
vectors).

The Pythagorean theorem is a fundamental item on secondary school curricula. Teaching the theorem is regarded as crucial
not only for its educational but for its instrumental value (imperative to calculate distances and vectorial magnitudes). That would
explain the many pedagogical studies that explore how the theorem and its proofs are learnt.

Several of those studies propose methodologies for teaching the theorem. Arrieta et al. (1997), for instance, postulated the
use of manipulatives such as the geoboard, whilst Vargas and Gamboa (1997) proposed a method based on the use of GeoGebra
(dynamic geometric software).

Many studies have used the historical proofs of the theorem as a teaching tool (Barreto, 2009; Gonzalez Urbaneja, 2008; Gurrola
& Jauregui, 2008; Weiss-Pidstrygach, 2007), focusing on geometric area comparisons. Such proofs can be posed in the form of
geometric puzzles, affording students the opportunity to sharpen their visualisation skills by exploring multiple representations.

Application of the van Hiele model to teaching the Pythagorean theorem

Despite the significance of the van Hiele model in the design of school geometric content, very few studies propose to apply it
to teach the Pythagorean theorem. In one of the exceptions, Vargas and Gamboa (2013) aimed to ascertain students’ geometric
reasoning through theorem-related activities, although the authors provide no descriptors for the reasoning levels.

Flores (1993), in turn, designed a lesson in which students develop their understanding of the Pythagorean theorem, level by
(van Hiele) level. This author introduced a separate version of the Euclidean proof for each level.

METHODOLOGY

In this paper we go to introduce a proposal for the use of the van Hiele model as a theoretical tool for the design of modules,
applied in this case, to the Pythagoras theorem. We also show the implementation of the module.

This research followed a developmental research approach (Wang & Hanafin, 2005) focused on the development of an
interactive module for teaching the Pythagorean theorem. The study followed the phases: analysis, design and development
(Richey et al., 2004).

It begins by analyzing the environment, the MUDIC, where this study was conducted, is an interactive, educational science
museum focusing on science and technology instruction in a non-formal environment. It is sited on a university campus and run
by science and technology professors and teachers at all levels of education.

The museum has recreational science and renewable energy experiment halls and workshops, as well as a planetarium, a
scientific garden with sundials at the building entrance and a vegetable garden. It receives secondary and primary school students.
Pupils visit the experiment halls in groups of five accompanied by a monitor and participate in workshops likewise with monitors.
The museum also organises related activities such as scientific conferences, stands at science fairs, scientific theatre and cinema,
teacher training courses, science contests and scientific innovation symposia.

Against that backdrop, the MUDIC constitutes an ideal environment for conducting studies on museum-based learning. Its
staff maintains close relations with teachers and researchers, as frequently recommended in studies on learning in non-formal
environments. Moreover, the researchers are also teachers who form part of the module design team or participate in teacher
training in this regard. Lastly, given the museum’s on-campus location, these researchers cooperate or are familiar with the
museum.

Procedure

In light of the paucity of studies associating the Pythagorean theorem with the van Hiele model, the following section
characterises the model levels in conjunction with the skills defined by Hoffer (1981). That characterisation, which may serve to
design modules for the various levels involved, is followed by a specific proposal for an interactive module to teach the
Pythagorean theorem at the MUDIC.

The module will be divided into three stages: pre-visit, module and post-visit, in keeping with earlier proposals for structuring
museum activities that favour student learning (see, for instance, Guisasola & Morentin, 2015a). The stages are associated with
the learning phases proposed in the van Hiele model and described in the previous section. The proposal helps students work on
van Hiele’s (1986) four levels of reasoning and the five skills identified by Hoffer (1981). Interaction with the monitors and the
module is also envisaged at each stage.

FINDINGS

Characterisation of the van Hiele Levels for Teaching the Pythagorean Theorem

The following is a proposal for applying the van Hiele model to teach the Pythagorean theorem and its proofs. Summarised in
Table 1, it consists in explicitly characterising the model’s four levels of reasoning in terms of the five basic skills (visual, verbal,
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Table 1. van Hiele levels and Hoffer skills for the Pythagorean theorem

skill\Level Level 1 Level 2 Level 3 Level 4
Visualisation Analysis Abstraction Deduction
Recognises different Rgcognlses right angles and Understands.area congruencg Understands relationships
. . . triangles, even when part of  referred to adding and subtracting . .
Visual triangles and anglesin a . . among different visual proofs of
. larger figures Understands visual proofs of the
drawing the Pythagorean theorem

Pythagorean theorem
Formulates precise definition of a
right triangle
Formulates the Pythagorean
theorem in terms of the
relationship between the areas of
squares built over the legs and
hypotenuse

Associates triangle name and
figure
Verbal Interprets verbal
descriptions of triangles

Describes right triangles on the

grounds of their components:

legs, hypotenuse, base, height,
right angle

Understands the Pythagorean
theorem as a necessary and
sufficient property to define

right triangles

Draws angles and triangles,
Drawing accurately labelling the
components

Differentiates between . Understands the consecutive
Understands triangle

Represents the Pythagorean
theorem pictorially based on
verbal information on proofs

Applies verbal information on  Can build other figures from right
properties to draw right triangles triangles

triangles and other - steps of a proof of the Understands the need for proofs
L classification based on legs and -
geometric figures aneles Pythagorean theorem to verify the Pythagorean
Logical Understands the notion of Identifies the s Eare of the lenath Uses the reciprocal of the theorem
shape invariability despite q & Pythagorean theorem to Can prove the Pythagorean

of the leg of a right triangle with

itional change in .
positional change the area of the respective square

determine when a triangleisand  theorem using logical rules

triangles when it is not a right triangle
Develops mathematical models
Recognises examples of Recognises the use of the . . involving the Pythagorean
. - . - Can solve real life problems using
Applied triangles and angles in Pythagorean theorem in other theorem to represent abstract
B . the Pythagorean theorem )
physical objects realms systems or describe natural,

physical or social events

drawing, logical, and applied) identified by Hoffer (1981). As noted earlier, these skills characterise geometric knowledge in each
of the van Hiele levels and can be explicitly described to structure the mastery of geometric content.

Table 1 was built as a matrix based on the four van Hiele levels and the five Hoffer (1981) model skills, drawing from a study
by Jaime and Gutiérrez (1990). It describes the skills that can be developed by working with the interactive module and serves as
a basis for module design and training and guidelines for monitors.

MUDIC museum visitors are essentially primary and secondary school students, most with level of reasoning 1 (visualisation)
or2 (analysis). The proposal includes a description of the four levels to enable students in the higher levels to continue to progress.
It also aims to serve as a guide for designing other modules involving several levels of geometric reasoning.

Design of the Visit and the Interactive Module

STAGE 1: Pre-visit

The pre-visit concurs with the van Hiele information phase. As discussed previously, during this phase teacher conduct activity
designed to ascertain students’ prior understanding of the elements to be used in the module. To that end, in the classroom
students are asked about geometric figures to determine whether they distinguish triangles and are aware of their properties.
Where the visitors are non-school groups or the teacher has not engaged in the preliminaries, monitors talk to them about
triangles, using vocabulary specific to their van Hiele level.

Early van Hiele level 1 students such as pre-schoolers are asked to pick out the triangles in photographs of a box, after having
received a description of their characteristics. Their correct and incorrect answers are then discussed. Students in later years are
shown illustrations of different angles which they compare and measure to distinguish right from other types of angles. They are
then shown a large collection of triangles and asked to list their characteristic properties based on their legs or angles. The veracity
of the Pythagorean theorem is then verified in different situations involving right triangles.

This stage addresses the Hoffer visualisation and analysis skills.

STAGE 2: Interaction with the module (museum visit)

This stage, geared to the van Hiele model guided orientation and explanation phases, consists in three activities. The
estimated time for this stage is 15 minutes.

First interaction with the module: Recognition of right triangles

The monitor shows the students that when they fold the corner of a piece of paper the result is a right triangle. They are then
asked to identify the right triangles in the drawing, set out on a table, depicted in Figure 2.

Visitors are then shown photographs of artistic or everyday objects and asked to identify different types of triangles. This first
activity addresses the visual, verbal, logical and applied skills in levels 1 and 2, as well as the visual skill in level 3.
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Figure 2. First activity: Recognition of right triangles design (left) & Implementation (right)
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Figure 4. a) Proof authored by Bhaskara (1114-1185); b) Reorganised pieces

Second interaction with the module: Puzzles for proving the Pythagorean theorem

As an interactive museum, the MUDIC deems manipulatives to be essential to module-induced skill development. In this stage,
monitor- or teacher-guided groups of students try to reconstruct a number of wooden puzzles that prove the Pythagorean
theorem on a 50 cm x 45 cm table.

These puzzles are based on proofs that compare the areas of congruent figures by addition or subtraction. The proofs chosen,
which entail different levels of difficulty, are drawn from Loomis’s (1968) or Gonzélez Urbaneja’s (2008) compilations. Two are
described below by way of example. Thefirst (Figure 3a) is simple and attributed to Pythagoras himself. The figure breaks a square
down into five parts: four right triangles at the corners and a square whose sides are the four hypotenuses. Duly reorganised
(Figure 3b), these pieces form four right triangles and two squares built over the legs. The Pythagorean theorem is obtained by
subtracting the four right triangles from the figure.

The second sample proof, intended for the most advanced level, was put forward by Indian mathematician Bhaskara (1114-
1185). Given a right triangle with legs A and B and hypotenuse C, the first configuration (Figure 4a) shows a square with side C
divided into five parts. These pieces can be reorganised to form another figure (Figure 4b), consisting in two squares, one with
side A and the other with side B. A comparison of these areas yields the desired result: C2:=A% + B2



Roldén-Zafra et al. / International Electronic Journal of Mathematics Education, 17(1), em0672 7/10

L =

Figure 5. Implementation of puzzles of the Pythagorean theorem’s proofs

Table 2. Contribution of the pre-visit, module, and post-visit stages to van Hiele levels and Hoffer skills

skill\Level i Lev.el 1. Level? Level? Level 4
Visualisation Analysis Abstraction Deduction
) Pre-visit Pre-visit . Module (activities 2 and 3)
Visual Module (activities 1 and 3) Module (activities 1, 2, and 3) Module (activities 1,2 and 3) Post-visit
Pre-visit Pre-visit Module (activity 3) .
Verbal Module (activities 1 and 3) Module (activities 1 and 3) Post-visit Post-visit
Drawing Pre-visit Pre-visit Post-visit Post-visit
Logical Pre-visit Pre-visit Module (activities 2 and 3) Post-visit
Module (activities 1 and 3) Module (activities 1, 2, and 3) Post-visit
Pre-visit Pre-visit
Applied Module (activities 1 and 3) Module (activities 1 and 3) Post-visit Post-visit
Post-visit Post-visit

The collection of puzzles is completed with proofs, readily adapted to manipulatives, authored by Liu Hi (China, 300 CE),
Thébit Ibn Qurra (826-901), Leonardo da Vinci (1452-1519), Henry Perigal (1801-1898), Frédéric Ozanam (1813-1853), Anaricio-
Gopel (around 1824), Johannes Eduard Bottcher (1847-1919), and Elisha Scott Loomis (1852-1940). They are all included in
Loomis’s (1968) or Gonzalez Urbaneja’s (2008) compilations. In Figure 5 you can see some of the implementations of the puzzles
carried out in the museum.

Students at all levels are encouraged throughout to explore the proofs, while the language for each level is also introduced.
This activity covers level 2, 3, and 4 visual skills and level 2 and 3 logical skills.

Third interaction with the module: Pooling

The two preceding activities entail working on van Hiele phases 2 (guided orientation) and 3 (explanation). Upon finalisation,
athird focusing on phase 3 (explanation) is proposed. In this activity students share their visions of the structures observed (angles,
triangles, legs, areas, and perimeters), building on their experience.

Pooling is an activity that can benefit visitors at any van Hiele level of reasoning. Some level 1 visitors, for instance, may try to
identify the square of the length of the sides with the area of the respective squares and verbalise the Pythagorean theorem. Higher
level visitors are invited to jointly compare the proofs and reflect on whether they are valid for all right triangles. This exercise also
reveals whether the activity encourages them to find a generalised version of these proofs or devise a more formal proof.

This activity is associated primarily with verbal and logical skills in the first three levels, applied skills in the first two levels and
visual skills in all four levels.

STAGE 3: Post-visit
This stage covers van Hiele phases 4 (self-orientation) and 5 (integration). Students are faced with more complex challenges

that may be solved in a number of ways. Acting on their own, they find that many of the relationships among the objects of study
are explicit. The activity also reviews and summarises what has been learnt.

In this stage, conducted in the classroom, activities can be proposed that introduce the Pythagorean theorem into other
realms, enabling students to apply it to solve real life problems whose difficulty can be scaled to their level of reasoning. Software
packages such as Cabri or GeoGebra can also be used to reproduce and compare proofs of the Pythagorean theorem.

This stage covers level 3 and 4 verbal, drawing and logical skills and applied skills for all levels.
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DISCUSSION

Starting from the role that museums can play in the teaching-learning process in the scientific-technological field, especially
if the visit is properly structured and included in the curriculum. The van Hiele model together with the categorization of the skills
for the acquisition of geometric abilities, provide us the theoretical framework for the development of mathematics modules. The
Pythagorean theorem is one of the most famous in history. In addition to appearing in the high school mathematics curriculum,
throughout history, research has been developed in the field of education, development of demonstrations used as a didactic tool
based on comparison of areas, that lend themselves to developing manipulative activities, such as, in the form of a puzzle.

Analysis of Proposal

The proposal is analysed two-dimensionally in the table below, which shows the pre-visit, module and post-visit stages from
which visitors characterised by each van Hiele level and Hoffer skill would benefit.

As Table 2 shows, the visit as a whole is designed to help visitors work on their skills, irrespective of their level of reasoning.
Van Hiele level 1 visitors may benefit, for instance, from module activities 1 and 3 to work on visual, verbal, logical and applied
skills, whilst level 2 students could benefit from the level 1 skills learnt and activity 2 by working on visual and logical skills. Visitors
with higher van Hiele levels can work on the Hoffer skills both during and after the visit.

Reflection

The volume of research on teaching science in museums has risen steeply in recent years (Allen, 2004; Falk & Dierking, 2013).
The number of mathematics museums has also grown significantly of late, although their impact on mathematics learning has
been scantly studied. Hence the need for tools with which to design and assess proposals for mathematics teaching in this non-
formal context.

As Guisasola and Moretin (2007) point out, students’ visits to science museums must be integrated into lesson planning for
learning to be truly effective. It is therefore of great importance that teachers who organize these visits with their students prepare
and adapt the museum’s offerings to their own teaching objectives. The work presented here is a contribution in this direction.
Specifically, a proposal for the design of an interactive module aimed at learning mathematics content has been carried out,
exemplifying it for the case of the Pythagorean theorem. This proposal contributes in the direction of bridging the gaps between
curricular and non-formal mathematical learning, which has already been explored by other authors in the field of science learning
(Chin, 2004; Guisasola & Morentin (2015b).

Under the proposal presented here, the van Hiele model would be used to design interactive modules for mathematics in
museums. This model, a benchmark for all levels of mathematics instruction, provides a theoretical basis for the most effective
design of such modules from a learning perspective. Specifically, along the lines suggested by Guisasola and Morentin (2015a), the
module has been structured to include pre- and post-visit activities to reinforce the contents seen in the museum. In our proposal,
the phases proposed in van Hiele’s model (namely: information, guided orientation, explicitation, free orientation and integration
(Jaime, 1993)), have been considered as a reference guide to structure the visit.

CONCLUSIONS AND FUTURE LINES

The paper explicitly characterises the van Hiele model based on its four levels and the related skills identified by Hoffer (1981).
That characterisation is applied to design an interactive module for the Regional Government of Valencia’s Museo Didactico e
Interactivo de Ciencias (MUDIC), taking the Pythagorean theorem as an example. The design of the module has been specified for
the case of learning the Pythagorean theorem. First, a detailed analysis of the aspects derived from this mathematical content has
been carried out for each of the van Hiele’s levels, as well as their relationship with the different skills identified by Hoffer (1981).
On the other hand, the activities proposed in the different phases of the visit have also been analysed in the previous terms. This
detailed analysis has been focused on the content of the Pythagorean theorem but it is easily transferable to other content, so the
proposal may serve as a reference for the design of future interactive museum modules and workshops in connection with any
manner of mathematics content.

The van Hiele model (van Hiele, 1986), for learning geometry, proposes five phases that suggest to the teacher how to organize
the contents in order to facilitate the progress of students from one level to another. In the last phase, Integration, students must
acquire an overview of the contents and methods that have been worked on, relating the new knowledge with other fields, is what
is currently known as STEAM strategy (Science, Technology, Engineering, Art, and Math). It would be interesting to implement this
phase in the visit of the designed module, to learn about science in a multidisciplinary way, combining knowledge of subjects such
as plastics, science, physics, chemistry, mathematics and technology, in addition to providing examples of application of scientific
content in the daily life of visitors.

For future research it would be necessary to develop tools that allow us to assess the effectiveness of this proposal, so we

consider it interesting to carry out the design, validation and implementation of questionnaires to know the beliefs of teachers in
relation to learning mathematics in a museum and the effectiveness of this design to increase the science capital of the visitors.
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