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ABSTRACT 
The aim of this study is to investigate Danish pre-service teachers’ (PSTs) mathematical and 
didactical knowledge of operations with rational numbers. This knowledge is studied through 
their collaborative activities to certain tasks related to the teaching of operations with rational 
numbers. An explicit model of the teachers’ mathematical and didactical knowledge is designed 
based on the anthropological theory of the didactic (ATD) and used to analyse five-groups of 
PSTs’ collaborative work. The findings show that the Danish PSTs prefer to use contextual or real-
life situations in their teaching, but they encounter various challenges to realise general ideas in 
the context at hand. 
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INTRODUCTION 
Several studies have showed that many pupils struggle to learn operations with rational numbers (e.g. 

Gabriel et al., 2013). They tend to apply procedural techniques which are often incorrect such as adding 
fractions by simply adding the numerators and the denominators. It is also the case in Denmark that one-
third of all Danish grade nine pupils could not solve a simple addition task of two fractions at the national 
exam (Danish Ministry of Education, 2011). This leads to serious problems for them to learn more advanced 
mathematics, especially basic algebra. 

Pupils’ difficulties to learn rational numbers are believed to be caused by several factors, and one of them 
is insufficient teachers’ knowledge (Siegler & Lortie-Forgues, 2017). Ma (1999), for instance, has showed that 
U.S teachers who merely mastered a procedural technique for the division task of fractions, were unable to 
construct real-life problems whose solution involves the same computations. In contrast, Chinese teachers 
performed better. Meanwhile, there is no evidence how Danish teachers deal with pupils’ difficulties on 
rational numbers. This motivates the author to focus on Danish student teachers’ knowledge of rational 
numbers, specifically the arithmetic operations with rational numbers.  

The present study investigates pre-service teachers’ (PSTs) collective knowledge of operations with rational 
numbers. It is different from most large-scale studies focusing on teachers’ individual knowledge, as measured 
through written tests (Bradshaw, Izsák, Templi, & Jacobsen, 2014; Castro-Rodríguez, Pitta-Pantazi, Rico, & 
Gómez, 2015; Chinnappan & Forrester, 2014; Depaepe et al., 2015; Jacobsen & Izsák, 2015; Şahin, Gökkurt, 
& Soylu, 2015; Van Steenbrugge, Lesage, Valcke, & Desoete, 2014). The teachers’ collective knowledge means 
the knowledge which they could generate and share with colleagues, and which may represent more adequate 
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pictures of the basis of their professional work. Therefore, the design of this study is based on small-scale 
collaborative work situations. Francisco (2013) showed that “collaborative work provides opportunities for 
students to critically re-examine how they make claims from facts and also enable them to build on one 
another’s ideas to construct more sophisticated ways of reasoning”. One can hypothesize that the same will be 
the case when two or more teachers discuss a professional task for teachers (which includes both a 
mathematical and a didactical problem, the latter referring to a teaching problem related to the mathematical 
problem). This idea was initially developed by Durand-Guerrier, Winsløw and Yoshida (2010) and Winsløw 
and Durand-Guerrier (2007), who experimented some simple examples of what they call hypothetical teacher 
task (HTT). Working with an HTT, pairs of teachers or PSTs are given the opportunity to share and link their 
mathematical and didactical knowledge. Moreover, as a result of the informants working in pairs, one can 
gain information not just about the techniques they are able to apply to the task, but also how they describe 
and justify these techniques. More specifically, the present study investigates the following research questions: 

RQ1. What mathematical and didactical knowledge do Danish PSTs possess to address challenging 
situations in the teaching of rational number operations?  

RQ2. How do they produce mathematical and didactical knowledge of operations with rational numbers 
during their collaborative work? What relations do appear between the two components? 

In the following sections, I first review some previous studies on teachers’ knowledge of operations with 
rational numbers. Then, I introduce the anthropological theory of the didactic (ATD) as a framework to study 
Danish PSTs’ mathematical and didactical knowledge of operations with rational numbers. The method 
section presents information about the participants, the design of HTTs, and the data analysis. After that, I 
present the results from the Danish PSTs’ individual and collaborative work on each HTT. Finally, the 
discussion tries to answer the two research questions related to study teachers’ knowledge in the setting of 
collaborative work. 

TEACHERS’ KNOWLEDGE OF OPERATIONS WITH RATIONAL NUMBERS 
Operations with rational numbers provide several challenges for teachers (An, Kulm, & Wu, 2004; Ball, 

1990; Depaepe et al., 2015; Ma, 1999; Newton, 2008; Van Steenbrugge et al., 2014). Many teachers cannot 
relate standard computational procedures with appropriate rationales for those procedures (e.g. Van 
Steenbrugge et al, 2014). One reason for this gap is that PSTs have difficulties to recognise a fraction as a 
single rational number. Another reason is that rational numbers have several common representations, unlike 
natural numbers (Van Dooren, Lehtinen, & Verschaffel, 2015). For instance, rational numbers can be 
represented as fractions, decimals, percentages, or diagrams. Two different representations can be used to 
serve the same number (Vamvakoussi, Van Dooren, & Verschaffel, 2012), and each representation comes with 
different methods or algorithms related to doing operations.  

In the case of addition and subtraction of fractions, a prevalent mistake among PSTs is to add and subtract 
numerators and denominators based on their positions (Newton, 2008). They tend to use this technique 
especially when the task involves two fractions with different denominators. A common method to investigate 
teachers’ knowledge of adding and subtracting fractions is to ask them to write word problems (Austin, 
Carbone, & Web, 2011; Dixon et al., 2014; Kar & Isik, 2014). Austin et al. (2011), focusing their study on 
adding fractions, found an issue related to PSTs’ inability to recognise that uniform units have to be used. For 
instance, a PST poses a task such as pupil A has ½ of his pizza and pupil B has ¾ of her pizza, how much pizza 
do they have together? This word problem looks correct, but the two units (pizzas) may not being the same 
size and shape. A similar finding is also discussed by Dixon et al. (2014) on subtracting of fractions: when 
PSTs are asked to pose a word problem, for instance 𝑎𝑎

𝑏𝑏
− 𝑐𝑐

𝑑𝑑
, they tend to write a problem to represent 𝑎𝑎

𝑏𝑏
− 𝑐𝑐

𝑑𝑑
× 𝑎𝑎

𝑏𝑏
. 

They tend to use an incorrect redefinition of the whole, and the fractions involved in the tasks influence PSTs’ 
performance on writing the word problems.  

Previous studies on how teachers deal with multiplication and division of rational numbers also show that 
teachers may succeed to solve operations of fractions themselves but still be unable to explain the reasons 
behind the used techniques (Alenazi, 2016; Ball, 1990; Erdem, Gökkurt, Şahin, Başıbüyük, & Soylu, 2015; Ma, 
1999; Putra, 2016, 2019; Slattery & Fitzmaurice, 2014). Ma (1999) found that the U.S. teachers had various 
misconceptions about the meaning of division by fractions. Confounding division by 1

𝑏𝑏
 with division by b and 

confounding division by 1
𝑏𝑏
 with multiplication by 1

𝑏𝑏
 were the two common misconceptions when they tried to 

model the symbolic fraction division task by a word problem. This means that they could not explain the 
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meaning of the task based on several interpretations, such as measurement (or quotitive meaning), partitive 
meaning, and product and factors. Some of PSTs’ mistakes on multiplication and division of fractions come 
from their perception that multiplication “makes bigger” and division “make smaller” (Slattery & Fitzmaurice, 
2014; Tirosh, 2000).  

In the present study, I design two teacher tasks based on known misconceptions and difficulties in teaching 
operations with rational numbers. The first task is about exhibiting teachers’ mathematical and didactical 
ideas to handle pupils’ incorrect answers for addition and subtraction of fractions. The second task aims to 
investigate teachers’ mathematical and didactical knowledge for dealing with pupils’ difficulties on 
multiplication and division of decimals (multiplication makes bigger and division make smaller). I design the 
two tasks with two different representations, fractions and decimals, in order to cover different 
representations of rational numbers. 

THEORETICAL FRAMEWORK: MATHEMATICAL AND DIDACTICAL PRAXEOLOGIES 
Shulman’s (1986) seminal work of content knowledge (CK) and pedagogical content knowledge (PCK) led 

many researchers to focus on teachers’ knowledge. In mathematics education, for instance, some researchers 
try to develop a model to study teachers’ CK and PCK, and one of the notable frameworks is mathematical 
knowledge for teaching (MKT) (Ball Thames, & Phelps, 2008). This model, like others, mostly focuses on 
developing large-scale studies of teachers’ individual knowledge, but does not provide a detailed method to 
analyse the connection between teachers’ knowledge of theory and practices.  

Addressing the need to study teachers’ practical and theoretical knowledge as well as individual and 
collective knowledge, I decided to study teachers’ knowledge using the anthropological theory of the didactic 
(ATD) (Chevallard, 1992, 2006, 2007). I chose ATD because it proposes an epistemological model, that is known 
as a praxeology, to analyse human activities - including producing, teaching, learning, and conducting 
mathematical activities. The praxeology is a basic unit into which one can analyse human practice and 
knowledge into two interrelated components: praxis and logos. The praxis or the practical block consists of a 
type of tasks (T) and associated techniques (τ) to accomplish each type of tasks. The logos or the theoretical 
block is related to human thinking and reasoning. Chevallard (2006) argued that no human doing goes 
unquestioned in the long run, so one needs a technology (θ) to explain and justify the techniques and a theory 
(Θ) to explain and unify several technologies; both belong to the theoretical block. So, a praxeology consists of 
a 4-tuple (T, τ, θ, Θ) in which all components are intimately linked, and this is a useful tool to analyse teachers’ 
practical and theoretical knowledge together.  

The notion of mathematical praxeologies is used to describe teachers’ mathematical knowledge of 
operations with rational numbers (CK). An example of a mathematical type of tasks is to add two rational 
numbers. The techniques applied to solve that task depend on how the rational numbers are represented. If 
rational numbers are represented as fractions, a mathematical technique can be a standard procedure of 
addition of fractions (first rename each fraction with the least common multiple (LCM), then add numerators, 
and finally simplify the result). Another possible mathematical technique is to change fractions into decimals 
and then apply the standard procedure for the addition of decimals. An example of technological discourses 
related to converting fractions to decimals is that changing a fraction into a decimal does not change the value 
of the number. Notions such as equivalence classes of representations go into the theory to justify that 
technology.  

To study teachers’ PCK, ATD proposes the notion of didactic or didactical praxeology (Bosch & Gascón, 
2014; Putra & Winsløw, 2018, 2019; Rodríguez, Bosch & Gascón, 2008; Winsløw, Barquero, De Vleeshower, & 
Hardy, 2015). A didactical praxeology is defined as a praxeology aiming at making other (mathematical) 
praxeologies start living in and being shared within human groups (Bosch & Gascón, 2014). So, the didactical 
praxeology begins with specific tasks related to help pupils to acquire a mathematical praxeology. A didactical 
praxeology consists of a type of didactical tasks, didactical techniques, a didactical technology and theory 
(Rodríguez et al., 2008; Winsløw et al, 2015). An example of a didactic type of tasks is to teach pupils how to 
add two fractions. The didactical techniques used can be influenced by factors such as teachers’ mathematical 
knowledge or learning experiences. The most common didactical technique is to present directly a common 
mathematical technique (e.g., an algorithm for adding or subtracting fractions) to the pupils. An example of 
the technological discourse to justify this didactical technique is the assumption that pupils will learn faster 
if teachers first present the mathematical technique and then ask pupils to mimic it while solving similar 
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mathematical tasks. A theory to justify this didactical technology is direct instructional teaching and learning 
(Klahr & Nigam, 2004). 

METHODS 

Participants 

The participants were eleven first-year PSTs enrolled in the Bachelor of teacher education programme in 
a teacher education institution in Denmark. These PSTs volunteered to participate in the study because they 
desired to learn about rational numbers and were willing to help the researcher to study their learning. They 
were first-year students who were being prepared to teach pupils from grade 4 to grade 9. During the data 
collection, they were taking a course about learning numbers and algebra, and the topic of rational numbers 
is certainly part of the course. This also motivated the decision to use first-year students as participants. 
Meanwhile, the main aim of this study is not to evaluate the teacher education programme but to find out how 
PSTs apply their mathematical knowledge about rational numbers in hypothetical teaching situations. 

Design of Hypothetical Teacher Tasks (HTTs) 

The notion of hypothetical teacher tasks (HTTs) was firstly introduced by Winsløw and colleagues (Durand-
Guerrier, Winsløw, & Yoshida, 2010; Winsløw & Durand-Guerrier, 2007) to study and compare PSTs’ collective 
mathematical and didactical knowledge in Denmark, France, and Japan. HTTs are supposed to present 
mathematical and didactical tasks that can be found in common teaching situations. The teachers have to use 
various parts of their knowledge to act appropriately. The mathematical contents of the situations are both 
standard and elementary. For instance, adding two fractions is a common type of tasks that can be found in 
grade 5 in Danish primary schools (Freil & Kaas, 2007), and dealing with common pupil misconceptions, such 
as adding the two fractions based on their positions, is the didactical task that teachers will meet during their 
teaching experience.  

The first HTT focuses on addition and subtraction of fractions (Figure 1). This type of tasks is introduced 
to Danish pupils in grade 5 and grade 6 (Freil & Kaas, 2006, 2007). HTT 1 consists of three tasks. The PSTs 
have to solve individually for the first two tasks, and then use their individual mathematical knowledge to 
propose didactical praxeologies during the collaborative work in the third task.  

 
Figure 1. HTT about addition and subtraction of fractions (Putra, 2018) 

The second HTT focuses on multiplication and division of decimals (Figure 2). The Danish pupils start to 
learn it in grade 6 (Freil & Kaas, 2006). The task is adapted from the TEDS-M study (Tatto et al., 2008), and 
the mathematical task is integrated with the didactical task. PSTs are expected to share their mathematical 
and didactical knowledge to handle pupils’ misconception on multiplication and division of decimals 
simultaneously during their collaborative work. 
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Data Collection and Data Analysis 

The HTTs were originally written in English and subsequently translated into Danish by a master’s 
student who studied didactics of mathematics. Then, a mathematics educator at a University College and a 
mathematics education researcher at a University reviewed the translated items. After some revisions, the 
HTTs were tested in January 2016 with the eleven Danish PSTs. 

The PSTs mostly worked in pairs, except for one group consisting of three students, so there are five small 
groups/pairs1 of PSTs (coded as S1 – S5). Each pair solved the two HTTs one by one, and the researcher and 
the master’s student observed and videotaped their collaborative work. The main focus of PSTs’ collaborative 
work is to discuss the didactical tasks, such as how to handle pupils’ misconceptions and difficulties and how 
to pose adequate didactical praxeologies.  

The data from this study consist of PSTs’ written answers and video recordings. The transcripts from their 
collaborative work were done by the master’s student. She first transcribed the data into Danish and then 
translated it into English. Then, the written answers and video transcripts were analysed in terms of 
mathematical and didactical praxeologies; techniques, technologies, and also possible theories exhibited by the 
PSTs. The data were analysed using Nvivo 11 software. The mathematical techniques were coded from PSTs’ 
written answers, and the didactical techniques were indicated by PSTs’ explanations on how they explained 
the mathematical techniques to the pupils. The mathematical and didactical technologies were indicated by 
PSTs’ explanations and justifications to the given techniques. For instance, an explanation of why the 
technique of making a common denominator is needed to solve the mathematical task of adding and 
subtracting fractions is a kind of mathematical technology, and an explanation of why a teacher needs to 
represent the mathematical task into a concrete situation is a kind of didactical technology. While, the 
mathematical theories were indicated by mathematical terminologies mentioned and appeared in the 
transcripts and the didactical theories may not appear in the discussion, but it can be implied from the 
didactical technologies given by PSTs. For instance, when a PST gives an explanation to teach pupils using a 
concrete situation, a possible didactical theory to explain it is such as the constructivism theory (Piaget, 1964). 
The process of analysing data was done by the author, and passages indicating mathematical and didactical 
praxeologies were read several times. The passages containing questionable points were discussed with the 
master’s student and one mathematics education researcher who are familiar with the content and context of 
the study. 

FINDINGS 

The Praxeological Analysis of PSTs’ Written Answers on Adding and Subtracting 
Fractions 

The eleven Danish PSTs did not have any difficulty to solve the mathematical task for addition and 
subtraction of fractions (Ta). All of them gave correct answers using the standard technique; change each 
fraction into a common denominator and then add numerators (τa1). Three PSTs showed how they found the 
common denominator.  

                                                           
1 The term “pair” is used referring to all groups.  

 
Figure 2. HTT about multiplication and division of decimals (Putra, 2018) 
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The answers to the task of interpreting pupils’ answers (Tb) indicated that all of them recognised the 
mistakes underlying the pupils’ answers. The pupils just added and subtracted the numerator to the 
numerator and the denominator to the denominator (τa1-). They gave two technologies to explain that 
technique. Ten PSTs assumed that the pupils inappropriately applied properties of natural numbers to the 
tasks of adding and subtracting two fractions (θb1). The second technology is that the pupils just employed the 
standard procedure for multiplication of two fractions (θb2). θb2 is only produced by one PST, S2a, who writes: 
“the pupils have confused the calculation rules for addition and multiplication of fractions, so they operated 
the numerators and the denominators as the multiplicative rule”. 

The Praxeological Analysis of PSTs’ Collaborative Work on Adding and Subtracting 
Fractions 

All Danish pairs started the discussion by presenting technological discourses to explain τa1-. Besides 
producing accompanying technologies, four pairs also mentioned that pupils’ misunderstanding the concept of 
fractions is the main cause for their incorrect answers to the task type Ta. The abstract notion of fraction 
belongs to mathematical theory (Θ) to justify the technologies. Three pairs provided a detailed explanation 
what they mean by the concept of fractions; a fraction as a part of a whole, and a fraction as a quotient 
(Charalambous & Pitta-Pantazi, 2007). One example comes from the discussion of group 1, S1a and S1b, as 
follows: 

S1b:  … It seems like they do not fully understand the concept of fractions. They just think that there are 
two numbers on both sides of the line, so that they just can add and subtract the numbers. 

S1a: They have not understood the value of the numbers, like 1
2
 and 2

3
. You cannot add those before they 

have the same value.  
… 
S1b: It is not 1 and 2. It is a half. 
S1a: Yes. It is the same as 0.5.  
The excerpt shows that this pair had the concept of fraction as a number (in the last case, even with an 

equivalent decimal representation). This means that the pupils need to perceive that a fraction 𝑎𝑎
𝑏𝑏
 has a value. 

Mastering this meaning, the pupils will not have any constraint on the size of the fraction, whether the 
numerator is smaller, equal, or greater than the denominator (Charalambous & Pitta-Pantazi, 2007). 

The Danish pairs continued the discussion to formulate some possible didactical techniques for the 
didactical task of type Tc. The concern of the discussion is to teach pupils correct mathematical techniques and 
also to prove τa1- incorrect. A common didactical technique is to visualise both problems into concrete examples 
(τc1). All pairs suggested representing the task into a well-known context by the pupils, such as pizzas, but 
only three groups gave a detailed explanation how they could make use of the context to teach pupils, and 
almost none of them was really aware of uniform units when proposing a real-world problem. They just 
mentioned the context and then directly moved to the diagram representations. It was illustrated by a 
discussion of S5a and S5b as follows:  

S5b: I will use concrete examples; the chocolate and the pizza. However, the pizza is not easy to divide into 
7. 

S5a: Yes. But [the task is] 2
3

+ 1
2
. I will say to them “ 3

5
 is smaller than a whole, however we should end up 

with more than a whole, so your method cannot be right”.  
S5b: Yes. I think we should 

S5a: Draw pizza (both draw circles and shade 2
3
 and 1

2
) 

S5b: Then we get relate them - can you remember “learn about pizza” by those Norwegians where they 
divide pizza? It’s good!  

S5a: I think that they need to have an understanding of the concept. We could practice rules of fractions 
with them, although I think they will learn more from the pizza. Afterwards they could help develop the rules 
of fractions. 

… 
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S5b: And then the other task with subtraction... I think we should explain the same. 

S5a: I would do the same. If a guy wants 1
3
 of my pizza. 

S5b: I think I will use some kind of chocolate bar with 7 rows. 
S5a: Yes. Then we have 4 rows left. 
S5b: Yes. Then we can have 21 as a division. If you use pizza you need to divide it in 21 slices, which is a 

lot. 
From the excerpt, it can be seen how they chose a context to suggest a didactical technique τc1. The decision 

to choose the context of pizzas or chocolate bars depends on the denominators involved in the tasks. It seems 
that the pizza representations or diagrams have some limitation to represent fractions with uncommon or 
bigger denominators. Their preference for teaching pupils using diagrams was supported by their belief that 
pupils would learn more from that, and grasp the concept of fractions. This argumentation is a kind of 
technological discourse that was present among other pairs during their discussion. Their previous 
experiences in a mathematics course where they had watched a video how Norwegians worked with pizzas 
also affect their didactical praxeologies, but they did not discuss this in detail. In addition, at the beginning of 
the discussion S5a provided a technological discourse based on a number sense strategy, using 1 as a 
benchmark. He used it to argue why the result 3

5
 is incorrect.  

Besides suggesting the didactical praxeologies based on the contextual or real-life situations, most pairs 
proposed some alternative didactical techniques. Two of them were to provide pupils with some common 
fractions to work with (τc2), and to change fractions into decimals and then apply the standard procedure for 
the decimals (τc3). Since they just mentioned this without giving any detailed explanation, it was not possible 
to grasp technology-theoretical discourses underlying those didactical techniques. For instance, S1a said 
“pupils could try to change [the fractions involved in the addition task] to decimals and then add them and 
check if [the answer] gives the same result as 3

5
. They probably realize that it is not the same”. Then, S1b just 

agreed with it without considering some challenges that pupils could find when they changed fractions into 
decimals because three fractions involved in the tasks have periodic infinite decimals �e. g. , 4

7
= 0. 571428�����������. 

The Case of Multiplication and Division of Decimals 

The second HTT consists of two mathematical tasks given to the pupils. They belong to the following types: 
Tm : given a positive decimal number 𝑎𝑎 < 1 and a positive integer 𝑏𝑏, calculate: 
Tm1 : 𝑎𝑎 ×  𝑏𝑏 = ⋯ , 0 < 𝑎𝑎 < 1, and 𝑏𝑏 is a positive integer.  
Tm2 : 𝑏𝑏 ÷  𝑎𝑎 = ⋯ , 0 < 𝑎𝑎 < 1, and 𝑏𝑏 is a positive integer.  
The didactical task presented in the HTT is to ask Danish PSTs’ ideas to help pupils to understand why 

the results of the mathematical task Tm contradict to the pupils’ common knowledge of multiplication and 
division of natural numbers (Td). To answer this didactical task, the pairs proposed several ideas that can be 
generalised into two didactical praxeologies; didactical praxeologies based on supposedly “intuitive contexts” 
and didactical praxeologies constructed directly from their mathematical knowledge. I discuss both 
praxeologies in detail in the following subsections. 

Didactical praxeologies based on supposedly “intuitive contexts” 

One of commonalities among five Danish pairs in discussing the second HTT was to want to teach pupils 
based on real-life situations. They provided several ideas for how to situate the mathematical tasks in intuitive 
contexts that they assumed to be related to pupils’ experience. Some pairs found some challenges, especially 
on the division task, because they struggled to shift from division with whole numbers to rational numbers. 
In general, they proposed two didactical techniques that can be described as follows: 

τd1: represent the mathematical tasks into contexts that are assumed to be related to what pupils 
experience in their daily life. 

τd2: use concrete or manipulative objects to support pupils’ learning of multiplication and division with 
rational numbers less than 1. 

Five and four pairs discussed the didactical technique τd1 for the multiplication and division task 
respectively, while the didactical technique τd2 was only discussed by S1 for the multiplication task and S2 for 
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the division task but not in detail. They used various contexts, but most of them still considered to begin with 
a pizza or a cake context to show that 0.25 equals to 1

4
. As an example, S2b begins the discussion by arguing 

that they could use a cake or a pizza to show the pupils that 1
4
 corresponds to 0.25. They successfully apply 

this context to the multiplication task with decimals, but some of them found it difficult to explain the division 
task with decimals. For instance, S1a argued “I do not know how to do division in this case. I can calculate it 
on my pocket calculator and I know how to read the answer on the display”. 

In term of mathematical praxeologies, four and three pairs tended to construct the contextual problems 
based on the meaning of multiplication as repeated addition and division as repeated subtraction (quotative 
division) respectively. For the multiplication task, 0.25 · 8 was mostly reinterpreted as 8 · 0.25. For instance, 
S4a said “here is 25 øre and if you have 8 of these coins how many krones do you then have? (1 krone = 100 
øre)”. His partners agreed that it was a good example because you can use the repeated addition. It seems that 
they were really unaware of how to differentiate 0.25 · 8 from 8 · 0.25 when modelling the task by a contextual 
problem. Meanwhile, when posing the didactical techniques τd1 based on repeated subtraction, they tended to 
convert decimals into fractions or natural numbers. For instance, S5a said “in the other case we can say that 
we have 8 litres of milk, and these should be divided into these 250 [ml]“. This kind of didactical technique 
will lead the pupils to learn not only the division of rational numbers but also the relation among standard 
units (1 litre = 1000 ml). Alternatively, one group constructed the didactical technique τd1 for the multiplication 
task based on proportion and for the division task based on the inverse of multiplication (Alenazi, 2016). S1b 
proposed an idea using the example of a quarter of a cake. She said “what do you have with 4 quarters of a 
cake? You have a whole cake. What if you have 2 cakes? Then you have 8 quarters”. For the division task, it 
was illustrated by the discussion of PSTs from group 3 as follows: 

S3a: However, I think it is a good idea to say that as before “we are 4 people and I get 8, how much do we 
then have together? 

S3b: I have been told always to make a story about the case. I got 100 krone or something like that, and it 
is told that it was my share of the profit. We are 8 people sharing the profit. How great was the profit? 

S3a:  Yes. 
S3b: It must have been 12.5[%], so 100 divided by 0.125. This gives in total 800. 
The excerpt shows that they tried to construct a contextual problem that was indirectly recognised as the 

decimal division task. The pupils may solve this problem using the technique for multiplication instead of the 
division. In fact, a teacher has an important role to make the pupils aware that there is a link between 
multiplication and division, namely, division is the inverse of multiplication.  

In the discussion, all pairs provided justification why they would teach the pupils based on the real-life 
situations. They considered that the multiplication and division tasks given to the pupils were too abstract, 
and those tasks were needed to be visualised. 

S2b: That is what I had in mind. I will try to visualise it. Do they say which grade is it? 
S2a: No. I don’t think so. 
S2b: No, but even in the higher grades, they find it difficult to see that it is just a number. I like to visualise 

it.  

S2a: Absolutely! We have to show them that 0.25 is the same as 1
4
. 

In general, this justification can be formed as a following didactical technology: 
θd1: the multiplication and division tasks need to be visualised to help pupils understand the value of 

numbers better, and the result of the operations.  
None of Danish PSTs directly mentioned any didactical theory to justify this didactical technology, but the 

general virtue of teaching mathematics beginning from contextual problems can be seen as an informal 
didactical theory (Θd1). This is in line with the Piaget’s theory of cognitive development, including that the 
pupils in the age of 7 to 11 years are still in the concrete operational stage (Piaget, 1964). But this is not 
referred explicitly by the PSTs. 
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Didactical praxeologies constructed directly from PSTs’ mathematical praxeologies 

Four pairs also discussed some possible didactical techniques that were built directly from their 
mathematical knowledge. This is mainly because the whole number and the decimal involved in the 
multiplication and division tasks were intuitively recognised by them. In general, the didactical techniques 
suggested can be described as follows: 

τd3: reformulate mathematical sentences for the multiplication or division tasks that can be easily 
understood by the pupils. 

τd4: use pupils’ knowledge of operations with natural numbers to explain operations with rational 
numbers (from proportion to function, see example given by S4c below). 

τd5: convert decimals to fractions and then teach the standard algorithm for multiplication and division 
of fractions. 

τd6: explain the relation between multiplication and division of two rational numbers (if 𝑎𝑎 ×  𝑏𝑏 = 𝑐𝑐, then 
𝑐𝑐 ÷  𝑏𝑏 = 𝑎𝑎 or 𝑐𝑐 ÷  𝑎𝑎 = 𝑏𝑏) 

The didactical technique τd3 was discussed by S1 and S3 in relation to the multiplication task, and by S2 in 
relation to the division task. One example of τd3 related to the multiplication task was to change 0.25 into 25%. 
The multiplication task given to the pupils was to take 25% of 8. A mathematical theory underlying this 
didactical technique is the operator interpretation of rational numbers (Charalambous & Pitta-Pantazi, 2007).  

Two pairs discussed the didactical technique τd4 especially for the multiplication task. Actually, there was 
pros and cons when they proposed this didactical technique because they still considered that it was too 
abstract and not really related to the contextual situation. As an example, it was illustrated by a discussion 
from S4. 

S4c: I think we can make a number table.  
then he draws a table as follows: 

  
S4c: If we ask them to place numbers like 8, 24, and 32 in a row, then they can see that it has to be greater. 

Then we could make them write numbers in the row below. It could be a half and then we get 4. Afterwards 
they could make a graph and see if they can see any relations between the numbers and try to explain why 
division by decimals gives a greater number.  

S4a: I still think that it is too abstract for them. They need to look at pizzas and work with small things. 
S4b: I think they have misunderstood that. I remember that multiplication always gives a greater number 

and this is the rule they struggle with. They just think that all multiplication gives a greater number. That is 
the problem. 

S4c: Yes, but not always. When you multiply by something smaller than 1 you get something smaller.  
S4a: That is the same problem as before (addition and subtraction tasks), where they did not understand 

the numerator and the denominator in a fraction. The rest is just numeracy. I think it is still too abstract for 
them. 

S4c: I can see that. 
From the excerpt, it can be seen that S4c provided the didactical technique τd4 built upon the concept of 

relation and function between factors and products. His mathematical idea was to support the pupils to 
recognise that the change of factors will affect the products. Letting the pupils draw a graph might put them 
into a challenge and learn more advanced mathematics, including early algebra and linear functions such as 
𝑓𝑓(𝑥𝑥) = 8𝑥𝑥. However, his partners considered this didactical technique as too abstract because it was not so in 
line with the common didactical theory (Θd1).  

The didactical technique τd5 was only discussed by one pair, S2. They considered this as an alternative 
didactical technique to teach pupils. They believed that the pupils could understand this didactical technique 
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if they got the meaning of the numerators and the denominators. This was achieved through visualising the 
tasks into something that the pupils recognise e.g., a pizza (θd1). 

Since the task was integrated into multiplication and division of decimals, two groups simultaneously 
discussed the relationship between multiplication and division (τd6). One example from the discussion of group 
4 as follows: 

S4a:  What happens if we take 2 times 3, this is 6, divided by 3 gives 2. (write: 2 × 3 = 6, 6 ÷ 3 =2, and puts 
a ring around the number 2). What happens if we multiply 0.25 by 8, That is 2. And if we divide 2 by 8 (writes: 
0.25 × 8 = 2 and 2 ÷ 8 = 0.25). 

S4c:  Can you not choose to make the division the other way around? 
S4a:  Yes. We can do that. 8 multiplied by 0.25 equals to 2. And 2 divided by 0.25 equals to 8. (writes: 8 × 

0.25 = 2 and 2 ÷ 0. 25 = 8). It is the same journey. 
S4a started presenting an example of multiplication of two positive integers, and then he moved to the 

example of multiplication of a positive integer by a decimal. He tried to show how multiplication and division 
are linked each other, and it can be a potential didactical technique to explain the inverse relationship of 
multiplication and division of rational numbers. Meanwhile, a didactical technology mentioned by this group 
to justify the didactical technique τd6 was that the pupils had to understand how to multiply by rational 
numbers before learning the division tasks with rational numbers (θd2). This means that learning the division 
with rational numbers should link to the previous pupils’ praxeologies on multiplication (Θd2). This theoretical 
idea is further substantiated by the discussion of concrete didactical techniques. 

On the other hand, PSTs from group 1 who tried to employ the didactical technique τd6 got difficulty to 
differentiate between dividing by 1

4
 with dividing by 4. For instance, after realising the relation between 

multiplication and division and trying to explain the division task, S1a said “here (referring to the division 
task) we multiply by 1

4
, No, we divide…I can not explain it”. So, what they had experienced was similar to the 

case of the U.S teachers in Ma’s study (1999). 
During the discussion, three pairs mentioned that the pupils have to understand that multiplying a natural 

number with something less than 1 gives a result smaller than that natural number, and one pair also used 
an opposite argument that dividing a natural number with something less than 1 gives a result bigger than 
that natural number. This corresponds to a general mathematical theory about multiplication and division 
with rational numbers that can be stated as follows: 

Θm : if 0 < 𝑎𝑎 < 1 and 𝑏𝑏 is a natural number, then 𝑎𝑎 × 𝑏𝑏 < 𝑏𝑏 and 𝑏𝑏 ÷ 𝑎𝑎 > 𝑏𝑏 . 
In fact, one can say that these pairs have an adequate mathematical theory that can be used to justify their 

mathematical technologies. 

DISCUSSION AND CONCLUDING REMARKS 
This study examined two research questions. RQ1 concerns Danish PSTs’ mathematical and didactical 

knowledge which they can develop to address challenging situations in the teaching of rational number 
operations. This knowledge is studied in term of techniques and technological-theoretical discourse. RQ2 
concerns how the Danish PSTs produce mathematical and didactical knowledge through collaborative work, 
and what the relations are between the two components. This was mostly addressed in the context of the 
second HTT about multiplication and division of decimals, where it turns out to be more challenging for the 
Danish pairs to propose satisfactory didactical praxeologies. 

Regarding RQ1, the results from this study confirm that the Danish PSTs prefer to build didactical 
praxeologies based on real-life situations. They tend to explain the meaning underlying the mathematical 
operations involved in the HTTs based on “pizza representations” of rational numbers, and this context 
functions well for the first HTT, but not for the second HTT. In fact, pizza representations mainly apply to 
small rational numbers, especially in the interval [0,1], as it is based on the meaning of a fraction as a part of 
a whole. That is only one among five informal models of rational numbers (Charalambous & Pitta-Pantazi, 
2007), and instructing pupils based on this model will not be sufficient to build more complete semantics of 
rational numbers (Lamon, 2012). When the PSTs proposed didactical praxeologies for the multiplication and 
division tasks based on contextual situations, they mostly interpreted the mathematical meaning of the tasks 
in terms of repeated addition and subtraction, respectively. But some of them are unsecure whether the 
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contextual problems suggested are consistent with the given mathematical task, such as 0.25 ×  8. 
Misinterpreting the operations of rational numbers into unappropriated contextual problems will blur the 
meaning of the operations (An et al., 2004). Meanwhile, the most common technological discourse relates to 
PSTs’ belief that concrete representations, such as pizzas, chocolates, etc., are the best aid to teach operations 
with rational numbers. One possible reason underlying this technological discourse is their learning 
experiences either as pupils at schools or as student-teachers at the university college. The latter included, for 
some of them, a video of Norwegian pupils’ work with pizza representations, used in the didactics of numbers 
and algebra. Another reason could be a general pedagogical ideology that “mathematics in real-life” solves all 
problems for pupils. 

Answering RQ2, the Danish pairs struggle to produce appropriate didactical praxeologies, especially as 
they work on the second HTT. They first consider proposing didactical techniques based on real-life situations, 
and these techniques relate to their mathematical knowledge, mostly based on a model of multiplication as 
repeated addition, and division as repeated subtraction. But, some of the PSTs mention that they could not 
find an appropriate didactical technique to explain the division task. This is caused by the state of their 
mathematical praxeologies, especially the technological-theoretical discourse related to the justification and 
details of the standard techniques. PSTs’ understanding the meaning of a fraction as a part of whole leads 
them to some difficulties to explain the tasks on HTT 2. Some of them did not realise other interpretations for 
those task such measurement (or quotitive meaning), partitive meaning, and product and factors (Alenazi, 
2016; Ball, 1990; Ma, 1999; Putra, 2016, 2019; Slattery & Fitzmaurice, 2014). Some potential didactical 
techniques such as τd4, constructed directly from their mathematical knowledge, tend to be neglected because 
they consider that it is too abstract for the pupils. This finding is in accordance with what has been found by 
Winsløw and Durand-Guerrier (2007) that “the Danish PSTs pay considerably more attention in their 
discussions to the pedagogical aspects of the situation. They primarily search for applied or concrete examples 
and illustrations”. 

To sum up, this study reveals a gap between Danish PsTs’ mathematical and didactical knowledge to teach 
operations with rational numbers. Their tendency to associate mathematical tasks with real-life problems 
sometimes does not result in appropriate didactical techniques for teaching operations with rational numbers. 
An insufficient mathematical technological-theoretical discourse for the technique associated with the 
operations is one of the main factors of their difficulties. At the same time, it must be admitted that this study 
has some limitations. The first one is related to the small sample of Danish PSTs participating in this study. 
There were only eleven first-year students, all from the same teacher education institution in Denmark. So, 
the data from this study cannot be taken as representative for all Danish PSTs. Secondly, the HTTs only 
focused on two specific types of tasks on operations with rational numbers. Further research should address 
these limitations by extending the number of participants from different years of study and several 
institutions, and by providing a wider range of mathematical and didactical tasks types, that may be leading 
them to produce broader mathematical and didactical praxeologies. In relation to the methodology 
experimented here, the collaborative setting leads PSTs to discuss their mathematical and didactical 
praxeologies spontaneously. This can help identify what mathematical knowledge the PSTs have individually, 
and how they use and negotiate this knowledge to build didactical techniques for teaching rational numbers. 
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