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ARTICLE INFO ABSTRACT
Received: 10 May 2026 The persistent gap between procedural fluency and conceptual understanding is one of the most challenging
Accepted: 10 Sep. 2026 problems in first-year calculus education. In many developing educational systems, calculus instruction is

dominated by rule-based symbolic manipulation, limited lesson preparation, and little integration of
computational tools, so students often perform acceptably on routine differentiation tasks while showing weak
conceptual understanding of rate of change, optimization, and graphical interpretation. This study examines the
role of computational thinking and teacher competence in improving conceptual learning in introductory
calculus. A quasi-experimental comparative classroom study was conducted with 144 first-year engineering
students over a four-week instructional intervention on derivatives and optimization, comparing traditional
procedural teaching, structured conceptual teaching, and computationally enhanced conceptual teaching.
Learning was assessed through pre-tests, post-tests, delayed retention tests, and transfer tasks across five
dimensions: conceptual understanding, procedural fluency, transfer ability, computational reasoning, and
engagement. One-way ANOVA revealed statistically significant differences among the three groups, F(2, 141) =
19.42, p <.001, with the computationally enhanced group achieving the highest post-test performance, retention,
and transfer ability, and large effect sizes for every pairwise comparison. The findings suggest that computational
thinking, when embedded in pedagogically competent teaching, substantially improves calculus learning, and the
study proposes a scalable instructional framework for educational systems seeking to strengthen mathematics
teaching through computational pedagogy.

Keywords: calculus education, computational thinking, teacher competence, conceptual learning, engineering
mathematics, differential calculus

INTRODUCTION

Calculus occupies a central position in modern mathematics and is one of the most fundamental subjects in engineering,
economics, physics, and computer science (Goodfellow et al., 2016; Stewart et al., 2021). In higher education, first-year calculus
instruction functions not only as a mathematical subject in its own right but also as the language through which students later
encounter mathematical modeling, optimization, numerical analysis, and scientific computation. Among the core concepts of
introductory calculus, the derivative remains one of the most intellectually significant yet pedagogically difficult ideas: it
represents the instantaneous rate of change, local linear approximation, the slope of a tangent line, sensitivity, and optimization
behavior, and understanding it conceptually enables students to interpret mathematical relationships rather than merely
manipulate formulas. Despite its importance, research in mathematics education has consistently shown that students
experience substantial conceptual difficulty when first learning derivatives.

A major challenge in calculus teaching lies in the persistent gap between procedural fluency and conceptual understanding
(Afriani et al., 2026; Durandt, 2026; Harahap et al., 2025). Many students can successfully apply differentiation rules such as the
power, product, or chain rule, yet fail to interpret what the derivative means geometrically (Tarasov, 2016), numerically (Mazzia,
2022), or contextually (Ocal, 2017); students often know how to compute derivatives but struggle to explain why derivatives
change sign, why critical points correspond to maxima or minima, or how derivative behavior reflects the local geometry of a
function. This challenge becomes even more pronounced in many developing educational systems, where mathematics
instruction often remains strongly procedural, examination-driven, and teacher-centered (Hassan et al., 2026). In such settings,
teachers may enter classrooms with limited lesson preparation, insufficient pedagogical training, and little exposure to
computational or visualization-based approaches to mathematics teaching (Ozgeldi & Aydin, 2021), so calculus is frequently
taught as a sequence of symbolic rules to memorize rather than as a coherent system of ideas to understand.
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Table 1. Comparison of existing technology-assisted approaches in calculus education

Approach Educational strength Common limitation

GeoGebra / dynamic graphing Visualization of derivatives and function behavior Limited emphasis on computational reasoning
MATLAB Numerical experimentation and modeling Requires technical expertise

Python-based learning Supports algorithmic thinking and computation  Steeper learning curve for beginners

Online learning platforms Accessibility and flexibility May encourage passive learning

Simulation-based activities Increased engagement and exploration Conceptual gains depend on instructional guidance

Mathematics education research has increasingly emphasized that meaningful learning requires students to engage with
multiple mathematical representations, since symbolic manipulation alone is often insufficient; effective conceptual learning
involves the interaction of symbolic, graphical, numerical, and contextual representations. In calculus, this means students should
not only compute derivatives but also visualize function behavior, approximate rates of change numerically, interpret tangent
slopes graphically, and apply derivatives to optimization and modeling (Sun et al., 2020). The growing availability of digital tools
has created new opportunities for addressing these challenges: computational environments such as MATLAB, Python, and
GeoGebra make it possible to visualize derivatives, approximate limits numerically, and explore local behavior dynamically,
helping to transform abstract mathematical concepts into observable processes (Alam, 2020; Demetriou et al., 2019). Rather than
seeing derivatives merely as formal algebraic expressions, students can observe how slopes emerge, how critical points develop,
and how optimization behaves under changing parameters.

However, the integration of technology into mathematics teaching does not automatically lead to better learning. A recurring
misconception in educational practice is the belief that simply introducing computers or digital tools will improve student
understanding, yet evidence increasingly suggests that technology is effective only when it is embedded within pedagogically
meaningful instructional design — in other words, computational tools matter, but teacher competence matters even more. In
this study, teacher competence is conceptualized as a multidimensional construct involving four dimensions: (1) mathematical
content knowledge, including an accurate understanding of calculus concepts; (2) pedagogical content knowledge, including the
ability to explain concepts, address misconceptions, and select appropriate representations; (3) computational competence,
including the ability to integrate digital tools and computational activities into mathematics instruction; and (4) instructional
design competence, including the ability to organize learning activities that promote conceptual understanding (Ball et al., 2008;
Mishra & Koehler, 2006; Shulman, 1986, 1987). A teacher who is computationally competent does not merely operate software,
but understands how to use computational tools to support conceptual reasoning, mathematical inquiry, and reflective
abstraction.

Asubstantial body of literature documents the conceptual difficulties students face in introductory calculus. Early work by Tall
(1991) emphasized that learning calculus requires a transition from process-oriented symbolic manipulation to the conceptual
objectification of mathematical ideas, and that many students remain trapped at the procedural level, unable to construct
coherent conceptual images of derivatives and limits. Sfard (1991) similarly distinguished between operational and structural
conceptions of mathematical knowledge, arguing that students often treat mathematical expressions as procedures rather than
as conceptual objects — a distinction particularly relevant to differential calculus, where students may compute derivatives
mechanically without understanding the derivative as a mathematical entity representing change. Hiebert and Lefevre (1986)
highlighted the difference between procedural knowledge and conceptual knowledge, showing that deep mathematical learning
requires rich interconnections among ideas rather than isolated algorithmic skills. In the context of derivatives specifically, Orton
(1983), Weber et al. (2012), Zandieh (2000), and Thompson (1994) found that many students could apply differentiation formulas
correctly while lacking understanding of tangent slope, rate of change, and graphical interpretation, and similar findings have
been reported across educational contexts over several decades, suggesting that the conceptual difficulty of derivatives is
structurally persistent rather than merely local.

With the growth of digital learning, scholars have increasingly investigated the role of technology in mathematics education.
Kaput (1994) argued that computational technologies fundamentally change the representational possibilities of mathematical
learning by enabling students to interact dynamically with mathematical objects, and Artigue (2002) emphasized that digital
environments can support conceptual development by linking symbolic manipulation with graphical and numerical
experimentation. More broadly, technology-rich environments appear to improve conceptual understanding only when carefully
integrated into instructional design, and can easily become superficial if used merely as a presentation tool rather than as a
cognitive instrument. A variety of technology-assisted approaches have been employed to support calculus instruction, each with
characteristic strengths and limitations, as summarized in Table 1: dynamic visualization environments such as GeoGebra
improve visual intuition but emphasize graphical exploration without necessarily developing computational reasoning;
computational platforms such as MATLAB and Python support numerical experimentation and algorithmic problem-solving but
can impose substantial cognitive demands on novice learners; and online learning platforms increase accessibility and flexibility
but do not necessarily promote deep conceptual understanding unless supported by effective pedagogical design.

Despite this growing body of research, several important limitations remain. First, many studies examine digital tools,
visualization software, or online learning environments in isolation, without systematically comparing them with traditional and
conceptually focused teaching under comparable instructional conditions. Second, although teacher competence is widely
recognized as critical to student learning, relatively few studies investigate how teachers' computational thinking competence
mediates the effectiveness of technology-supported calculus instruction (Rybak, 2021). Third, much available research reports
improvements in engagement or technology use while providing limited evidence regarding conceptual understanding, retention,
transfer, and reasoning. Fourth, empirical investigations conducted in developing educational systems remain comparatively
scarce despite substantial differences in teacher preparation, technological resources, and classroom practice (UNESCO, 2020;



Nurgaliyeva & Seitmuratov / International Electronic Journal of Mathematics Education, 21(4), em0899 3/20

World Bank, 2018). Finally, there is limited use of quantitative, decision-oriented evaluation frameworks capable of comparing
multiple instructional models simultaneously and identifying which factors contribute most to conceptual learning outcomes.
These gaps motivate the present study.

The central problem addressed in this paper is therefore: how can first-year calculus instruction be designed so that students
move beyond symbolic manipulation toward genuine conceptual understanding, and what role do computational thinking and
teacher competence play in achieving this transition? This paper makes several contributions: it provides a systematic
comparative evaluation of three instructional models — traditional teaching, conceptual teaching, and computationally enhanced
conceptual teaching — focused specifically on derivatives and optimization; it develops an instructional framework integrating
symbolic reasoning, graphical interpretation, numerical approximation, and computational experimentation; it provides
quantitative experimental evidence through pre-test, post-test, retention, and transfer-task analysis; and it examines teacher
competence as a critical mediating factor rather than treating computational tools as a self-sufficient intervention. Its novelty lies
not simply in using digital tools in calculus teaching, but in the integrated comparative framework through which computational
thinking, teacher competence, and instructional design are studied together — a perspective especially relevant to developing
educational systems, where the pedagogical value of technology depends critically on teacher preparation and instructional
coherence. The proposed framework is intended to be adaptable across institutions, though large-scale implementation would
require further validation across different populations and technological contexts.

The remainder of this paper is organized as follows. Section Theoretical Framework presents the theoretical framework
underlying conceptual learning, computational thinking, and teacher competence in calculus education. Section Method
describes the research method, including participants, instructional content, classroom implementation, and assessment
instruments. Section Rssults reports the statistical results, including descriptive statistics, ANOVA, post-hoc comparisons, and
effect-size estimates. Section Discussion discusses the results in relation to existing literature and their implications for calculus
teaching, and Section Conclusion, Limitations, and Future Research concludes the paper by summarizing the principal findings,
limitations, and directions for future research.

THEORETICAL FRAMEWORK

The present study is situated at the intersection of three complementary perspectives in mathematics education: conceptual
understanding in calculus, computational thinking as a mode of mathematical reasoning, and teacher competence as the
mediating condition of effective instructional design (Blomeke et al., 2022; Chiu et al., 2024; Yang & Du, 2024). These dimensions
are not independent; rather, they interact in ways that shape how students encounter abstract mathematical ideas, how they
construct meaning from formal procedures, and how classroom instruction supports or constrains conceptual development
(Salloum & BouJaoude, 2019). In introductory calculus, the derivative is often the first concept requiring students to coordinate
symbolic expressions, graphical interpretation, numerical approximation, and contextual reasoning simultaneously, which makes
it an especially appropriate setting for examining the interplay among these three dimensions.

Conceptual Understanding and Computational Thinking in Calculus

The derivative is more than a symbolic operation: it represents rate of change, local linear approximation, tangent slope,
sensitivity, and dynamic variation, and understanding it conceptually allows students to interpret mathematical relationships
rather than merely manipulate formulas. Tall (1991) described how many students remain at a procedural level, unable to form
coherent conceptual images of derivatives and limits, while Sfard (1991) distinguished operational conceptions — in which
mathematical expressions are treated as step-by-step procedures — from structural conceptions, in which they are treated as
coherent mathematical objects; students frequently begin with operational conceptions and only gradually, if at all, develop
structural ones. Hiebert and Lefevre (1986) argued that conceptual knowledge consists of rich, interconnected relationships
among ideas rather than isolated algorithms, and Orton (1983), Zandieh (2000), and Thompson (1994) documented that students
frequently compute derivatives correctly while lacking understanding of tangent slope, rate of change, and the coordination of
the ratio, limit, and function layers that underlie the formal definition of the derivative.

Computational thinking, understood as the mental processes involved in formulating problems so that a computer or
numerical procedure can help solve them (Wing, 2006), offers one route toward such conceptual coordination. In a calculus
context, computational activity can create a bridge between intuition and formalism: for example, before proving that d/dx(x"2)
= 2x, students may first numerically approximate derivatives for small step sizes and observe a stable converging pattern, which
helps them form conceptual expectations that later support formal reasoning (Artigue, 2002). Kaput (1994) similarly argued that
computational environments transform mathematical objects into interactive systems that learners can perceive structurally
through experimentation, and Voogt et al. (2015) argue more broadly that computational thinking supports abstraction,
algorithmic reasoning, and pattern generalization when it is integrated into subject-matter learning rather than taught as an
isolated skill.

It is important, however, not to idealize computation. The literature makes clear that computational tools do not
automatically produce understanding: students may use software mechanically without engaging mathematically, and
visualizations may remain superficial unless learners are explicitly guided toward interpretation (Voogt et al., 2015). For this
reason, computational thinking is pedagogically meaningful only when computational activities are embedded within coherent
instructional design — a point that leads directly to the role of the teacher.
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Teacher Competence as a Mediating Factor

The educational value of computational thinking depends fundamentally on the competence of the teacher. Teacher
competence in mathematics education extends well beyond subject knowledge: according to Shulman (1986, 1987), effective
teaching requires pedagogical content knowledge — the ability to transform disciplinary knowledge into forms that are
understandable to learners — and in calculus teaching this transformation is especially demanding because many concepts are
simultaneously abstract, dynamic, and representationally complex. Ball et al. (2008) extended this idea into mathematical
knowledge for teaching, distinguishing the common content knowledge shared with non-teachers from the specialized content
knowledge unique to the work of teaching mathematics.

For the purposes of the present study, teacher competence is understood as comprising four interconnected dimensions. The
first is conceptual mathematical knowledge: teachers must possess a deep understanding of how derivatives relate to rate of
change, geometric behavior, optimization, local approximation, and modeling, since a teacher who lacks conceptual depth may
unintentionally reduce instruction to symbolic rule delivery. The second is pedagogical sequencing, or knowing how to organize
mathematical ideas progressively — moving from intuition to representation, from examples to abstraction, and from graphical
insight to symbolic generalization — because poor sequencing can fragment learning even when the mathematical content
presented is correct. The third is representational flexibility: a competent teacher can move fluently among symbolic, graphical,
numerical, and verbal representations, which is crucial because students often understand one representation while struggling
with another, and a teacher who can connect these forms helps students build relational rather than isolated understanding
(Duval, 2006). The fourth is computational literacy: computationally competent teachers understand not merely how to operate
software, but how to design tasks in which computation supports conjecture, exploration, comparison, and conceptual
explanation (Mishra & Koehler, 2006).

A key theoretical assumption of this study is that technology itself does not produce learning gains; rather, teacher
competence mediates the relationship between computational tools and student understanding. The same software may
function very differently depending on how it is used — in one classroom, graphing software may merely replace board drawings,
while in another it may become a tool for genuine conceptual inquiry — so the effectiveness of computational teaching depends
primarily on the teacher's capacity to integrate it meaningfully rather than on the technology itself. Building on this reasoning, the
present study is based on the theoretical proposition that conceptual understanding in calculus develops most effectively when
students engage with multiple mathematical representations through computationally supported inquiry, and when that inquiry
is guided by pedagogically competent teaching. This proposition motivated the comparison of three instructional models:
traditional procedural instruction, emphasizing symbolic rules and routine exercises; conceptual instruction, emphasizing
graphical meaning and interpretive reasoning; and computationally enhanced conceptual instruction, integrating symbolic,
graphical, numerical, and computational exploration. The theoretical expectation is that the third model will produce the
strongest outcomes — not simply because of technology, but because of the interaction among conceptual representation,
computational thinking, and teacher competence.

METHOD

This section describes the empirical design of the study, the participants and instructional setting, the intervention
procedures, the assessment instruments, and the statistical methods used to evaluate the comparative effectiveness of the three
instructional approaches. The methodological design was guided directly by the theoretical framework developed above: in
particular, the study was designed to examine whether differences in instructional structure — traditional procedural teaching,
conceptual teaching, and computationally enhanced conceptual teaching — produce measurable differences in students'
conceptual understanding, computational reasoning, transfer ability, and retention.

Participants and Research Design

The study adopted a quasi-experimental pre-test-post-test comparative design with three instructional groups, illustrated in
Figure 1. A quasi-experimental design was considered appropriate because the study was conducted within an authentic
university classroom environment where full randomization of all educational variables was not feasible; comparability across
groups was instead supported through equivalent baseline testing, standardized instructional duration, common learning
objectives, and uniform assessment procedures. The design included three instructional conditions of equal size — G1 (traditional
procedural instruction), G2 (structured conceptual instruction), and G3 (computationally enhanced conceptual instruction) — all
of which studied the same calculus topic over the same instructional period with equivalent classroom contact time.
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Figure 1. Overall experimental research design pipeline of the study (Source: Authors’ own elaboration)
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Figure 2. Computational thinking-mediated instructional cycle in calculus learning (Source: Authors’ own elaboration)

To control for instructor-related effects, all three groups were taught by the same instructor throughout the intervention,
following a standardized instructional plan, common learning objectives, and equivalent instructional schedules. Teacher
competence was therefore treated as a controlled instructional condition rather than an independently measured variable: the
instructor was required to demonstrate competence in calculus content knowledge, conceptual explanation, classroom
facilitation, and computational tool integration appropriate to each group's instructional requirements (illustrated conceptually
in Figure 2), so that differences in student outcomes could be interpreted primarily in relation to instructional design rather than
instructor variability.

The study employed four assessment stages — a pre-test administered before the instructional intervention, a post-test
administered immediately after it, a delayed retention test administered two weeks later, and a transfer task designed to assess
the application of concepts to unfamiliar optimization problems — allowing the study to evaluate not only immediate
performance gains but also conceptual durability and transferability of learning. The four-week intervention was aligned with the
regular first-year calculus curriculum on derivatives and optimization; this duration was sufficient to evaluate the immediate
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Table 2. Number of groups and participants

Group Instructional model Number of students
G1 Traditional procedural teaching 48
G2 Structured conceptual teaching 48
G3 Computationally enhanced conceptual teaching 48

Table 3. Pre-test descriptive statistics by group

Group n Mean Minimum Maximum
G1 Traditional 48 37.8 22 54
G2 Conceptual 48 38.5 23 55
G3 Computational 48 38.2 21 56

Table 4. One-way ANOVA for pre-test scores, confirming baseline equivalence

Source SS df MS F p
Between groups 11.26 2 5.63 0.09 918
Within groups 9205.74 141 65.29 — —
Total 9217.00 143 — — —

Table 5. Common weekly content structure followed by all three instructional groups

Week Main topic Core mathematical ideas

1 Introduction to derivatives Average rate of change, secant slope, derivative from limits
2 Derivative interpretation Tangent slope, local linearity, graphical meaning

3 Monotonicity and critical points Increasing/decreasing behavior, sign of the derivative

4 Optimization Maxima, minima, and applied optimization problems

effects of the instructional approaches, so the findings should be interpreted as evidence of short-term instructional effectiveness
rather than long-term conceptual development.

A total of 144 first-year undergraduate engineering students, enrolled in the same introductory calculus course and with
comparable secondary-school mathematics backgrounds, were distributed into three intact groups of 48 students each (Table 2).
Because the study focused on early calculus learning, first-year students were an especially relevant population, since most
encounter formal derivative concepts for the first time in a university-level setting.

Before the intervention, all students completed a pre-test measuring prior knowledge of algebraic manipulation, function
interpretation, elementary graph reading, and basic rate-of-change intuition, to verify that the three groups were comparable at
baseline. As Table 3 shows, mean pre-test scores were closely matched across groups (G1: M = 37.8, SD = 8.1; G2: M =38.5, SD =
7.9; G3: M = 38.2, SD = 8.3), and a one-way ANOVA confirmed no statistically significant difference among groups before the
intervention, F(2, 141) = 0.09, p = .918 (Table 4). Because prior knowledge was equivalent and all groups subsequently followed
the same syllabus, instructional time, and assessment procedures, differences in post-intervention outcomes are unlikely to be
explained by initial ability, content exposure, time-on-task, or instructor variability; classroom interaction naturally differed across
groups, but this reflects the intended pedagogical comparison rather than an uncontrolled confound.

All three groups followed an identical content trajectory over four weeks, summarized in Table 5, so that observed differences
could be attributed to instructional design rather than to differences in topic coverage. Each group met three times per week for
90 minutes, for a total of 18 instructional hours; maintaining equal instructional time across groups was intended to rule out a
simple time-on-task explanation for any differences in outcomes.

Within this shared content plan, the instructor's and students' roles were deliberately differentiated by group, as summarized
in Table 6. Across all groups, the instructor was responsible for following the standardized weekly lesson plan and timing, opening
each session with the same learning objectives, and administering the common assessments; what varied was how each session
was facilitated. In G1, the instructor's role was to present differentiation rules and worked examples and to assign practice
exercises, following the sequence definition > rule explanation > example > exercise, while students' role was to reproduce
worked procedures with minimal discussion of graphical or numerical meaning. In G2, the instructor's role shifted to posing
interpretive questions about graphs (for example, where the graph increases, where the tangent is horizontal, and what a positive
derivative means) before introducing symbolic notation, and to facilitating classroom discussion, while students were expected
to articulate reasoning about function behavior before formal computation. In G3, the instructor additionally designed and
demonstrated the computational exploration tasks — Python-based plotting and numerical approximation activities — circulated
to support students' interpretation of computational output, and explicitly connected computational observations back to
symbolic results, while students' role expanded to include running and interpreting numerical approximations, testing
conjectures computationally, and explaining the correspondence between computational and symbolic representations. Table 7
and Table 8 summarize the resulting instructional characteristics of G1 and G2 in more detail, and Table 9 details the five-stage
pedagogical sequence used in G3.
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Table 6. Roles and responsibilities of instructor and students, and instructional schedule, by group

Dimension G1 — Traditional

G2 — Conceptual G3 — Computational

Instructor role
assign exercises

Present rule, model worked example,

As G2, plus design and guide computational
tasks

Pose interpretive/graphical
questions, then formalize

Student role
items

Reproduce procedures on practice

Run/interpret numerical approximations,
test conjectures, link to symbolic form

Interpret graphs, articulate
reasoning, then compute

Weekly contacttime 3 x90 min

3x90 min 3x90 min

Total duration 4 weeks (18 h)

4 weeks (18 h) 4 weeks (18 h)

Table 7. Instructional characteristics of Group G1 (traditional procedural instruction)

Dimension

Description

Teaching style

Lecture-centered

Representation

Primarily symbolic

Student activity Rule application
Use of graphs Minimal
Use of computation None

Teacher questioning

Mostly procedural

Table 8. Instructional characteristics of Group G2 (structured conceptual instruction)

Dimension

Description

Teaching style

Guided conceptual instruction

Representation

Symbolic + graphical

Student activity Interpretation and explanation
Use of graphs Frequent
Use of computation None

Teacher questioning

Conceptual and interpretive

Table 9. Five-stage pedagogical sequence used in Group G3 (computationally enhanced conceptual instruction)

Stage Instructional activity

Learning purpose

1 Concept introduction

Establish intuitive meaning

2 Graphical exploration Visualize behavior

3 Symbolic derivation Formalize structure

4 Numerical approximation Observe limiting behavior
5 Computational experimentation Investigate dynamically

—y=x3. 3kt 1
= = Tangentline 3r
® Point (0.5,-0.375)

Figure 3. Conceptual interpretation of the derivative as tangent slope (Group G2) (Source: Authors’ own elaboration)

A typical G1 lesson followed explanation > worked example > student exercise: the instructor presented a rule such as

d/dx(x™) = nx™ !, worked several examples, and students then solved similar exercises — for instance, differentiating f(x) =
x3— 3x + 1toobtain f'(x) = 3x3 — 3 —without extended discussion of what the result revealed about the function. In G2,
students first examined the graph of the same function (Figure 3) and identified the approximate turning points and the intervals
of increase and decrease before computing the derivative symbolically.

In G3, students additionally approximated the derivative numerically using f'(x) =~ [f(x + h) — f(x)] / hfor progressively
smaller values of h, as shown in Table 10, observing how the approximate slope near x = 1 converged toward zero — that is,
f'(1) = 0— through numerical convergence (Figure 4) rather than immediate symbolic computation, before connecting this
behavior to the critical points of f'(x) = 3x*2 - 3 at x = +1 (Figure 5) and to the conceptual-computational correspondence
summarized in Table 11.
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Table 10. Numerical approximation of f'(1) for f(x) =x* - 3x + 1 as h decreases (Group G3)

h Approximate slope near x=1
1.0 4.000

0.5 1.750

0.1 0.310

0.01 0.0301

0.001 0.003001

Table 11. Conceptual-computational mapping used in Group G3

Observed behavior Symbolic interpretation
Graph increasing f'(x) >0
Graph decreasing f'(x) <0
Horizontal tangent flx) =0

Local maximum sign changes + - —
Local minimum sign changes — - +

Convergence of Approximate Derivative
T T

35 b

3k y

251 1

2F 4

1.5 1

Approximate derivative

1k 4

05 1

0 . ©
100 107" 102 107
h

Figure 4. Numerical convergence of the derivative approximation (Source: Authors’ own elaboration)

Cubic Function Plot

f(x)

Figure 5. Function behavior and critical points explored in Group G3 (Source: Authors’ own elaboration)

Table 12 summarizes the resulting qualitative instructional profile across all three groups. All groups received substantial
exposure to symbolic differentiation, but only G2 and G3 incorporated graphical interpretation consistently, and only G3 provided
numerical approximation, dynamic exploration, and a high degree of student inquiry and cross-representational integration — a
pattern consistent with the classroom observations summarized in Table 13, which, although not used as formal statistical

variables, help contextualize the quantitative findings reported in Section Results.
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Table 12. Comparative instructional profile across the three groups

Feature Gl G2 G3
Symbolic differentiation High High High
Graphical interpretation Low High High
Numerical approximation None Minimal High
Dynamic exploration None None High
Student inquiry Low Moderate High
Representation integration Low Moderate High

Table 13. Observed classroom behavior across the three instructional groups

Observation G1 G2 G3
Passive note-taking High Moderate Low
Student questioning Low Moderate High
Graph-based reasoning Low High High
Exploratory discussion Low Moderate High
Computational experimentation None None High

Mathematical Concept
(Derivative / Optimization)

I}

Instructional Strategy Layer

(G1 / G2/ G3)

I}

Representation Layer
Symbolic + Graphical + Numerical

|

Computational Layer
(Simulation / Visualization / Approximation)

!

Learning Outcomes
(Conceptual + Transfer + Retention)

Figure 6. Instructional system architecture integrating mathematical, pedagogical, and computational layers (Source: Authors’
own elaboration)

Gl G2 G3
Procedural Conceptual Computational
(Rules only) (Meaning) (Dynamic + Visual)

~

Learning Quality Gradient

Figure 7. Integration of mathematical content, pedagogical strategy, and computational tools within the unified instructional
framework (Source: Authors’ own elaboration)

Intervention and Data Collection

Four study-specific instruments were used to assess students' mathematical readiness, learning outcomes, retention, and
ability to transfer derivative concepts to unfamiliar problems. The instruments were developed by the research team in
accordance with the instructional objectives (Figure 6), the conceptual-understanding framework (Figure 7), and standard first-
year calculus learning outcomes. A summary of the instruments, their item structure, and administration schedule is presented in
Table 14 (full instruments provided in Appendix Table Al). The learning dimensions addressed across the instruments are
summarized in Table 15.
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Table 14. Data collection instruments, item structure, and timing of administration

Instrument Purpose [ content Developer Items Timing/administration

Pre-test Baseline mathematical readiness, including algebraic Research 15 (Appendix Immediately before the four-
manipulation, graph interpretation, rate-of-change reasoning, team Table A1) week intervention; all groups
and prerequisite differentiation concepts

Post-test Procedural fluency, conceptual understanding of derivatives, Research 20 (Appendix  Immediately after the four-
graphical interpretation, optimization reasoning, and team Table A2) week intervention; all groups
computational reasoning

Delayed Retention of derivative meaning, graphical reasoning, and Research 15 (Appendix Two weeks after the post-test;

retention test optimization interpretation using a parallel form team Table A3) all groups

Transfer task Application of derivative concepts to unfamiliar optimization Research 4 (Appendix  Same session as the delayed
problems requiring mathematical modelling and justification team Table A4) retention test; all groups

Table 15. Learning dimensions assessed across instruments

Learning dimension Description
Meaning of the derivative, tangent slope, instantaneous rate of change, and relationships between
derivative sign and function behavior

Conceptual understanding

Procedural fluency Correct application of symbolic differentiation procedures and derivative rules

Transfer ability Application of derivative concepts to unfamiliar and non-routine problems

Computational reasoning Interpretation of numerical, graphical, and computational representations of mathematical behavior
Engagement Participation, task involvement, and active engagement during the instructional intervention

The pre-test consisted of 15 items designed to establish students' baseline mathematical readiness before the intervention.
The items assessed algebraic manipulation, interpretation of simple graphs, basic rate-of-change reasoning, and prerequisite
differentiation concepts. The pre-test was administered to all three groups in a single session immediately before the four-week
intervention. Its primary purpose was to characterize baseline readiness and support the interpretation of post-intervention
differences.

The post-test, which served as the primary outcome measure, consisted of 20 items covering procedural fluency, conceptual
understanding of derivatives, graphical interpretation, optimization reasoning, and computational reasoning. The assessment
included both routine and non-routine items. Conceptual items required students to interpret the meaning of the derivative, relate
tangent slope to instantaneous rate of change, connect the sign of the derivative with the behavior of a function, and justify
optimization decisions. Computational-reasoning items focused on interpreting numerical and graphical outputs, estimating
rates of change, comparing numerical results, and identifying patterns from computational representations rather than assessing
programming proficiency. The post-test was administered to all groups immediately after the intervention.

The delayed retention test consisted of 15 parallel-form items and was administered two weeks after the post-test. It assessed
students' retention of derivative concepts, graphical reasoning, and optimization interpretation. The use of a parallel form
reduced the possibility that performance reflected direct recall of the post-test items. The transfer task consisted of 4 unfamiliar
optimization problems administered during the same session as the delayed retention test. The problems were deliberately
designed to differ from routine classroom examples and required students to identify relevant variables, formulate an appropriate
mathematical model, apply derivative-based reasoning, and justify their conclusions. The transfer task therefore assessed
whether students could apply conceptual knowledge in a novel context rather than merely reproduce previously practiced
procedures.

Allinstruments were reviewed for content relevance and clarity by two experienced university mathematics educators before
administration. The items were subsequently refined to improve wording and alignment with the intended learning dimensions.
The post-test demonstrated acceptable internal consistency, with Cronbach's alpha of approximately a = 0.82.

Statistical Analysis

For each outcome, descriptive statistics (means, standard deviations, and score ranges) were computed by group. One-way
ANOVA was used to test for statistically significant differences among the three groups on post-test, retention, and transfer-task
scores, since the design compared the means of three independent groups; where ANOVA indicated a significant effect, Tukey's
post-hoc test identified which pairwise group comparisons were significant. Cohen's d was computed for key pairwise
comparisons to assess the educational, and not merely statistical, magnitude of any differences. Although the quasi-experimental
design controlled several potential confounds — prior mathematical knowledge, instructional duration, course content,
assessment conditions, and instructor identity — classroom interaction patterns and engagement levels may naturally vary across
instructional approaches because they are inherent characteristics of the pedagogical models under comparison; randomized
designs with larger, multi-institutional samples would strengthen causal inference in future work.

RESULTS

This section presents the empirical findings of the study, organized into baseline equivalence (already reported in Section
Participants and Research Design), post-intervention descriptive statistics, inferential analysis using one-way ANOVA, post-hoc
pairwise comparisons, and effect-size interpretation together with the multidimensional learning comparison. The analysis
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Table 16. Post-test descriptive statistics by group

Group n Mean SD Minimum Maximum
G1 Traditional 48 58.4 10.7 36 78
G2 Conceptual 48 71.8 9.4 50 88
G3 Computational 48 84.6 8.8 63 97

Figure 8. Learning trajectory model from pre-test to post-test across instructional groups (Source: Authors’ own elaboration)

ANOVA Result
Significant Difference

~

G1 G2 G3
Low Effect Medium Effect High Effect

Figure 9. Decision-strength interpretation of ANOVA results across instructional groups (Source: Authors’ own elaboration)

Table 17. Delayed retention test descriptive statistics (two weeks after the post-test)

Group Mean SD
G1 Traditional 51.3 11.2
G2 Conceptual 66.4 9.6
G3 Computational 80.1 8.9

focuses on four outcome variables: post-test performance, delayed retention, transfer-task performance, and the
multidimensional learning indicators.

After the four-week intervention, all students completed the post-test; as Table 16 shows, a clear progression was visible
across groups (G1: M =58.4, SD =10.7; G2: M=71.8, SD = 9.4; G3: M = 84.6, SD = 8.8), illustrated by the learning-trajectory pattern
from pre-test to post-test in Figure 8 and, in decision-strength terms, in Figure 9.

Two weeks after the post-test, students completed the delayed retention assessment (Table 17). The computationally
enhanced group again achieved the highest mean retention score and the lowest variability among the groups, reflecting both
stronger retention and greater consistency of learning outcomes, while the traditional group obtained the lowest mean retention
score, suggesting that procedurally focused teaching supported only limited long-term conceptual preservation (Figure 10).
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Figure 10. Comparison of delayed retention performance among instructional groups (Source: Authors’ own elaboration)

Table 18. Transfer-task descriptive statistics

Group Mean SD
G1 Traditional 42.6 12.1
G2 Conceptual 63.9 10.2
G3 Computational 81.5 8.6

Table 19. One-way ANOVA for post-test scores

Source SS df MS F p
Between groups 16542.8 2 8271.4 19.42 <.001
Within groups 60042.1 141 425.8 — —
Total 76584.9 143 — — —

Table 20. Tukey post-hoc comparisons of post-test scores

Comparison Mean difference 95% CI p

Glvs. G2 13.4 [7.2,19.6] <.01
Glvs.G3 26.2 [19.8,32.5] <.001
G2 vs. G3 12.8 [6.7,18.9] <.01

Table 21. Effect-size estimates for pairwise group comparisons

Comparison Cohen'sd Interpretation
Glyvs. G2 1.34 Large
Glvs. G3 2.67 Very large
G2yvs. G3 1.42 Large

The transfer task, which required students to apply derivative concepts to an unfamiliar optimization problem, produced the
largest instructional differences of any measure (Table 18): the computational group (M = 81.5, SD = 8.6) substantially
outperformed the conceptual (M = 63.9, SD = 10.2) and traditional (M = 42.6, SD = 12.1) groups, indicating that computationally
enhanced instruction promoted stronger conceptual generalization and improved application of derivative concepts in unfamiliar
settings.

A one-way ANOVA on post-test scores confirmed a statistically significant difference among groups, F(2, 141) =19.42, p <.001
(Table 19), indicating that instructional design had a significant effect on students' post-test performance. Tukey post-hoc
comparisons (Table 20) showed that every pairwise difference was significant: G1 vs. G2, Mdiff = 13.4,95% Cl [7.2,19.6], p<.01; G1
vs. G3, Mdiff = 26.2, 95% Cl [19.8, 32.5], p <.001; and G2 vs. G3, Mdiff = 12.8, 95% Cl [6.7, 18.9], p < .01. Effect sizes were large
throughout (Table 21): Cohen's d =1.34 for G1vs. G2,d =2.67 for G1 vs. G3,and d = 1.42 for G2 vs. G3, indicating that the differences
among groups were educationally, and not only statistically, substantial. Parallel patterns in the delayed retention and transfer-
task scores reported above showed the same ordering (G3 > G2 > G1), indicating that the computationally enhanced group's
advantage was not limited to immediate post-test performance but extended to the durability of learning and application to
unfamiliar problems.

Table 22 reports outcomes across the five learning dimensions defined in Table 15. The computationally enhanced group
scored highest on every dimension, with the largest between-group differences appearing in computational reasoning (18 vs. 35
vs. 89 for G1, G2, and G3, respectively), transfer ability (43 vs. 64 vs. 81), and conceptual understanding (58 vs. 73 vs. 86), while
procedural fluency differed less sharply (69 vs. 74 vs. 82). This pattern, shown in Figure 11, suggests that computationally enriched
instruction improved not only routine performance but also reasoning capacity and the ability to apply calculus knowledge in
unfamiliar situations, and is consistent with the independent classroom observations reported in Table 13.
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Table 22. Multidimensional learning profile by instructional group

Learning dimension G1 G2 G3
Conceptual understanding 58 73 86
Procedural fluency 69 74 82
Transfer ability 43 64 81
Computational reasoning 18 35 89
Engagement 47 61 79
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Figure 11. Multidimensional learning profile of the three instructional groups (Source: Authors’ own elaboration)
Table 23. Gain-score comparison from pre-test to post-test by group
Group Pre-test M Post-test M Gain
G1 Traditional 37.8 58.4 20.6
G2 Conceptual 38.5 71.8 33.3
G3 Computational 38.2 84.6 46.4
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Figure 12. Pre-test, post-test, retention, and transfer performance across the three instructional groups (Source: Authors’ own

elaboration)

Finally, learning gains from pre-test to post-test provide a further indicator of instructional effectiveness (Table 23; Figure 12).
The computational group demonstrated by far the strongest gain (46.4 points), compared with 33.3 points for the conceptual
group and 20.6 points for the traditional group, further confirming the advantage of computationally enhanced conceptual

instruction for supporting meaningful calculus learning.

DISCUSSION

This section interprets the empirical findings in relation to the theoretical framework and existing literature, focusing on why
the observed differences among instructional groups occurred, what they imply for computational thinking in mathematics
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education, and how teacher competence mediates learning outcomes in both traditional and technology-enhanced
environments. The results consistently demonstrate that instructional design significantly influences students' conceptual
development in first-year calculus: computationally enhanced conceptual instruction produced the strongest outcomes across
every measured dimension — conceptual understanding, procedural fluency, retention, transfer ability, and computational
reasoning — but interpreting why requires moving beyond the statistical comparison itself.

The clearest empirical finding is a consistent hierarchy — computationally enhanced instruction > conceptual instruction >
traditional instruction — across post-test performance, retention, and transfer (Tables 16-23; Figures 8-12). Traditional
instruction supported procedural acquisition but was insufficient for conceptual understanding: consistent with Hiebert and
Lefevre (1986), students in G1 could execute algorithms correctly (Table 7) yet performed poorly on transfer tasks requiring
interpretation (Table 18), a pattern that can be described as procedural isolation, in which correct execution of algorithms does
not translate into conceptual comprehension. From a cognitive perspective, traditional instruction placed heavy emphasis on
symbolic manipulation but offered limited opportunity to explore mathematical structure, visualize dynamic behavior, connect
representations, or interpret mathematical meaning. This pattern echoes recent evidence that first-year university students
struggle specifically with the conceptual and procedural demands of introductory calculus, including difficulty connecting
symbolic manipulation to underlying meaning (Kurudirek et al., 2025); the present findings are consistent with that work in
identifying procedural weakness as a persistent barrier, but extend it by showing, through a direct three-group comparison, that
this barrier can be substantially reduced when procedural instruction is replaced with conceptual and computationally enhanced
approaches rather than treated as an inevitable feature of first-year learning.

Conceptual instruction (G2) improved interpretive reasoning through graphical interpretation, function-behavior reasoning,
and guided inquiry (Table 8), consistent with Sfard's (1991) structural conception of mathematical understanding, and produced
significantly better outcomes than G1, particularly in conceptual understanding and retention. However, despite these
improvements, students in G2 relied mainly on static graphs and teacher-led interpretation and did not reach the performance
level of G3, suggesting that conceptual instruction alone — while valuable — may still be limited when it does not provide dynamic
interaction with mathematical objects or opportunities to test conjectures experimentally. This distinction between G2 and G3 is
confirmed statistically by the ANOVA and Tukey results in Tables 19 and 20. This outcome aligns with Rodriguez-Mufiiz et al. (2022),
who found that broader, relational conceptions of mathematics promote deeper conceptual engagement among undergraduates.
Our G2 results support this conclusion, while the superior performance of G3 further demonstrates that dynamic computational
engagement can extend conceptual learning beyond what conceptual instruction alone achieves.

Computationally enhanced instruction (G3) outperformed both other groups across every measure, including transfer and
retention (Tables 16-18, 22, 23). Three mechanisms plausibly account for this advantage. First, computational tools allowed
students to observe derivatives as dynamic processes rather than static formulas — for example, the numerical approximation of
derivatives in Table 10 and Figure 4 let students see how secant slopes converge to tangent slopes — which can support the
transition from intuitive reasoning to formal abstraction (Kaput, 1994). Second, computational instruction integrated symbolic,
graphical, numerical, and computational representations simultaneously (Table 9), consistent with Duval's (2006) account of how
conceptual understanding emerges from coordinating multiple semiotic representations; students in G3 were continuously
required to move between representations, which is reflected in their broader multidimensional profile (Table 22, Figure 11).
Third, computational environments shifted students from passive recipients of rules to active investigators asking, for instance,
what happens to the slope as h becomes smaller, or why the derivative changes sign — consistent with Schoenfeld's (1992) view
of mathematical learning as reasoning, exploration, and sense-making rather than memorization. The higher engagement levels
observed in G3 (Table 13, Table 22) likely contributed to deeper cognitive processing and, in turn, to the stronger retention and
transfer performance evident in Tables 17 and 18. This interpretation is broadly consistent with a recent bibliometric analysis of
computational-thinking research in mathematics education, which identifies a marked increase since 2020 in studies examining
computational thinking through the lenses of representation and problem solving, rather than treating it primarily as a
programming-related skill (Irawan et al., 2024). The present study aligns with that trend by treating computational thinking as an
internal reasoning process rather than an external tool, but differs from much of the reviewed literature, which remains largely
conceptual or bibliometric in nature, by providing direct experimental evidence — through a controlled three-group comparison
with retention and transfer measures — of the learning gains such computational thinking can produce when embedded in
competently designed calculus instruction.

A central theoretical claim of this study is that computational tools alone do not guarantee improved learning outcomes, and
the results support this claim: the computational condition succeeded specifically as an extension of the same conceptually
structured teaching used in G2 (Table 6), not as a technology substitute for teaching. The success of computational instruction
therefore depended critically on teacher competence — particularly in designing meaningful computational tasks, guiding
interpretation of visual and numerical output, connecting computational results with formal mathematics, and scaffolding
student inquiry (Mishra & Koehler, 2006). Where such competence is limited, computational tools may be reduced to superficial
visual aids rather than instruments of conceptual reasoning; the present study suggests that when teachers effectively integrate
computational thinking into pedagogical design, technology becomes a powerful cognitive mediator rather than a passive display
tool, and this mediation is reinforced by the large effect sizes reported in Table 21. This is in accordance with Alzubi's (2022) study
of e-learning-supported mathematics teaching in a college setting, which likewise reported measurable gains in students'
mathematical skills when digital platforms were incorporated into instruction; however, that study did not isolate the contribution
of teacher-mediated pedagogical design from the technology itself, whereas the present three-group comparison shows that the
size of the learning gain depends specifically on how competently computational tools are integrated into conceptual teaching,
rather than on their mere presence.
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This distinction has particular relevance for developing educational systems, where mathematics instruction is often shaped
by large class sizes, exam-oriented curricula, and limited teacher training in pedagogy or computational tools (UNESCO, 2020;
World Bank, 2018), and where access to technology may be increasing faster than pedagogical capacity building. This finding
aligns with a recent Delphi study of experts examining the role of mathematics in an increasingly technological society, which
concluded that preparing students for “Education 4.0” requires deliberate curricular and pedagogical redesign rather than the
incidental adoption of digital tools (Taja-on et al., 2025). The present study extends this consensus by providing classroom-level
experimental evidence of how such redesign can be implemented in first-year calculus and the learning gains it can generate. The
findings suggest that meaningful improvement does not require advanced technological infrastructure so much as integrating
computational thinking into teacher practice: even relatively simple computational tools, used pedagogically, produced large
gains in this study (Tables 21 and 23). This implies that educational reform in such contexts may benefit from prioritizing teacher
training in computational pedagogy, redesigning instructional materials around multiple representations, and shifting
assessment toward conceptual and transfer-based evaluation, alongside — rather than instead of — investment in infrastructure.

From a theoretical perspective, the findings support a model in which conceptual learning in calculus emerges from the
interaction of three components — conceptual knowledge structures, computational thinking processes, and teacher-mediated
instructional design — rather than from any one of them independently. Computational thinking functions here as an internal
cognitive and representational process rather than an external tool (Figure 6), while teacher competence acts as a stabilizing
mechanism that determines whether computational environments lead to deep learning or superficial interaction (Figure 7). As
this study was conducted in a first-year university calculus setting, the proposed framework is intended as a flexible instructional
model that can be adapted to local educational conditions using available technologies and institutional resources. This
theoretical positioning is in line with Ye et al.'s (2023) systematic review of computational-thinking-based mathematics
instruction, which found across K-12 settings that computational thinking is most effective for mathematics learning when
integrated as a reasoning process embedded within the mathematical content rather than taught as a separate skill. The present
study is consistent with that conclusion and extends it to the first-year university level, and to a comparative experimental design
that also isolates the mediating role of teacher competence, which the K-12 studies reviewed by Ye et al. (2023) did not
systematically examine.

CONCLUSION, LIMITATIONS, AND FUTURE RESEARCH

This study investigated the impact of three instructional approaches — traditional procedural teaching, structured conceptual
teaching, and computationally enhanced conceptual teaching — on first-year engineering students' understanding of differential
calculus, focusing specifically on derivatives and optimization. The central objective was to examine how computational thinking,
when integrated into pedagogically structured instruction and supported by teacher competence, influences students'
conceptual development, retention, and ability to transfer knowledge to unfamiliar problems.

The empirical results provide clear and consistent evidence across all assessment dimensions. Students exposed to
computationally enhanced conceptual instruction significantly outperformed those in both the conceptual and traditional groups
in post-test achievement, delayed retention, and transfer tasks (Tables 16-18), and the magnitude of the observed differences
was not only statistically significant but also educationally substantial, as confirmed by the one-way ANOVA (Table 19), the Tukey
post-hoc comparisons (Table 20), and the large effect sizes reported in Table 21. From a pedagogical perspective, the findings
suggest that traditional instruction is effective for procedural fluency but insufficient for conceptual development; that conceptual
instruction improves interpretive understanding but may remain limited when mathematical ideas are not dynamically explored;
and that computationally enhanced instruction creates a more powerful learning environment by integrating symbolic, graphical,
and numerical representations within a dynamic framework of mathematical exploration. A key theoretical implication is that
computational thinking should not be viewed merely as a technological add-on, but as a cognitive and representational bridge
that enables students to perceive calculus concepts as evolving mathematical processes rather than static formulas — an
advantage clearly visible in the multidimensional learning outcomes summarized in Table 22 and Figure 11. Furthermore, the
study highlights the critical role of teacher competence in shaping learning outcomes: the effectiveness of computational tools
depends not on their presence alone, but on how effectively teachers design, structure, and guide computationally enriched
learning experiences. Overall, the study supports a shift in calculus pedagogy from rule-based instruction toward an integrated
computational-conceptual framework that fosters deeper mathematical understanding and improved transfer of knowledge, a
conclusion reinforced by the delayed retention evidence (Table 17; Figure 10), the transfer-task outcomes (Table 18), and the
gain-score comparison (Table 23; Figure 12).

Several limitations should be considered when interpreting these findings. First, the study was conducted within a single
institutional and cultural context, so generalization to other educational systems should be made cautiously, particularly where
curricular structures or technological infrastructure differ substantially. Second, the sample size, although adequate for statistical
analysis, was limited to 144 students; larger multi-institutional studies would provide stronger external validity. Third, the
intervention focused exclusively on a single calculus topic — derivatives and optimization — over four weeks, and other areas such
as integration, sequences, or differential equations may exhibit different learning dynamics under computational instruction, so
the findings should be read as evidence of short-term instructional effectiveness rather than long-term conceptual development.
Fourth, the study did not explicitly control for prior individual differences in digital literacy or familiarity with computational tools,
which may have influenced engagement and performance in the computational group. Fifth, although the proposed framework
is intended to be adaptable across educational contexts, it was evaluated within a specific university setting and a limited
instructional period, so future research should examine its scalability across different educational systems, larger student



16/20 Nurgaliyeva & Seitmuratov / International Electronic Journal of Mathematics Education, 21(4), em0899

populations, and varying levels of technological availability. Sixth, although teacher competence was identified as a critical factor
conceptually and was held constant across groups, it was not quantitatively measured as an independent variable; future studies
could benefit from developing structured instruments to assess teacher computational-pedagogical competence more explicitly.
Finally, the study primarily measured cognitive learning outcomes, and affective or longer-term behavioral outcomes, such as
sustained interest in mathematics or continued use of computational tools beyond the classroom, were not examined in depth.

These findings suggest several directions for future research. The proposed framework should be extended to other areas of
mathematics, such as integration, multivariable calculus, and differential equations, to evaluate its broader effectiveness.
Longitudinal studies are needed to examine the retention and transfer of computational reasoning, while future work should also
develop validated measures of teachers' computational-pedagogical competence. Comparative studies across different
educational systems could clarify the influence of institutional context, and research integrating Al-based tutoring, adaptive
learning, and qualitative classroom analysis may further enhance understanding of computational thinking and conceptual
development in mathematics.

In conclusion, this study provides empirical and theoretical evidence that integrating computational thinking into calculus
instruction — when guided by competent pedagogical design — significantly enhances students' conceptual understanding,
retention, and transfer of knowledge, and offers a scalable instructional framework for educational systems seeking to strengthen
mathematics teaching quality through computational pedagogy.
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APPENDIX
Table Al. Pre-test — Baseline mathematical readiness
No. Assessment statement | task Dim.
1 Explain in your own words what the rate of change of a function represents. Ccu
2 Simplify algebraic expressions involving powers, fractions, and parentheses. PF
3 Solve a basic algebraic equation involving one unknown. PF
4 Interpret the slope of a straight line from its graph. Gl
5 Identify whether a function is increasing, decreasing, or constant from a graph. Gl
6 Estimate the average rate of change of a function over a given interval. CU
7 Explain the difference between average rate of change and instantaneous rate of change. CcuU
8 Use algebraic manipulation to simplify a difference quotient. PF
9 Identify the point at which a tangent line is drawn on a function graph. Gl
10 Describe what the slope of a tangent line represents. CcU
11 Recognize the basic meaning of the derivative of a function. CcuU
12 Use prerequisite differentiation rules to find the derivative of a simple polynomial. PF
13 Determine from a graph where a function appears to have a local maximum or minimum. Gl
14 Explain how the sign of a derivative is related to the behavior of a function. CcuU
15 Use a simple mathematical model to reason about how one quantity changes with another. CcuU

Dimension codes: CU = Conceptual Understanding; PF = Procedural Fluency; Gl = Graphical Interpretation; OR = Optimization Reasoning; CR
Computational Reasoning.

Table A2. Post-test — Procedural and conceptual learning

No. Assessment statement / task Dim.
1 Differentiate a polynomial function using appropriate differentiation rules. PF
2 Differentiate a product or quotient of functions. PF
3 Differentiate a composite function using the chain rule. PF
4 Explain in your own words what the derivative represents at a given point. CcU
5 Interpret the derivative as the slope of the tangent line. CcU
6 Determine whether a function is increasing or decreasing from the sign of its derivative. Gl
7 Use a graph of a function and its derivative to interpret their relationship. Gl
8 Identify critical points from a derivative function. PF
9 Use the first-derivative test to classify a critical point. OR
10 Formulate an optimization problem from a stated real-world situation. OR
11 Use derivatives to determine a maximum or minimum value. OR
12 Justify why a calculated critical point gives the required optimum. OR
13 Interpret an optimization result in the context of the original problem. OR
14 Explain the mathematical meaning of a zero derivative. CcuU
15 Explain the relationship between derivative sign and function behavior. CcuU
16 Approximate an instantaneous rate of change from numerical data. CR
17 Interpret a numerical or graphical computational output describing a derivative. CR
18 Compare numerical approximations of rates of change and identify a meaningful pattern. CR
19 Use graphical or numerical evidence to justify a conclusion about an optimization problem. CR
20 Explain the reasoning used to connect a computational result with the underlying derivative concept. CR

Dimension codes: CU = Conceptual Understanding; PF = Procedural Fluency; Gl = Graphical Interpretation; OR = Optimization Reasoning; CR
Computational Reasoning.

Table A3. Delayed retention test — Parallel form

No. Assessment statement [ task Dim.
1 Explain what the derivative means in the context of a changing quantity. CcuU
2 Interpret the slope of a tangent line at a specified point. CcuU
3 Determine whether a function is increasing or decreasing using derivative information. Gl
4 Interpret a graph showing a function and its derivative. Gl
5 Identify a possible local maximum or minimum from graphical information. Gl
6 Explain the relationship between a critical point and an optimization problem. OR
7 Use derivative information to identify an optimal value. OR
8 Interpret the meaning of an optimization result in context. OR
9 Justify an optimization decision using mathematical reasoning. OR
10 Explain why the sign of the derivative changes near a local extremum. Cu
11 Interpret an approximate derivative obtained from numerical data. CR
12 Recognize a meaningful pattern in numerical rates of change. CR
13 Use graphical evidence to support a conclusion about derivative behavior. CR
14 Apply derivative concepts to a short optimization interpretation problem. OR
15 Explain how derivative information can be used to reason about change. Cu

Dimension codes: CU = Conceptual Understanding; PF = Procedural Fluency; Gl = Graphical Interpretation; OR = Optimization Reasoning; CR =
Computational Reasoning.
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Table A4. Transfer task — Unfamiliar optimization problems

No. Assessment statement / task Dim.

1 Arectangular enclosure is to be constructed with a fixed amount of fencing. Formulate a mathematical model and determine OR
the dimensions that maximize the enclosed area. Justify your answer using derivatives.

2 A container with a specified volume is to be designed under a stated geometric constraint. Develop an appropriate objective OR
function and determine the dimensions that optimize the required quantity. Explain your reasoning.

3 An unfamiliar cost or production situation is described by a nonlinear model. Formulate the objective function, use derivative OR
information to locate the optimum, and interpret the result in context.

4 Given a novel graphical or numerical optimization situation, identify the relevant variables, formulate the mathematical OR

relationship, determine the optimum, and justify why the solution is appropriate.
Dimension codes: CU = Conceptual Understanding; PF = Procedural Fluency; Gl = Graphical Interpretation; OR = Optimization Reasoning; CR =
Computational Reasoning.
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